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Preface 



The theory of parabolic equations, a well-developed part of the contemporary 
theory of partial differential equations and mathematical physics, is the subject 
of an immense research activity. A continuing interest in parabolic equations is 
caused both by the depth and complexity of mathematical problems emerging here, 
and by its importance in specific applied problems of natural science, technology, 
and economics. 

This book aims at a consistent and, as far as possible, a complete exposition of 
analytic methods of constructing, investigating, and using fundamental solutions 
of the Cauchy problem for the following four classes of linear parabolic equations 
with coefficients depending on all variables: 

Ei: 26-parabolic partial differential equations (parabolic equations of a quasi- 
homogeneous structure), in which every spatial variable may have its own 
weight with respect to the time variable. 

E2: degenerate partial differential equations of Kolmogorov’s structure, which 
generalize classical Kolmogorov equations of diffusion with inertia. 

E3: pseudo-differential equations with non-smooth quasi- homogeneous symbols. 
E4: fractional diffusion equations. 

These classes of equations generalize in various directions the classical equations 
and systems parabolic in the Petrovsky sense, which were defined in [180] and 
studied in a number of monographs [83, 45, 146, 107, 76] and survey articles 
[102, 1, 215, 70, 46]. 

Note that the principal quantitative characteristics of equations from the 
classes Ei, E2, and E4 are the weights of the time variable with respect to spatial 
variables. The weight equals l/(26j), with respect to the j-th spatial variable, for 
the class Ei, 1/(26) with respect to the main spatial variables, and 1 + 1/(26), 
2 -f 1/ (26) , with respect to the two groups of spatial variables corresponding to 
the degeneration. The weight for the class E4 equals a/ 2. 

The above classes of equations are investigated by the same general scheme. 
As the first step, a fundamental solution of the Cauchy problem is constructed and 
studied. Then it is used for finding classes of existence, uniqueness, and correctness. 

Fundamental solutions of the Cauchy problem are constructed through vari- 
ous modifications of the classical Levi method. Its essence is as follows. A funda- 
mental solution is looked for as the sum of the main term (called a parametrix). 
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and an integral with the parametrix as a kernel and an unknown density. The 
density is determined from an integral equation solved by the iteration method. 
Usually the parametrix is a fundamental solution of the Cauchy problem for a 
model equation with certain parameters. The model equation contains only the 
principal (in a certain sense) terms whose coefficients depend only on the time 
variable and parameters, or solely on parameters. 

For model equations, the fundamental solutions of the Cauchy problem are 
constructed and investigated by the following stages: 

• The Fourier transform in spatial variables is applied to a model equation. 
For the classes Ei and E3 this leads to ordinary differential equations, while 
for the class E2 a first order partial differential equation with respect to time 
and some of the spatial variables is obtained. For the class E4 the Fourier 
transform results in a fractional differential equation with respect to the time 
variable. 

• For the equations obtained this way, properties of fundamental solutions of 
the Cauchy problem as functions of parameters are investigated. 

• The above properties, together with appropriate theorems about the Fourier 
transform, are used to obtain estimates (as precise as possible) and a complete 
analytical description of a fundamental solution of the Cauchy problem for 
a model equation. 

Implementation of the procedure of constructing a parametrix, and then a fun- 
damental solution of the Cauchy problem, requires a variety of analytic tools 
like theorems about the Fourier transforms of analytic functions, theory of distri- 
butions, theory of hypersingular integrals, various special functions (the Mittag- 
Leffier functions, Fox’s H- functions etc). 

As a rule, differences in the ways of applying Levi’s method appear in its first 
stage, as a parametrix is chosen in order to take into account specific properties of 
an equation. The subsequent stages are standard though the necessary techniques 
guaranteeing sufficient precision of estimates can be very complicated. 

The simultaneous treatment of four substantially different generalizations of 
the classical Petrovsky’s definition of parabolic equations makes it possible to give 
an interesting comparative analysis of the methods and results. In spite of the fact 
that the structure of each equation under consideration has its own peculiarities, 
and the estimates of a parametrix differ in certain details, each time transparent 
and sufficiently precise information is obtained regarding analytic properties of a 
parametrix. That results in a very precise description of properties of fundamental 
solutions of the Cauchy problem for equations whose coefficients depend on all 
independent variables. 

The estimates of fundamental solutions, the existence, uniqueness, and cor- 
rectness classes for equations of the types Ei, E2, and E4 are similar - the fun- 
damental solutions decay exponentially, as the spatial variables grow, and the 
existence, uniqueness, and correctness classes for the Cauchy problem consist of 
rapidly increasing functions. On the other hand, fundamental solutions of the 
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Cauchy problem for equations of the class E 3 have only a power-like decay (and 
this result cannot be improved). 

Parallels and differences in properties of equations of the above classes can be 
interpreted in physical terms. All of them provide mathematical models for various 
diffusion phenomena. For a diffusion described by the heat equation (and more 
general second order parabolic partial differential equations), the mean square 
displacement of a diffusive particle for the time t behaves like Ct as t 00 . 
The anomalous diffusion, for which Ax^ ~ Ct^, often appears in more complicated 
physical systems. The subdiffusion (a < 1) is modelled by the fractal diffusion 
equation E4, while the superdiffusion (a > 1) is described by equations of class E3. 

Mathematically, it is perhaps the most interesting (probably, also important) 
to compare the results of Chapter 5 regarding fundamental solutions of the Cauchy 
problem for fractional diffusion equations, with corresponding results for the usual 
diffusion. 

It appears that certain important properties of solutions, like the maximum 
principle, positivity, and some other properties of the fundamental solution, are 
similar. However the estimates of fundamental solutions, classes of existence and 
correctness for the Cauchy problem for fractional diffusion equations resemble, to 
a greater extent, the results known for equations of an arbitrary order, parabolic 
in the sense of Petrovsky (while, for instance, the positivity property is absent for 
equations of an order greater than two). The scheme of Levi’s method for fractional 
diffusion equations is carried out as usual, but the estimates of the parametrix 
are qualitatively different, which necessitates a modification in the procedures for 
obtaining the estimates for this case. 




Chapter 1 

Equations. Problems. Results. 
Methods. Examples 



This chapter is introductory. It contains definitions and examples of equations 
from the classes considered in this book, setting the context of the problems to be 
solved. We describe main results and techniques. In addition, we have included in 
this chapter several lemmas essential for this book. 

Note that the term “equation” is used both in the case of a scalar equation 
and in the case of a vector equation, that is a system of equations. 

1.1 Differential equations 

1.1.1. Equations. Let us define the classes Ei and E 2 of partial differential equa- 
tions which will be considered in this book. These classes generalize the class Eq of 
equations parabolic in the Petrovsky sense. Therefore we begin with the definition 
of the class Eq. 

Eq. Parabolic equations in the sense of Petrovsky 

The initial general definition of parabolicity of equations (or systems of equations) 
was given by Petrovsky [180] who was also the first to investigate deeply such 
equations. This class of equations is wide enough and possesses many properties 
(with natural modifications) typical for the heat equation, the simplest and best 
studied representative of this class. 

Let n € N and AT G N be natural numbers. Below we shall consider a one- 
dimensional variable t and an n-dimensional variable x := (xi,...,Xn); t and 
xi, . . . , Xn will be interpreted as the time and spatial variables respectively. 

Denote by Q ^ certain set of points (t,x) of the space Let us consider 

the equation 

Lat(L X, dt,dx)u{t, x) = /(t, x), {t, x) G Q. (l-l-l) 

Here L^(t, x, dt^dx) is a linear differential expression, scalar if AT = 1 or an AT x AT- 
matrix if N > 1 , with complex- valued coefficients depending on t and x, (^, x) G Q; 
f ' Q Cni is a given function, u : Q Cni is an unknown function. 
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Chapter 1. Equations. Problems. Results. Methods. Examples 



Suppose first that N = 1. For any point {t, x) G <5, the function Li{t, ia), 
where p G C, <j G is a polynomial with respect to p and a. Suppose that the 
degree of the polynomial X^p^iXcr) with respect to A equals mr where m 

and r are natural numbers. Denote by L? the principal part of the polynomial Li, 
that is the sum of all its terms satisfying the generalized homogeneity condition, 
so that 

Li{t^Xy X^p,iXa) = Li{t,x,p,ia), A G M. 

Thus, the principal part is a generalized homogeneous polynomial of the degree 



Definition 1 . 1 . A differential expression L\ is called parabolic in the sense of Petro- 
vsky (with the weight m) at a point (t,x), if there exists such a constant 5 > 0 
that for all <j G p-roots of the polynomial x,p, zo") satisfy the inequality 

Rep{t,x,a) < -S\ar. (1.1.2) 

A differential expression L\ is called uniformly parabolic in the sense of Petro- 
vsky (with the weight m) on the set Q, if it is parabolic in the sense of Petrovsky 
at each point of the set Q, and the inequality (1.1.2) holds with the same constant 
6 for every point (t,x) G Q. 

Note that for a parabolic in the sense of Petrovsky differential expression L\ 
the weight m is necessarily an even number (below it will be denoted 26) , and the 
numbers 6 and r are defined in a unique way - r is the degree of the polynomial 
Li(t, x,p, ia) in p, while 26r is its degree in cri, . . . , 

Let us consider the case N > 1. 

Definition 1 . 2 . A matrix differential expression LN{t,x,dt,dx) with elements 
LNji{t,x,dt^dx), {j^l} C {1, . . . , A/"}, is called parabolic in the sense of Petrovsky 
at a point (t, x) or uniformly on Q, if: 

1) the differential expression det Ljv(L dt,dx) is (respectively) parabolic in the 
sense of Definition 1.1; 

2) the degree of each polynomial LNji{t,x, X^^p^iXa), {j^l} C {!,..., N"}, with 
respect to X does not exceed 2bri and 



LNji{t,x,p,i(T) =5jip^^ -i- LNji{t,x,p,ia), 



where Sji is a Kronecker symbol, ri is a certain number from N, and Lnji is 
a polynomial which does not contain p ^^ . 

Note that the degree of generalized homogeneity of the principal part L^^ji 
of the polynomial equals 26r/ and does not depend on j. 

Definition 1.3. The equation (1.1.1) is called parabolic in the sense of Petrovsky at 
a point (t,x) or uniformly on the set Q, if such is the differential expression L^. 
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Thus, an equation (1.1.1), parabolic in the sense of Petrovsky with the weight 
26, in the scalar form, has the following structure: 

1=1 2bko + lkl<2bn 
(ko<ri) 

= fj(t,x), {t,x)eQ, je{i,...,N}, (1.1.3) 

where Uj and fj,j E {1, . . . , A^}, are respectively elements of the columns u and / 

from Ca^i, \k\ ki h kn for k (fci, . . . , /c^) E Ij\. In particular, if ri — 1, 

I E {1, . • . , iV}, then such an equation can be written as 

(ldt-'^ak{t,x)d^\u{t,x) = f{t,x), {t,x)eQ, (1-1-4) 

V | fe |<26 / 

where / is a unit matrix of the order N, and ak Q ^ ^nn-, \k\ < 2b. 

We see that the definition of parabolicity in the sense of Petrovsky assumes 
a certain structure of an equation, separation of its principal part satisfying an 
algebraic condition. All the spatial variables , . . . , have the same strength, in 
the sense that the differentiation in each of them has the same weight 1/(26) with 
respect to the differentiation in t. 

If N = b = 1, then the equation (1.1.1) is a scalar second order equation 



dt~Y^ aji{t,x)d^.dx, ~'Y^aj{t,x)d^^ -a(t,x) 

V j,l=l 3 = 1 / 

= f{t,x), {t,x)eQ. (1.1.5) 



Its uniform parabolicity in the sense of Petrovsky on Q means the existence of 
such a constant J > 0 that for any (t, x) E Q and cr E 



n 

Re aji{t,x)aj(Ti > S\cr\‘^. 
j,i=i 



If the coefficients of the equation (1.1.5) are real, this condition means that the 
quadratic form 

n 

aji{t,x)ajai, a E R^ (1.1.6) 

j.i=i 

is positive definite, uniformly with respect to (t, x) e Q. 

Let us give the simplest important examples of equations which are uniformly 
parabolic in the sense of Petrovsky on In these examples a > 0, a > 0,/3 E 

n 

K,6eN, and 

i=i 
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Chapter 1. Equations. Problems. Results. Methods. Examples 



Example 1.1. The classical heat equation 



{dt - aA)u = f. 



Excunple 1.2. Higher order equations with constant coefficients 
+ (— = /, [dt + q;A^ + /3A)u = /. 

Example 1.3. The polycaloric equation 

{dt - aAfu = f, 

the simplest example of an equation of an arbitrary order in which is parabolic 
in the sense of Petrovsky. 

Example 1.4. The bi-parabolic heat equation 

{a{dt - aAf + /3(a« - aA))u = /, 

proposed in [85] for a more adequate mathematical description of heat and diffu- 
sion processes than the classical heat equation. 

Example 1.5. The equation 



{dt - aA)u - (xju) = f, 

j=i 



generalizing the Kolmogorov equation 

{dt - adl)u - ddx{xu) = / (1-1-7) 

for a one-dimensional Ornstein-Uhlenbeck random process [18]. Equations of this 
type with coefficients, which increase with the growth of spatial variables, appear, 
in particular, in some problems of statistical radiophysics [220]. 

The definition of parabolicity in the sense of Petrovsky can be generalized in 
various directions. In particular, there exist some definitions of parabolicity of the 
equation (1.1.1), in which the condition 1) of Definition 1.2 is preserved, but the 
degrees of generalized homogeneity of the polynomials may depend both on 
I and j. The latter means that not only different unknown functions in a system 
of equations have different weights, as it is in the definition of parabolicity in the 
sense of Petrovsky, but different equations too. The widest generalization in this 
direction was proposed by Solonnikov [215, 146] who defined and studied a very 
wide class of systems of equations called parabolic in the sense of Solonnikov. 

Let us consider now some generalizations of Petrovsky’s parabolicity related 
to giving up the equal “strength” of all spatial variables and the positive definite- 
ness of appropriate algebraic forms like the quadratic form (1.1.6) for the equation 
(1.1.5). 
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El. 25-parabolic equations 

This class of equations (also called parabolic equations of a quasi-homogeneous 
structure) was defined and investigated by Eidelman [51]. Its study was continued 
[53] by Eidelman and Ivasyshen, and then in [108, 15, 114, 115, 178, 109] by 
Ivasyshen and his collaborators. The difference between this class and the class 
Eo is that the differentiations in different variables Xj^j G {1, . . . ,n}, may have 
different weights \/{2hj) with respect to the differentiation in t. Here 6i,...,5n 
are some numbers from N. 

Denote by 2b the vector (25i, . . . , 25^), by b the least common multiple of 
the numbers 5i, . . . , bn, and by rrij the number 6/5j, j G {1, . . . , n}. 

The next definitions are similar to Definitions 1.1-1. 3. We shall denote by 
Li(t, icr) and LNji{t,x,p,ia) such polynomials with respect to p G C and 
cr G that the degrees of the polynomials Li(t, x, . . . , 

and LNji{t, x, A^V? . . . , X^^an)) with respect to A are equal to 2br and 

does not exceed 2bri, respectively, where r and r/ are some numbers from N; the 
principal part L? of a polynomial Li is defined by the equality 

L;(f,x,A2^p,i(A^Vi,...,A"^-an)) = A2^^L?(t,x,p,ia), A G M; 
the polynomials Lnji satisfy the equality 



LNji(t,x,p,ia) = 6jip^^ + LNji{t,x,p,ia), 



where L nji is a polynomial not containing p^' . 

Definition 1.4. 

1) A differential expression L\ is called 2b-parabolic at a point (t,x) if p-roots 
of the polynomial Li(t,x,p,ia) satisfy the inequality 

n 

Rep(t,x,a) < — (1.1.8) 

j=i 

for any cr G with some constant 5 > 0 which may depend on the point 

(t,x). 

2) A differential expression L\ is called uniformly 2b-parabolic on a set Q, if it 
is 2b-parabolic at every point of Q, and the inequality (1.1.8) holds for any 
point (t, x) G Q, with the same constant 6. 

3) A matrix differential expression Ln with elements L^ji, {j,l} C {!,..., N}, 
is called 2b -parabolic at a point, or uniformly on Q, if the differential ex- 
pression det LN{t,x,dt,dx) is 2b-parabolic at the point, or uniformly on Q, 
respectively. 

4) The equation (1.1.1) is called 2b -parabolic at a point, or uniformly on Q, if 
the differential expression Ln has the same property. 




6 



Chapter 1. Equations. Problems. Results. Methods. Examples 



For multi-indices k := (A:i, . . . , /cn) € set ||A:|| ^^rrijkj. Then a 2b- 

j=i 

parabolic equation (1.1.1) in the general case, and in the case when n — 1, I G 
{1, . . . , AT}, has the following structure, similar to (1.1.3) and (1.1.4), respectively: 

d?Uj{t, a;) - ^ x)dt°d^ui{t, x) 

l=l 2hko^\\k\\<2hri 
{ko<ri) 

= fj{t,x), {t,x)eQ, je{i,...,N}, (1.1.9) 

and 

(idt- Y °-k{t,x)d^\u{t,x) = f{t,x), {t,x)eQ. (1.1.10) 

V ||fe ||<26 / 

In particular, the uniform on Q 26-parabolicity of the equation (1.1.10) means 
that p-roots of the equation 

det(lp- ^ afc(t, (r)(zcr)^^ = 0 

V \\k\\^2b 



satisfy for all {t,x) e Q and a e the inequality (1.1.8) with some constant 
(5 > 0. This constant will be called the constant of 26-parabolicity of the equation 
( 1 . 1 . 10 ). 

For an illustration, here are the simplest 26-parabolic equations with constant 
coefficients. 

Example 1.6. Analogs of the simplest higher order equations, parabolic in the sense 
of Petrovsky, from Example 1.2: 



dt + aJ2{-lfWfAu = f, 



j=i 



^ ni / ri2 \ ^ /ns \ 

dt-a,Ydl+a2\^Ydl\ -as \u = f, 

V j=i Vj=i / \j=i 



where a > 0, aj > 0, j G {1, 2, 3}, {ni, n 2 , ns} C N, ni -h n 2 + ns = n, in the first 
equation bj, j G {1, . . . , n}, are arbitrary numbers from N, in the second equation 
bj = 1 for j G {1, . . . , ni}, bj = 2 for j G {rii -f- 1, . . . , ni -h n 2 }, and bj = 3 as 
j € {ni +Ti 2 + 1,. . .,n}. 

Hypothetically, 26-parabolic equations can emerge if the process described 
by the equation is considerably heterogeneous with respect to different spatial 
variables. However it looks more realistic to expect that such a heterogeneity will 
be described by pseudo-differential equations, not by differential ones. 




1.1. Differential equations 



7 



Below we shall consider the classes Eij, j > 1 , subclasses of the above class 
El. The basic class is En, the class of 26- parabolic equations, of the form (1.1.10), 
uniform in the layer = [0, T] x T > 0, with bounded Hblder continuous 
coefficients. Other subclaisses consist of equations which are in a certain sense 
degenerate in comparison to En. 

In particular, E 12 is the class of 26-parabolic equations of the form (1.1.10), 
uniform in II[o,t ]7 with bounded coefficients from the group of principal terms and 
increasing coefficients, as |x| ^ cxd, from the group of lower terms. The main notion 
for this class is the dissipativity of an equation. Dissipative equations, parabolic 
in the sense of Petrovsky, were introduced and studied by Eidelman [50, 45, 46], 
Eidelman and Porper [ 68 ]. Such equations generalize the equation 

= /, 

where the function a : E’^ ^ [1, 00 ) tends to infinity as |x| ^ 00 . The latter means 
increasing heat emission. 

The notion of dissipativity for 26-parabolic equations was defined by Ivasy- 
shen and Pasichnyk [114, 115, 178], as follows. 

Definition 1.5. The equation (1.1.10) is called dissipative 2b-parabolic in Q — 
n[o,T]j there exists a continuous function D : E” ^ [I 5 O 0 ), satisfying the fol- 
lowing conditions: 

1 ) D{x) 00 as \x\ 00 ; 

2) the functions bk{t,x) := Ufc(t, x)(D(x))ll^ll'"^^, G n[o,T]? Il^ll ^ 26, are 
bounded; 

3) the equation I Idt — ^ 6 /e(t, x)^^(— \v{t,x,Xn-\-i) = 0 

V llfc||+fc„ + i=2b / 

with bounded coefficients and an additional spatial variable is, uniformly 
on II[o,T] X 2B -parabolic, where 2B (26i, . . . , 26„, 26), that is the p-roots 

of the equation 



detilp— ^ bk{t,x){ia )^ j =0 

V \\k\\ + kr,+ i=2b / 

satisfy the inequality 

Rep{t,x,a,fi) < 

for any {t,x) G ri[o,T]? E E’^, // G E and some constant J > 0. 

D is called the characteristic of dissipation for the equation (1.1.10). 
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Chapter 1. Equations. Problems. Results. Methods. Examples 



Example 1.7. Let a function a : [1, oo) be continuous and such that a{x) — > 

oo as |x| (X). Then the equation 



idt-dl+dt,-dl + {a{x)r)u = f 

is a dissipative 26-parabolic equation on [0,T] x E^ with the characteristic of 
dissipation D — a, where 2b — (2,4,6), T is an arbitrary positive number. Here 
26= 12 . 

Apart from dissipative equations, the class Eu contains some 26-parabolic 
equations with increasing coefficients which can be transformed into dissipative 
ones. 

The next class of equations we consider, is the class E 13 of 26-parabolic 
equations with certain degenerations on the initial hyperplane, of the form 

ia{t)Idt - Pit) ak(t,x)d^ - ao{t,x)\uit,x) = f{t,x), 

V 0 <||/ c ||<26 / 

(<,x) e Il(o,T], (1.1.11) 

under the following assumptions: a and P are continuous on [0,T] functions, for 
which a{t) > 0, P{t) > 0 for t G (0,T], a{0)P{0) — 0, and P is monotonically 
non-decreasing; the differential expression 

Idt- Y2 ^k{t,x)d^ 

\\k\\<2b 



is uniformly 26-parabolic on H[o,t]- 

Equations of the form (1.1.11), parabolic in the sense of Petrovsky, were 
studied by Ivasyshen, Voznyak, and Medynsky [118, 111], 26-parabolic ones were 
investigated by Berezan and Ivasyshen [15]. 

Example 1.8. The equation 



with o;o > 0, /^o > 0, ao + /?o > 0 ^ind uq G E, is a typical example of an equation 
from the class E 13 . 

Let us introduce also the class E 14 , which can be seen as a synthesis of the 
classes E 12 and E 13 . It consists of 26-parabolic equations of the form (1.1.11), with 
degenerations on the initial hyperplane and possible arbitrary growth, as |a:| ^ 00 , 
of coefficients at lower derivatives. The investigation of such a class was initiated 
by Ivasyshen and Pasichnyk [114, 115, 178]. 
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Example 1.9. The equation 

+ C) + = f, 

with ao,/3o, and a from Examples 1.7 and 1.8, belongs to the class E14. 

E2. Degenerate Equations of the Kolmogorov Type 

We shall define a class of equations constituting a natural generalization of the 
equation of diffusion with inertia used by Kolmogorov [135] as a mathematical 
model of the Brownian motion for a system with n degrees of freedom taking into 
account the inertia of the system. The latter is achieved by describing the state 
of a system by values of its n coordinates , . . . , i/n and their time derivatives 
yi, . . . , The simplest Kolmogorov equation for n = 1 has the form 

{dt + indy, - = /. (1.1.12) 

This equation is, degenerate in yi , parabolic in the sense of Petrovsky with respect 
to the variables t and y\. It belongs to the class of ultra-parabolic equations. 
Numerous generalizations of the equation (1.1.12) were introduced and studied by 
many authors [227, 101, 216, 209, 142, 143, 144, 145, 64, 65, 73, 155, 207, 158, 100, 
2, 159, 62, 3, 74, 161, 119, 55, 38, 61, 120, 56, 57, 36, 58, 59, 60]. The degeneration 
may happen not only with respect to a single group of variables; there may be two 
or more of them. 

We shall consider mostly the case of degeneration in two groups of vari- 
ables. Thus we shall assume that the n-dimensional spatial variable x consists of 
the rii -dimensional variable xi := (xn, . . . ,xim), n2-dimensional variable X 2 := 
(x2i, . . . ,X2n2)j ns-dimensional variable X3 := (xsi, . . . ^xsns)^ that is x 
(xi,X2,X3). Here ni,^2, and ris are such numbers from N, that ns < ri 2 < ni, 
and rii + 722 + ri3 = n. Correspondingly, a multi-index k G will be written as 
k := (ki,k 2 ,ks), where ki := {kn , . . . , km) E I E {1,2,3}. 

Let us consider a scalar equation of the form 

/ ri2 ri3 \ 

I dt - - A{t,x,dxJ |w(^,a:) = 

V j=i j=i J 

[t,x)eQ, (1.1.13) 

where A{t,x,dxi) ^ differential expression in x\ with coefficients depending on 
t and X. The variables t and x\ will be called basic. 

Definition 1.6. 

1) An equation (1.1.13) is called a degenerate equation of the Kolmogorov type, 
if the differential expression dt — A{t,x,dxi) parabolic (in a certain sense) 
with respect to the basic variables. 

2) If a differential expression dt — A{t, x, S^i) 'Is parabolic, uniformly on Q, in the 
sense of Petrovsky with a weight 2b in the basic variables, then the equation 
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(1.1.13) is called a degenerate parabolic equation of the Kolmogorov type of 
the order 2b; in the case b = 1 it is called an ultra-parabolic equation of the 
Kolmogorov type. 

3) If an expression dt — dx-^) is 2b (2hi, . . . , 2bn^) -parabolic uniformly 

on Q, then the equation (1.1.13) is called a degenerate equation of the Kol- 
mogorov type with a 2b-parabolic part with respect to the basic variables. 

The class of equations defined in 1) will be denoted by E 2 , E 21 and E 22 will 
mean the classes of 2), and E 23 will denote the class defined in 3). 

Thus, an equation from the class E 21 has the form 



( - y] ^ X2jd:c3j - X] “'^1 

V j=l j=l \ki\< 2 b / 

it,x)eQ, (1.1.14) 

an equation from E 22 can be written as 



^3 






ni 



j=^ 



i,^=i 



-'^aj{t,x)dx^j - ao{t,x)\u{t,x) = f{t,x), {t,x)€Q; (1.1.15) 

j=i J 

the form of an equation from E 23 is 



dt-'^ Xljdx 2 i - XI - X 

'V J=1 j=l Pi|l<26 / 

{t,x)eQ. (1.1.16) 



ni 

In (1.1.14) 6 is a given number from N, |A:i| in (1.1.16) b is the 

j=i 

ni 

least common multiple of the given numbers 61 , . . . , 6 ^ from N, ||A;i || := ^ mjkij, 
where mj := b/bj,j G { 1 , . . . , ni}. 

Appropriate parabolicity conditions hold for the equations (1.1.14)-(1.1.16), 
that is there exists such a constant ^ > 0 that for any (t,x) G Q and a\ 
(dll, . . . , cTi^ J G the respective inequalities 



Re X «fci(^>a;)(icri)*' < -djcTip'’, (1.1.17) 

|fci|=2b 
ni 

Re X aji{t,x)aijau > (S|cTip, 



(1.1.18) 
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and 



ni 

Re ^ < -S'^crf’/ 

pi 11=26 j=i 



(1.1.19) 



hold. 

The equations (1.1.13)-(1.1.16) contain three groups xi, X2, and xs of spatial 
variables. If there are only two groups Xi and ^2, then the second sum is absent 
from the corresponding equations. We shall assume that these equations are special 
cases of (1.1.13)-(1.1.1€) corresponding formally to ns = 0. 

Equations from the class E22 have been investigated in many papers, in 
particular, in [227, 101, 216, 209, 142, 143, 144, 145, 64, 207, 62, 74, 161, 38, 
61, 36]. The class E21 was defined by Eidelman and Malitskaya [65]. Equations 
from this class were investigated by Eidelman, Malitskaya, Tychinskaya, Ivasyshen, 
Androsova, and Voznyak [65, 73, 155, 158, 159, 2, 3, 119]. The class E23 was defined 
by Eidelman and Ivasyshen who began its investigation in [56, 57, 58, 59, 60]. 

Let us give some examples of equations from the above classes. In these 
examples a and aj are positive constants, 6, 6^, and are natural numbers with 

rii < Til. 

Example 1.10. An equation from the class E22 



dt~Y^ - y] X2jd^^i -a^dl\u = f. 

\ 3 = 1 3=1 j = l / 



Example 1.11. An equation from the class E; 



'21 



~^^23dx,3 + XI Cj = /• 

3 = 1 3 = 1 \j=l 



Example 1.12. Equations from the class E; 



'23 



( X) dl^.j \u = f, 

V j=l 3 = 1 j=l \j=n[+l / / 

( ri2 ns m \ 

]u = f. 

j=l j = l 3 = 1 J 



1.1.2. Problems. For the above classes of equations, it is natural to consider the 
Cauchy problem, that is the problem of finding a solution of an equation in the 
layer II(o,t] (0, T] satisfying, in the case of the equations (1.1.3) and (1.1.9) 
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the initial conditions 

d^~^Uj{t,x) =(p^j{x), xeW^, 

t=0 

s€{l,...,r,}, (1.1.20) 

for equations of the first order in t the initial condition has the form 

u(t^x) = (f{x), X G (1.1.21) 

t=o 

We Eissume in (1.1.20) and (1.1.21) that •) and u{t, •) tend, as t > 0, 

to (fj and if respectively, in the topologies of those spaces, in which the solvability 
of the problems is studied. In the simplest case (1.1.20) and (1.1.21) may be 
understood as the limits for any fixed x, or as the uniform limits on each compact 
subset of . 

The basic notion in the approach to the Cauchy problem used in this book 
is a fundamental solution (or a fundamental matrix of solutions) of the Cauchy 
problem. If it is constructed and thoroughly studied, then it is possible to obtain 
exact, sometimes the best possible, results regarding intrinsic properties of solu- 
tions, correct solvability of the Cauchy problem in various function spaces, integral 
representations of solutions, local solvability of the Cauchy problem for nonlinear 
equations, extendability of solutions onto a larger time interval etc [83, 45, 146]. 

The fundamental solution of the Cauchy problem (FSCP) is defined as fol- 
lows. 

Definition 1.7. 

1) A FSCP for an equation of the form 

(LNu){t,x) := {Idt- A{t,x,da:))u{t,x) = f{t,x), (t,x) e 11 (0, T], 

is such a function 

Z(v;r,0:n(,,T|^Cjviv, (1.1.22) 

depending on the parametric point (r, ^) G II[o,t)? that the formula 

u{t,x)^ j Z{t,x;T,^)if{^)d^, (f,a:) e 

R" 

determines a solution of the homogeneous equation L^u = 0 on 7^], sat- 
isfying the initial condition 

u\t=r = (f (1.1.23) 

for any r G [0,T) and an arbitrary continuous hounded function (p. 
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In other words, FSCP is a function (1.1.22) solving for any (r,^) G n[o,r) 
the Cauchy problem 

LZ — 0, Z\t—r — Id^i 

where is the Dirac delta-function concentrated in the point 

2) For equations of arbitrary orders in t of the form (1.1.3) or (1.1.9), the FSCP 
is a function (1.1.22) which, for any (r, ^) G n[o^r)^ ^ solution on 

of the Cauchy problem for the corresponding homogeneous equation with the 
following initial conditions: 

=5jidsrjS^, s e {j,l} C {I, . . . , N}, 

t=T 

where Zp are elements of the matrix Z . 

Using only a FSCP, one can obtain an integral representation of a solution of 
the Cauchy problem for equations of the first order in t, and also for higher order 
equations, if the functions (pj, s < rj — 1, from the condition (1.1.20) equal zero. In 
the case of general initial conditions an integral representation of solutions of the 
Cauchy problem (1.1.9), (1.1.20) can be made using a Green matrix of the Cauchy 
problem [109]. For the scalar equation (1.1.1) {N — 1) of an order r > 1 in t, a 
Green matrix of the Cauchy problem is such a row- matrix G := {Go, Gi, . . . ,Gr) 
that the solution of this equation with the initial conditions 

df~^u{t,x)\t=o = ips(x), X e ffi", s€{l,...,r}, 

for arbitrary smooth functions / and ps with compact supports has the represen- 
tation 

t 

u{t,x) = j f Go{t,x;T,^)f{r,^)d^ 

0 

+ ^ / Gs{t,x;^)<PsiO<^, {t,x) € n(o,T]- 

.=i/„ 

The FSCP Z generates generalized heat potentials - the Poisson integral 
{Pip)(t,x) J Z{t,x;0,^)ip{^)d^, (i, x) € n(o,r], (1.1.24) 

of a function p, the Poisson integral 

{P>p){t,x) := j Z(i,x;0,O#(O> € II(o,t], 

R" 



(1.1.25) 
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of a generalized meaisure (p, and the volume potential 

t 

{Vf){t,x):= j j Z{t,x;T,^)f{T,^)d^, (t,x)en(o,T] 
0 



of a density /. 

Studying the Cauchy problem, it is important to investigate properties of 
these potentials, especially to give a precise description of the ranges of the oper- 
ators P and F, and, in particular, to investigate the behaviour of Pep as t ^ 0. 
These properties are necessary for proving existence, uniqueness, and correct solv- 
ability of the Cauchy problem in various function spaces, for obtaining an integral 
representation of solutions, for studying the behaviour, as t ^ iboo, of solutions 
defined in domains unbounded with respect to the time variable. 

In this book we solve the following principal problems of the clcisses of equa- 
tions defined in Section 1.1.1: 

Pi. Construction and study of FSCPs. 

P 2 . Investigation of properties of generalized heat potentials. 

P3. Finding the classes of existence, uniqueness, and correctness of the Cauchy 
problem. 

P4. Finding conditions for the existence of weighted Lp-traces of solutions, de- 
fined on the open layer II(o,t ]5 on the initial hyperplane = 0}, and the 
reconstruction of the solutions from their traces. 

1.1.3. Results. Completeness and precision of the investigation of correct solv- 
ability and properties of solutions of the Cauchy problem depends crucially on 
the completeness of the study of properties of the FSCP including properties of 
the corresponding potentials. Therefore the central problems of Chapters 2 and 3 
are Pi and P 2 . In the course of solving them, we implement the procedures for 
constructing the FSCP Z and obtaining sufficiently precise estimates of Z and its 
derivatives. We obtain estimates for the Poisson integrals of functions and general- 
ized measures from special weighted classes and study the behaviour of potentials 
for f ^ 0. Conditions are found upon densities of the volume potentials, under 
which they are solutions (from appropriate spaces) of inhomogeneous equations. 

Note that the most complete and precise of the above results from Chapters 2 
and 3 are those for equations of the class En (with bounded and Holder continuous 
coefficients). For that class of equations, not only precise estimates of the function 
Z and its derivatives, but also the exact estimates of differences in t and x of its 
higher derivatives are obtained. 

The exact estimates of the FSCP make it possible to prove precise theorems 
of the correct solvability of the Cauchy problem. The construction given below is 
a general framework for such theorems, and also for the theorems on the represen- 
tation of solutions defined on an open layer H(o,t ]5 in terms of their limit values 
on the hyperplane {t = 0}. The essence of the construction is a characterization 
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of the evolution of a solution of the Cauchy problem in t by their belonging to a 
family of Banach spaces (a specific space for each value of ^). 

Let us describe the general assumptions on the families of the Banach spaces, 
and the results based on these families, and also the basic definitions and results 
for parabolic equations in the sense of Petrovsky. 

Consider a parabolic (in a sense to be specified later) equation of the form 

{dt - A{t,x,da:))u{t,x) = 0, {t,x) G 11(0, T], (1.1.26) 

with the condition on the lower boundary of the layer II(o,t] (the initial condition) 

u\t=:o = <p- (1.1.27) 

Denote by $ such a space of initial data that for any ^ there exists a classical 
solution u of the Cauchy problem (1.1.26), (1.1.27). Let U be the space of all such 
solutions u. 

In the 1950s Eidelman [49, 52] noticed for the case of parabolic equations 
in the sense of Petrovsky (1.1.26) that if $ is the space of functions increasing 
exponentially as |o:| ^ oo, then the appropriate space U consists of functions which 
increase exponentially for |a;| co as functions of x, for every fixed t E (0, T]. The 
type of growth may depend on t. That means that a solution u{t, x), (t, x) G n(o,T| , 
as a function of x for each fixed t G (0, T], belongs to a certain space Uf. Hence the 
temporal evolution of solutions of the problem (1.1.26), (1.1.27) can be described 
by their belonging to the appropriate spaces Ut- Ivasyshen [108] has proved that 
the space U can be defined as the space of classical solutions u of the equation 

(1.1.26) , possessing the following properties - for any t G (0,T] w(t, •) G Ut^ and 
there exists such a constant C > 0 that for all t G (0, T], 

\\u{t,')\\ut < C. 

The above space U can be characterized as the range of the Poisson operator 
P defined by the formulas (1.1.24) and (1.1.25) on the space 4>. Now the operator 
P : ^ ^ [7 is an isomorphism. 

Thus, if ^ is chosen appropriately, and Ut,t G (0, T], are the corresponding 
spaces, as above, then the following statements are valid (see [60]). 

Metatheorem A. If (p G then there exists a unique solution u of the problem 

(1.1.26) ; (1.1.27) which belongs to the space U and has the form 

u = P(f. (1.1.28) 

The exact meaning of the initial condition (1.1.27) depends on the choice of the 
space 4> and should be specified. 

Metatheorem B. If u is a solution of the equation (1.1.26) from the space U , then 
there exists a unique element cp G such that the representation (1.1.28) is valid. 
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Hence Metatheorems A and B are valid if we choose appropriate spaces ^ 
and find the corresponding families of spaces Ut^t G (0,T]. 

Wide enough families of spaces ^ and Ut^t G (0,T], are described in the 
monograph [45] by Eidelman for equations parabolic in the sense of Petrovsky. 
Metatheorem 1.1 for such equations was also validated there. Ivasyshen [108] ex- 
tended the class of families essentially, and substantiated Metatheorem B. Let us 
give the definitions for the case of equations 

|w(t,x) = 0, (i, x) € II(o,t]- (1.1.29) 

V |fel<26 / 

Our assumptions are as follows: 

1) the equation (1.1.29) is uniformly parabolic in the sense of Petrovsky on the 
layer H[o,t]; 

2) the coefficients a/c, \k\ < 25, are bounded on H[o,t ]7 continuous in t, uniformly 
in a: G and satisfy the Holder conditions in a: G uniformly with respect 
to 

3) there exists a Lagrange adjoint equation to the equation (1.1.29), and its 
coefficients satisfy the condition 2). 

It is known [45] that the conditions 1) and 2) imply the existence of a FSCP Z 
for the equation (1.1.29), with the estimates 

\d’^°d^Z(t,x-,T,^)\ < C(t - r)-'' 0 -(”+l'=l)/( 2 b) exp{-cp{t - t,x,0}, 

0<T<t<T, C M", 2bko + \k\ < 26, (1.1.30) 

where C > 0, c > 0, and p{t,x,^) := t^~‘‘\x — q 26/(26 — 1). 

If the condition 3) holds too, then the FSCP is normal, and the convolution 
formula is valid for it. 

In order to define the spaces ^ and Ut, t G (0,T], for the equation (1.1.29), 
we use the following arguments. If we assume that the initial function (p satisfies 
the inequality 

|(/9(a:)| < (7exp{afy|^}, x G u > 0, (1.1.31) 

then, as it has been mentioned, the solution u of the equation (1.1.29) correspond- 
ing to the function (p by (1.1.24), has the bound 

\u{t,x)\ < Cexp{k{t,a)\x\'^}, (t,x) G H(o,t]. 

Using (1.1.24) and the estimates (1.1.30) and (1.1.31), we see that in order to find 
the function k, one has to find an upper bound for the function 

/(0:=-coi'-"k-er+«i^r, 

for fixed {t^x) G II(o,t ]7 ^ 0, and cq G (0, c), where c is the constant from the 
estimate (1.1.30). Since f(^) < —cot^~^\\x\ — |^||^, it suffices to find the maximum 
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of the function fo{r) := —cot^ ^\\x\ — r\^ + r > 0. This maximum equals 
k{t,a)\x\^ where 

k{t, a) := Coa(c^'’-^ - ^ ^ [0, T], (1.1.32) 

if a > 0 is chosen in such a way that T < (co/a)^*’”'^. Hence we have the estimate 

-cot^“‘^|a;-^|^ +a|^|'* < /c(t,a)|x|'', ts(0,T], {x,^}cK'*. 

Note that fc(0,o) = a, and the function (1.1.32) possesses the following im- 
portant semigroup property: 

k{t — T^k{r^a)) — k{t^a)^ 0<T<t<T. (1.1.33) 

This equality can be verified by a direct calculation. 

As the spaces ^ we shall choose the spaces l<p<oo, a>0. 

If 1 < p < 00 , the space consists of the Lebesgue measurable functions 
(/? : ^ C, for which the norm 



•■= ll^(-)exp{-a| • |®}||lp(K") 



is finite. 

Let Bn be the a-algebra of Borel subsets of R^. Define as the space of 
all countably additive functions (f : Bn ^ C (generalized Borel measures on 
satisfying the condition 

WtfWl j exp{-a|a;|«}d|v5|(a;) < oo 
where \(p\ is the full variation of (f. 

The spaces Ut,t ^ (O^T], corresponding to are the spaces of the 

Lebesgue measurable functions u : ^ C, for which the norm 

||u||f’“) := |K)exp{-fc(f,a)|-nilM®^) 



is finite. 

Let P be the Poisson operator corresponding to (1.1.29). On elements G 
P is defined by the formula (1.1.24) if p > 1, or by the formula (1.1.25) if p = 1. 

In order to formulate the main results, we introduce also the spaces and 
^0 of all the Lebesgue measurable or, respectively, continuous functions : E^ ^ 
C, having, respectively, the properties 

||V'(-)exp{fc(T,a)| • |’}||li(R") < oo and |V'(a:)| exp{fc(T, a)|a;|'’} — > 0. 

|x|^oo 

For the equation (1.1.29) satisfying l)-3), Metatheorems A and B have the 
following specific forms. 
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Theorem 1.1. 

1. Let ^ ^ 1 < p < oo. Then the function (1.1.28) is the unique solution 

of the equation (1.1.29) on the layer 11(0, t]; following properties: for 

any t G (0,T] u{t, •) G there exists such a constant C > Q that for an 

arbitrary t G (0,T]^ 

if I < p < oo, then lim l|w(<, •) — </’(■) while for p = 1 and p = oo 

w(t, •) — (p, t 0 weakly, that is for each -0 from the spaces 
respectively 



lim 



J 'if{x)u{t,x)dx = 






I if{x)d(f{x), 

R^ 

< 

J 'ip{x)ip{x)dx, 

, R^ 



1 , 

p = OO. 



2. Let u he a solution of the equation (1.1.29) satisfying the condition 

||u(^,-)||f’“^<C 

for any t G (0,T]^ with some C > 0 and p G [l,oo]. Then there exists a 
unique element G such that the solution u can be represented in the 
form (1.1.28). 

Theorems similar to Theorem 1.1 are proved in Chapters 2 and 3 for 26- 
parabolic equations and degenerate parabolic equations of the Kolmogorov type. 

In particular, for an equation from the class En solutions may have different 
types of growth with respect to different spatial variables. Therefore in this case 
the growth type is a vector-function k{t,a) := {ki{t,ai), . . . ,kn{t,an))^ where 

d\= (ai,...,an), 

kj{t,aj) \=c^aj{cQ^~^ j G {l,...,n}. (1.1.34) 

Here cq, ui, . . . , are given numbers, such that cq G (0, c), Oj > 0, j G {1, . . . , n}, 
T < min (co/aj)^^^“^, where c is the constant from estimates like (1.1.30) for 

the FSCP; qj := 2bj/{2bj — 1), j G {1, . . . ,n}. Note that for each function (1.1.34) 
the identity (1.1.33) holds. 

For an equation from the class E 21 the growth type of solutions is different 
for different groups of spatial variables. The formulas like (1.1.32) and (1.1.34) are 
much more complicated. Here we have to consider two sets of functions determining 
the type of a possible growth of solutions. 

The above approach makes it possible to determine precisely a possible be- 
haviour of solutions of the Cauchy problem, as \x\ 00 . 
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Chapter 2 contains also the Schauder type theorems about the correct solv- 
ability of the Cauchy problem. Such theorems establish a precise dependence, in 
terms of the Holder spaces, of the smoothness of a solution on the smoothness of 
initial functions, coefficients, and right-hand sides of equations. 

1.1.4. Techniques. As it was mentioned in the preface, FSCPs are constructed and 
studied by means of Levi’s parametrix method [152]. 

In this method a FSCP Z(t, x; r, is sought as a sum of the principal term 
Zo{t, x\ r, called a parametrix, and an additional summand W (L x\ r, having 
the form of the integral with the kernel Zq and some unknown density Q. The 
parametrix Zq has a desired singularity at {t,x) = Usually it is defined 

on the basis of the FSCP Go(L x; r, y) or Go(L x; r, /3, y) for model equations 
containing only principal (in a certain sense) groups of terms. In their coefficients 
the variables x ov t,x are fixed in the points y or (/?,y) respectively. In order 
to obtain the parametrix, in the expression for Go one should substitute, instead 
of y or y, appropriate functions which may depend on the main variables t, x 
and the parametric ones r,^. The unknown density Q is determined from an 
integral equation which has the Volterra type in the variable t and can be solved 
by successive approximations. 

Let us explain, in a little greater detail, the scheme of the Levi method for 
the equations (1.1.10) with iV = 1, and (1.1.14), from the classes En and E 21 
respectively. 

The above scheme consists of the following successive steps. 

Step 1. Construction and study of FSCPs for equations whose coefficients may 
depend only on the time variable t. 

Consider the Cauchy problem with the initial condition (1.1.23) where r is 
an arbitrary fixed number from the interval [0,T), for the homogeneous equations 
(1.1.10), with — 1, and (1.1.14), in which the coefficients afc, ||/c|| < 25, and 

\ki\ < 26, may depend only on t. Applying the Fourier transform Fx^a in 

the spatial variables, we transform the problem into the Cauchy problem with the 
initial condition 

v\t=T =tp ■■= (1.1.35) 

for the ordinary differential equation 

V = 0 , (1.1.36) 

V \\k\\<2b / 

and the first order partial differential equation 

( 712 m \ 

^ (J2jda^. + ^ (^3jda2j ~ ^ afcl(^)(^o•l)''M^> = 0, (1.1.37) 

j=l j=l |fci|<2b / 



respectively. 
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Solving the problems (1.1.35), (1.1.36) and (1.1.35), (1.1.37) (the latter is 
solved by the method of characteristics), and then applying the inverse Fourier 
transform we get the following formula for the FSCP G corresponding to 

the equations (1.1.10) and (1.1.14) for the cases under consideration: 

G{t,x;r,^) := {t - F-J^y[V{t,T,(r)]{t,T,y)\y^y^t-T,x,i), 

0<T<t<T, {x,OcK", (1.1.38) 



n 

where in the case of the equation (1.1.10) M := E(V(26,)), 

i=i 



y(t, T, <j) := expi ^ — r)^ 11^11/(2^) f ak{r + {t — T)P)d(3a^ 

l||fc||<26 { 



3 

whereas for the equation (1.1.14) M := ^{j - 1 + l/{2b))rij, 



V{t,T,a) :=exp<^ 



i 

f ak^{T + {t~T)p) 

. I^OL 



.|fcil<26 



/ / 3'^ ' // // " nt 1 

X (ai +/3CT2 + Ycr3)''i((Ji +/3(T2)'‘' («Ti 



y{t,x,^):=(t - ^i),t ^ + txi - ^2), 

^-2-l/(26)^^^ 4 - tx'2 + ^x[ - ^3)), 

Xi := (xil,..., X\n^)i X-^ 5 • • • 5 ^1712)5 

^1 • (^l(n 2 + l) •)'•• 1 ^lni\ X\ . (xii,..., X\ji 2 ) . 

Next we study properties of the function V and use a theorem from [86] on 
the Fourier transform of entire functions of a finite order (see also Lemma 1.1). As 
a result we obtain a complete analytical description of the function (1.1.38) and 
all of its derivatives, and their precise estimates. 

Step 2. Investigation of properties of FSCPs for equations with coefficients depend- 
ing on the parameters. 

We consider equations of the same form as in Step 1, but with coefficients 
depending on the variable t and the parameter 7 / G , or solely on the parameters 
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{(5, y) G n[o,T]- As before, we construct the FSCPs G(*, •; *, •; y) and G(-, •; •, •; /3, y), 
and study their properties as functions of y or /?, y (their differentiability, estimates 
of derivatives and their increments in y or y etc). 

Note that for the Levi method itself it is sufficient to consider in Steps 1 and 
2 the equations containing only the principal terms. For the classes En and E 21 
such equations with parameters have the form 

(at- ^ ak{t,y)d^\ = 0 (1.1.39) 

V ||fc|N 26 / 



and 



xijd:c2j - ^ 1 ^ = 0 , 



\ j=i 
or the equation 






\ki\=2b 



idt- ak{(3,y)d^ju = 0 

\ m\=2b / 



and 



a* - ^ ^ 2/)a*( I w = 0, 

j=l j=l |fei|=2() / 



(1.1.40) 

(1.1.41) 

(1.1.42) 



respectively. 

Step 3. Determination of a parametrix and investigation of its properties. 

Let Go( ) ■; 'i ■;?/) be a FSCP for the equation (1.1.39) or (1.1.40). We choose 
the function 

Zo(^,x;r,0 := Gq(^, x; r, 0 < r < ^ < T, {x,^} C E"" (1.1.43) 

to be the parametrix for the equation (1.1.10). The parametrix for the equation 
(1.1.14) can be chosen also in the form (1.1.43), but this may cause complications 
in the analysis of the iteration procedure of the Levi method, as well as inaccurate 
estimates for the FSCP and its derivatives. 

It appears that the choice of a parametrix can happen to be better (under an 
additional condition upon coefficients of the equation) if we start from the FSCP 
G(*, •; •, •; /I, y) for the equation (1.1.42). In this case the parametrix is defined by 
the equality 

Zi(t,:r;r,0:=Go(t,x;r,e;r,0, 0 < r < t < T, {x,acR". (1.1.44) 

After the parametrix is defined, its properties are studied. Most of them follow 
from properties of the FSCP for equations with parameters found in Step 2. In 
addition we have to study only properties of the integrals with the kernels (1.1.43) 
and (1.1.44). 
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Step 4. Construction and investigation of FSCPs for equations with coefficients 
depending on all the variables. 

By the Levi method, FSCPs for the equations (1.1.10) and (1.1.14) are sought 
respectively in the form 



t 

Z{t,x;T,^) = Zo{t,x;T,^) + f j Zo{t,x;X,y)Q{X,y;T,^)dy, 

T 

0 < r < t < T, {x,^}c (1.1.45) 

and 

t 

Z{t,x;T,^) = Zi{t,x;T,^) + j dX j Zi{t,x\X,y)Q{X,y;T,^)dy, 

T 

0<r<t<T, {x,C}cR^, (1.1.46) 

where Zq and Z\ are the parametrices, Q is an unknown function. 

Using the definition of the FSCP and properties of integrals like the ones from 
(1.1.45) and (1.1.46) studied in the previous step, we obtain an integral equation 
of the Volterra type for the function Q: 

t 

Q{t,x-T,^)^K{t,x;T,^) + j dX j K{t,x;X,y)Q{X,y;T,^)dy, 

T 

0 < r < t < T, {x, C (1.1.47) 

This equation has a quasi-regular kernel and can be solved by iterations. Inves- 
tigating properties of the solution of (1.1.47) and using properties of the volume 
potentials from (1.1.45) and (1.1.46), we prove the existence of the FSCP and its 
bounds similar to those from Step 1. 

If coefficients of the above equations are smooth enough, then another choice 
of a parametrix is possible. For example, we can choose as a parametrix for 
the equation (1.1.10) any of the functions Go{t,x]r,^‘x)^ Go{t,x;T,^\T^^), or 
Go{t^x;T^^;t,x)^ 0 < r < t < T, {x,^} C M”, where the function Go(t;t; 2/) is 
the same as in Step 3, while Go(*, •; •; /?, y) is the FSCP for the equation (1.1.41). 

The application of a FSCP to the study of the Cauchy problem and the in- 
vestigation of properties of solutions is based on traditional techniques requiring 
scrupulous estimates and analysis of properties of various potentials in special 
function spaces which reffect a complicated structure of equations. It is the exact- 
ness of estimates that make it possible not only to find precise classes of correctness 
of the Cauchy problem, but also to prove the inverse theorems mentioned in Sec- 
tion 1.1.3. 

In the above description we dealt with equations from the classes En and 
E 21 with bounded coefficients. If the coefficients are allowed to grow with a growth 
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of spatial variables, then the above methods should be modified. In particular, for 
equations from the class E12 the following approach is used. First we consider the 
class of dissipative equations. For them, depending on properties of the character- 
istic of dissipation, there are two different possibilities for choosing a parametrix 
in the Levi method. Note that in this case the parametrix depends on all the co- 
efficients, not just the principal ones, as above. Next we find a class of equations 
with increasing coefficients which can be reduced to dissipative equations by an 
appropriate change of the unknown function. This leads to the proof of existence 
of a FSCP estimates for Z and its derivatives, theorems of solvability and, in 
some cases, well-posedness of the Cauchy problem. 

The study of equations from the classes E13 and E14, which degenerate on the 
initial hyperplane, also requires an appropriate modification of the above method. 
For the equation (1.1.11) with bounded coefficients the parametrix is defined by 
the formula (1.1.43), in which Go(-5 •; v; y) is the FSCP for the equation 

(a{t)Idt - Pit) ak(t,y)d^-ao{t,y)\u = 0. (1.1.48) 

\ P||=26 / 

1.2 Pseudo-diflferential equations 

1.2.1. Equations. We shall consider two classes of equations - those with a quasi- 
homogeneous non-smooth pseudo-differential operator with respect to spatial vari- 
ables, and those with a fractional derivative with respect to the time variable. 

E3. Pseudo-differential equations with non-smooth quasi-homogeneous symbols 

We consider equations of the form 

m 

dtu{t,x) + (Au){t,x) + '^{Aku){t,x) = f{t,x), (t,x) e II[o,t], (1-2-1) 

fc=i 

where A and Ai,. . . , Am are pseudo-differential operators (^DOs) with symbols 
a(t, X, a) and ai(t, x,a),. . . , am(t, x, a) homogeneous in the “dual” variable a. The 
principal symbol a(t,x, a) is assumed to be homogeneous of an order 7 > 1 and 
uniformly elliptic, that is 

Rea{t,x,a) > ao > 0, {t,x) G II[o,t ]5 W\ = I5 

the symbols afc(t, x, a) have orders of homogeneity 7^, 0 < 7^ < 7; / is a bounded 
continuous function. 

The investigation of the equation (1.2.1) was initiated by Eidelman and Drin’ 
[32, 31, 33]. A thorough theory was developed by Kochubei [128]. 

The existence of a point cr = 0, where the symbols are not smooth, prevents us 
from using the standard ^DO calculus in studying the equation (1.2.1). Moreover, 
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the usual formula 

{Au){t^x) = {27t)~^ J dcr, 

Ht,a) = j e~^^^''"'>u{t,y)dy, (1-2-2) 

determines the ^DO only on smooth rapidly decreasing functions. Since (just as for 
parabolic differential equations) it is natural to consider solutions of (1.2.1) which 
are only bounded, the operator defined initially by (1.2.2) should be extended to 
wider classes of functions. Such extension is given by representing a ^DO with a 
homogeneous symbol as a hyper-singular integral operator. 

Suppose that f{x) and Q.{x, 6) are bounded continuous complex- valued func- 
tions on and x S'^~^ respectively. An expression 

where o; > 0, 

(Aif) (x) = /(x - kh), 

k=0 

I is a positive integer, and dn,/(o;) is a normalization constant, is called a hyper- 
singular integral (HSI) of order a with characteristic Q (note that Q, will often 
depend also on the time parameter t). Along with the HSI (1.2.3) we shall use 
the restricted HSI obtained by replacing the domain of integration with 

{h G : |h| > e}, e > 0. The theory of HSIs was developed by Samko [200, 202]. 

The HSI (1.2.3) is absolutely convergent if, for example, a is not an integer, 
n > a, and / has bounded derivatives up to the order [a ] -hi ([a] is the integer part 
of a). Often the HSI makes sense in more general situations, if it is understood as 
conditionally convergent, that is 

(Dq/) (x) = lim (x). 



If / G *S(R^), then the HSI-operator / D^/ can be represented as a ^DO 

with the symbol 



Q{x, a) 



1 / (1 ft 

dnjM J \hl"*‘ I ' |k| 

R^ 



dh. 



Conversely, under some natural assumptions a (1.2.2) can be represented as 
a HSI-operator (1.2.3), with the one-to-one correspondence between symbols and 
characteristics. 
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Therefore in the equation (1.2.1) we shall understand the operators A, Ai, 
. . . , Am as conditionally convergent HSI-operators. 

Example 1.13. A ^DO (1.2.2) with the symbol |cr|^, 7 > 0 (independent of t and 
x) can be represented as a HSI-operator with the characteristic Q{x,6) = 1. This 
operator coincides on S{W^) with the fractional power (— A)^/^ of the Laplacian. 
The corresponding equation (1.2.1) (with a{t,x,a) = 1 < 7 < 2, = 0) 

has been used in physics for modeling anomalous superdiffusion in single molecule 
spectroscopy, the diffusion on a polymer chain in chemical space etc. (the “Levy 
flights” model; see the survey [170] and references there). These applications are 
connected with the probabilistic interpretation of this equation (with 7 < 2) and 
more general ones, which will be discussed below. 

E 4 . Fractional diffusion equations 

Equations of this class contain fractional derivatives with respect to the time 
variable, and elliptic operators in the spatial variables: 



(d[“^u) {t,x) = Bu{t,x), {t,x) e II[o,T], (1.2.4) 



where 



(t,x) 



1 

r(i-a) 



dt 



t 

J {t — t)~°‘u{t,x)(1t — t^°‘u{0,x) , 
0 



is a regularized fractional derivative, 



0 < a < 1, 

(1.2.5) 



B = X] +'^bj(t,x)da:j +c(t,x) 

ij=l j=l 

is an elliptic second order differential operator with bounded continuous real- 
valued coefficients. 

Such equations were introduced and studied by Wyss [231], Schneider and 
Wyss [206] (for B = A), Kochubei [129, 130], Eidelman and Kochubei [63] (for 
the general case). A strong motivation for investigating such equations comes from 
physics - fractional diffusion equations describe anomalous (sub-)diffusion on frac- 
tals (physical objects of a fractional dimension, like some amorphous semiconduc- 
tors or strongly porous materials; see [4, 170, 169, 92] and references therein). By 
this time, the mathematical theory of fractional diffusion equations has made only 
its first steps. 

1 . 2 . 2 . Problems. Just as for the parabolic equations, we shall consider the Cauchy 
problem (1.1.20) for the equations (1.2.1) and (1.2.4). Note that for the fractional 
diffusion equation (1.2.4) it is the setting of the Cauchy problem (1.1.20) (which 
has a direct physical meaning of recovering the evolution from initial data) that 
determines the necessity of using the regularized fractional derivative (1.2.5). If, 
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for example, one considers the Riemann-Liouville fractional derivative defined sim- 
ilarly, but without subtracting x), then the appropriate initial data will be 

the limit value {t 0) of the fractional integral of a solution of the order 1 — a, 
not the limit value of the solution itself (see [202, 140]). 

A FSCP is defined for both our classes of ^DO’s in a way similar to that 
of the differential equations (Definition 1.7 with N = 1). The basic problems are 
the same problems P1-P3 and P5, as above. In addition, an important problem is 
to prove properties of the FSCP needed for the probabilistic interpretation of the 
equation (1.2.1) with 7 < 2, and the equation (1.2.4). 

Note that the ^DO with the symbol \a\^, 7 < 2 (see Example 1.13), is 
the generator of the symmetric stable process, the most important representative 
of the claiss of Levy processes (stochastic processes with independent increments) 
interesting both for various applications (from physics to finance) , and as an object 
of the theory of stochastic processes. 

More generally, if the Cauchy problem for the equation (1.2.1) is well-posed, 
in particular, if there exists a FSCP, and it is non-negative, then the FSCP is the 
transition density of a Markov process whose path properties can be deduced from 
appropriate estimates of the FSCP. In contrast to the case of the Brownian motion 
or processes corresponding to parabolic second order differential equations with 
sufficiently “regular” coefficients, the processes with pseudo-differential generators 
are discontinuous - their paths may have jumps. 

There is a considerable literature employing either stochastic differential 
equations or the theory of semigroups of operators to construct discontinuous 
Markov processes from integro-differential and, in particular, pseudo-differential 
generators; see, for example, [104, 212, 219, 151, 139, 122, 123], and this list is very 
far from being complete. Both these approaches do not give information about the 
analytic properties of the transition probabilities of a Markov process; such infor- 
mation can be obtained by studying the FSCP. On the other hand, the methods of 
the theory of parabolic pseudo-differential equations have been used successfully 
for general Levy-type generators [137]. 

The fractional diffusion equation (1.2.4) also admits a probabilistic interpre- 
tation [204, 205, 138, 232]. This time the resulting process is not a Markov one; it 
can be obtained from a Markov process by a random time change. 

1.2.3. Results. In Chapter 4 we construct and investigate a FSCP for the equa- 
tion (1.2.1). For equations of an order < 2 we find sufficient conditions for the 
non-negativity of the FSCP, a crucial property for the probabilistic applications. 
Within this class of equations, a uniqueness theorem for solutions of the Cauchy 
problem, tending to zero at infinity, is obtained. We also study conditions, under 
which a solution stabilizes as t ^ 00. 

For the equation (1.2.4) considered in Chapter 5, we also give a construction 
and analysis of properties of a FSCP. In this case, the uniqueness theorem is 
proved for the class of bounded solutions of the Cauchy problem. For the equation 
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with one spatial variable a precise uniqueness class of solutions with exponential 
growth is also found. 

1.2.4. Techniques. Just as for parabolic differential equations, the basic approach 
is the Levi method. For pseudo-differential equations (1.2.1), the most difficult 
task is to obtain precise estimates of the parametrix. That is done with the use 
of the theory of spherical harmonics and rather delicate techniques of analytic 
continuation of homogeneous distributions. The machinery of HSIs [200, 202] is 
also essential. 

In contrast to all types of classical parabolic equations, the FSCP for the 
fractional diffusion equation (1.2.4) (even for B = A) has, if n > 1, a singularity 
not only at t == 0, but also at the diagonal x = ^ with respect to the spatial 
variables. This causes serious complications for the implementation of the Levi 
method. The estimates of the iterated kernels require a series of additional reg- 
ularization procedures absent in the classical case. Moreover, while the classical 
heat kernel has a simple expression in elementary functions, in the fractional case 
we have to deal with Fox’s iJ-functions and their asymptotics, which makes even 
simple, in principle, transformations and estimates difficult technical tasks. Note 
also that, in order to represent the solution of the Cauchy problem for the equation 
(1.2.4) by the usual formula 

t 

u{t,x) = j Z{t,x-,0,^)uo{^)d^ + j dX j Y{t,x;X,y)f{\,y)dy 

0 Rrv 

where Uq{x) = u{0,x)^ we have to carry out the Levi method twice - first for the 
FSCP Z, and then separately for the function Y. 

1.3 Main lemmas 

1.3.1. On the Fourier transform of some entire functions. Let s := (si, . . . , s,^) G 
C^, s := a + 27, {(j := (ai, . . . ,CTn),7 := (71, • . . ,7n)} C We shall consider 
the functions /(s),s G C^, with values in CnNi ^ ^ 1 (Cn C), assuming 
them to be entire, with finite orders of growth on and decrease on Such 
functions belong to the space Li(E’^) and admit the classical direct and inverse 
Fourier transforms Fa-^x and defined as 

F„^a:[f]ix) ■■= j exp{-i{x,cr)}f{a)da, a; e E”, (1.3.1) 

J R" 

and 

j exp{i{x,a)}f{a)d(T, x e E", (1.3.2) 

n 

where {x^cj) := '^XjCFj. 
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Lemma 1.1. Let f : Cnn be an entire function satisfying the inequality 

|/(s)| < Coexpj-^ajIcTjP^ + 

with the constants Cq > 0, Oj > 0^ bj > 0, pj > 1, and qj >pj, j G {1, . . . ,n}. 
Then its inverse Fourier transform g{x) := F~},^[f]{x) , x can be extended 

onto to an entire function g{z),z := {zi,...,Zn) G 2 := x-\-iy,{x := 
(xi, . . . ,Xn)^y := (yi, • • • ^Vn)} C with the estimate 






seC" 



( 1 . 3 . 3 ) 



j=i 



| 5 (^)| < C'exp 



1=1 1=1 



eC” 



( 1 . 3 . 4 ) 



where C > 0, aj > 0, (5j > 0^ and the numbers pj and qj are determined from the 
equalities 

1 1 1 1 i 

^ — r — I5 i — r — 1- 

Pj Pj Qj Qj 

Proof It follows from the estimate (1.3.3) that the function g{x),x G can be 
extended onto by the formula (1.3.2) with x replaced by 2 . Using the analyticity 
of the function /, the estimate (1.3.3), and using the Cauchy theorem we obtain 
that 

g{z) = (27t)~’^ J exp{i{x + iy,a ij)}f{a + ij)da, 

z := X + iy e 

for an arbitrary fixed point 7 G Together with (1.3.3), this implies the in- 
equality 



|y(2)| < (27 t) ’^Coexp 



(a^.7) + Xl^l7iP^ 



X n / ®^p{~“il^il'’' + lyi^il}^^i- 

1=1 iR 



( 1 . 3 . 5 ) 



Choose 7 G in such a way that = 5j{signxjy- 
{ 1 , . . . , n}. Using the equality {q^ — \)qj — q^ we find that 









,5j > 0 ,i G 



J=1 






1=1 



5 



where aj := Sj — bjS"^^ > 0 , if Sj is small enough, since qj > 1 . 



( 1 . 3 . 6 ) 
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Next we use the Young inequality 









where := ((1 — s)ajPj)^^’^^ ,e £ (0, 1). Then 



j exp{-aj\aj\P^ +\yj(7j\}daj 

B 

< j exp{-\(Tj\P^}d(Tjexp^/3j\yj\Piy 



(1.3.7) 



where Pj := —((1 — e)ajPj)^ . 

^3 

The inequalities (1.3.5)-(1.3.7) imply the estimate (1.3.4), in which 

n . 

C := {27r)-^CoY[{£aj)-^^P^ exp{-\aj\P^}daj. □ 

I 

1.3.2. The reference functions and their properties. Consider the functions 

Pjpity r) ■= t>0, r > 0, j € {0, 1, 2}, (1.3.8) 

where P G (0, 1). These functions will appear in estimates of FSCPs. 

The investigation of properties of the function (1.3.8) will be preceded by the 
following lemma about some elementary inequalities. 

Lemma 1.2. Let n G N, p G [1, oo) and A G (—1, 1). For any {a, 6, c} C 

2^-P\a\P - |6|P < |a + bf < + \b\P^ , (1.3.9) 

A^-P\a\P - 2^-P\b\P - \c\P <\a + b + c\P< 4^-^ + |fe|P + |c|p j , (1.3.10) 



\a + Xb\P + \b\P>6{ |a|P + |6|q, 



((1.3.11)) 



Proof. The inequalities (1.3.9) are obvious for p = 1. If p > 1, the function p = 
X > 0, is convex downwards on [0, oo). Therefore 



where S:— min 1-|A|^,2^ p). 




30 



Chapter 1. Equations. Problems. Results. Methods. Examples 



Hence 






We have proved the second inequality from (1.3.9). It implies all other inequalities 
(1.3.9)-(1.3.11). 

Indeed, we have 



: + 6 + c|P<2P-i(|a + 6|P + |c|p) 



<2P-i(2P-i(|a|P + |6|P) + |cp 



<4P-i |a|P + |6P + |c|M, 



|a|P = \a + b-b\P< 2P-' (|o + b\P + Ifc^-j) , 

|a + 6p = |a + 6 + c — cp < (^|o + 6 + cP + |cp) , 

|aP = |a + A6 - Xbf < 2?“' (|a + A&P + |A6p) , 

and we obtain the second inequality from (1.3.10), the first inequality from (1.3.9), 
and also the inequalities 

\a + b + c\P> 2^-P\a + b\P - pp > (2^~P\a\P - |6p) - pp, 

\a + Xb\P + pp > 2^-Ppp - |A&P + pp = 2^-Ppp + f 1 - |Ap) pp. 



The latter inequalities imply the first inequality from (1.3.10) and the inequality 
(1.3.11). □ 

Lemma 1.3. Let n eN, /? € (0, 1), and 

{t, x; T, 0 := pop{t-T,\x-^\), 

Pp\t, X, y, T, rj) := p‘'^\t, x; r, 0 + Pip{t -T,\y-r] + {t- r)a:|), 
pf\t, X, y, z\ T, ri, C) := p^^^ {t, x, y; t, y) 

+ P 2 p{t - T,\z - C, + {t - r)y + 2~'^{t - Tfx\), 
{t,T}cR, T<t, {x,y,z,^,T],Q cW^. (1.3.12) 

For any 

{t, A,r}cM, T<X<t, and {x, x', y, y', 2:, z', 77, (} C 
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the inequalities 



^0 := P^P (i, X,x')+ (A, x'; t, ^ 






(1.3.13) 


Ai := p^f^\t,x,y;X,x',y') + p^^\X,x',y';T,^,r]) 




IV 


(1.3.14) 


A 2 := pf^ {t, x,y,z;X,x',y',z') + p^^ (A, x',y',z'-, r, 




> S2P0\t,x,y,z;T,^,Tj, C), 


(1.3.15) 



hold, with constants Si and 82 depending only on f3. 

Proof. Let t, r, x, ^ be fixed in an arbitrary way, and let r := |x — x'|, a := |x — 
Using the fact that (1/(1 — j3)) > 1, and \x' — ^| = \{x — — {x — x')\ > \a — r\ for 

any x' G we have 



^0 > PO0{t - X,r)+po0{X -T,\a- r\) =: fx{r). 
It is sufficient to prove that for any A G (r, t) and r > 0, 

fx{r) > Po0{t-T,a). 

If r > a, then for A G (r, t), 

fx{r) > po/3{t - A, a) > po^(t - r, a). 

Let us find min Since 

r€[0,a] ^ 



, \ ( f T 






a — r\ 

X^J 



P/a-P) 



= 0 



(1.3.16) 

(1.3.17) 



for r = tq := 



t 



t - T 

fx on the interval (0,a). For A G (r, t) 



a, we see that vq is the unique stationary point of the function 



/a(0) = po0{X -T,a)> po0(t - T, a), 
fx{a) = po0{t - X,a)> po0{t -T,a), 
f\(ro) = Po0(i-T,a), 

SO that min fx('J^) = pop{t — r, a). Together with (1.3.17) this implies the inequal- 

rG[0,a] 

ity (1.3.16), so that (1.3.13) is proved. 

Let us prove the inequality (1.3.14). Using the inequalities (1.3.9) with p = 
1/(1 — j3) and the fact that 



t — X < t — r and X — r <t — r, 
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we have 

Pw{t -\\y-y' + {t- A)a;|) + pi/ 3(A - t, |j/' - 77 + (A - t)x'\) 

> {t- -y' + {t- + \y' -ri + {X- 

> - r)-(i+/3)/(i-/5)|j/ -r,+ {t-T)x-{\- t){x - 

> 2-/3/d-/5)(t - ^)-(i+/3)/(i-/3) (^-Pn^- 0 )\y -n + {t- 

= -T,\y-'q+{t- r)x|) 

- 2-^/(i-'^)|(A - T){t - t)-^-^{x - x')\^/^^-^^ 

> -T,\y-'n+{t- r)o;|) - 2“^/^^“^Vo/?(i ~t,\x- x'\) 

> 2“^^/(^“^Vi/3(i -T^ly-il+it- '^)a;|) - - A, |a; - x'\). 

Using this inequality and (1.3.13) we find that 
yli > (l - 2-^/<i-^>) Alo + 2-2^/(i-'^Vi/3(i -T,\y-r] + {t- r)a;|) 

> (l - 2-^/(i-^)) {t, X- T, 0 + -T,\y-V+(t- 't) 2;|). 

This implies the inequality (1.3.14) with Ji := min(l — 2“^^/^^“^)) . 

In order to prove (1.3.15), we proceed in a similar way. First we use the 
inequalities (1.3.9) and (1.3.10) with p = 1/(1 — /3) to find that 

P 20 {t - X,\z - z' + {t - X)y + 2~^{t - A)^a;|) 

+ P2 /j(A - r, |z' - C + (A - r)y' + 2“^(A - rfx']) 

>{t- t)-(2+/3)/(i-/3) ( 12: _ 2' + (f - \)y + 2“^(t - \fx\^/^^~^^ 

+ |z' - C + (A - r)y' + 2~\X - r)2xY/(i-^)) 

> - ^yi' 2 + 0 )/(i-P) 2 _ ^ _l_ 2 ~^{t - rfx 

i/(i-/3) 

- (A - T){y -y' + {t- X)x) - 2~^(A - Tf{x - x') 

> 2-/3 /(i-/ 3) - T,\z - C, + {t - r)y + 2“^(t - r)^x|) 




1.3. Main lemmas 



33 



- (A - T){t - T)-^~^{y -y' + {t- \)x) 

l/(l-/3)\ 

- (A - Tf{t - - x') \ 

> -T,\z-C + {t-T)y + 2-\t - Tfx\) 

- ~\\y-v' + {t- '^)^\) - - A, |a: - x'\). 

Then, using the last inequality and (1.3.14), we obtain that 

A 2 >(i- 2-(i+/3)/(i-/ 5)^ Alo + (^1 - {t-T,\y-y' + it-X)x\) 

+ pip{X~T,\y' ~i]+{X- r)a:' 1)^ + -T,\z-C+{t-T)y 

+ 2-\t-Tfx\) 

> (l _ 2-2/3 /(i-/ 3)) + 2-3'^/d-/3)p2^(f - r, 1^ - c + (t - r)2/ + 2-i(t - r)2cc|) 
>S 2 Pfi {t,x,y,z;T,^,t]X), 

where (S 2 := min(^(l — 2“^^/^^“^))(5i,2“3/5/(i-/5)^_ □ 

In order to formulate other properties of the functions (1.3.8), we consider 
the functions 

kjp{t,a) := coayc^Q /3)//3 _ ij(i-/3)//3^i+j//3 j ^ 

te[0,T], je {0,1,2}, (1.3.18) 

similar to (1.1.32). Here cq is a positive number, a is nonnegative, and T is a 
positive number smaller than (co/a)^^“^^/^^“*"^^. These functions are increasing, 
equal to a for f = 0, and have the following properties: 

hf3{t - r, kop{r, a)) = koisit, a), 

kjp{t - r, kj( 3 {T, a)) < kjf 3 {t, a), j e {1, 2}, 

0<r<t<T (1.3.19) 

which are verified in a straightforward way. 

Lemma 1.4. Let n e N and (5 G (0,1). For any {t^r} C [0,T], t < t, and 

{x,e}cM", 

- coPjpit -T,\x- ^ 1 ) + kjpir, 

<kj0{t,a)\x\^Ai~0)^ je {0,1,2}. 



(1.3.20) 
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Proof. Fix arbitrary t^x^j and denote |^| by r. It is clear that 
- coPjffit -T,\x~ 41) + 

< -CoPjpit - T, ||a;| - r|) + kji 3 {T, =; gr(r). (1.3.21) 

If r < |a:| and r < t, we find immediately that 

9 r{r) < kj 0 {t,a)\x\^^^'^~‘^\ (1.3.22) 

We used the fact that the functions kjfs are increasing. 

On the interval (|x|, oo) the function Qr attains its maximal value for 

r = n := - {kji3{r, \x\. 

The maximum equals ^r(^i) = kjp{t — r,kji 3 {T,a))\x\^^^^~^\ Taking into account 
the properties (1.3.19) and the inequalities (1.3.21) and (1.3.22), we derive the 
required inequalities (1.3.20). □ 

1.3.3. Estimates of some integrals. In the lemmas below the numbers n G N, 
P e (0,1), c e (0, oo), and cq € (0,c) are given, while the functions pjf 3 , 
and kjp, j G {0,1,2}, are defined by the formulas (1.3.8), (1.3.12), and (1.3.18) 
respectively. 

Lemma 1.5. Let 



4°) := j exp|-c(p^°^(i,a;; A,a;') +/9|a°^(A,x';r,4) 

X ^(t - A)(A - r)^ dx' , 

/^(i) J exp|-c^p^^^(t,x,y; A,x',y') + p^^^(A,x',y';r,<^,^)^ I 



-n(2/3+l) 

X ( (i - A)(A - r) ) dx'dy', 



iP := j expi^-c^pf\t,x,y,z;X,x\y\z') + pf\x,x',y',z';r,^,rj,C)^^ 

R3n 

/ X -3n(^+l) 

X ( (t - A)(A - r) j dx'dy'dz'. 

For an arbitrary e G (0, 1), there exist such constants Ce^\ j G (0, 1,2}, that for 
any {t. A, r} C R, r < A < t, and {x, y^ z, 77, C} C R’^, 



l( 0 ) < «/3exp|-c(l - e)p^^\t,x;r,i)^, 



(1.3.23) 
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jW ”(^^+^^exp|-c(l (1.3.24) 

j(2) < _ ^^-3n(/3+i) g^pj _ e)S 2 pf^ (t, x,y,z\ T , //, C)| • (1.3.25) 

Proof. Writing c as c = c(l — e) -\- ce and using the inequalities (1.3.13)-(1.3.15), 
we find that 

4°) < exp|-c(l -e)/>^°4^,a:;r,$)|4°^ 

< exp|-c(l - e)5ip^0\t,x,y,T,^,ri)^I^\ 

I'f^ < expl^-c{l - e) 62 P^p\t,x,y,z;T,^,T],C)^lS^ ■ (1.3.26) 

Let us give estimates for the integrals Ici\ j G {0, 1,2}. We shall consider 
two possible cases: 

1) 0<A-r<(t- r)/2; 

2) {{t - r)/2) < \ - T <t - T. 

In the first case t — A>(t — r)/2, hence 

4°) < 2”^(l - r)-"^ j exp|-c£pf (A,x';r,0|(A - ry^^dx', 

R’» 

iW < 2"(2/3+l)(i _ ^yn(20+l) 

X J exp|-cep^^4'^,x',j/';r,4,»?)|(A - 

R2n 

X J exp|-c£p^^4'^,a:',y',2:';T,^,77,C)|(A - dx' dy' dz' . 

IR3n 

Passing from the integration in a:', ?/', z' to the new variables x", y", z" by the 
formulas 

x' = ^ + s^-\X-rfx'\ 

t/' = 7? - (A - t)x' + - Ty^^y”, 

z' = C-{\~ r)y' - 1(A - rfx' + e^-^A - rf+^z", 

we obtain that 



4^ < Ce\i - J- ^ |o, 1, 2}, 



(1.3.27) 
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where 

The estimates (1.3.27) for the case 2 are proved in a similar way. 

The inequalities (1.3.26) and (1.3.27) imply the estimates (1.3.23)-(1.3.25). 

□ 

Let us consider the case /3 = 1/2 separately. For this case we introduce the 
following notation: 

p^°\t,x;T,^) := 4“Vi/2(i,a:;r,0, 

p^^\t,x,y; r,^,r]) := p^^'>{t,x- t,^) + 3pi(i/2){t -T,\y-r] + 2~\t - t )( o ; + 01 ), 
{t,x,y,z-,T,i,r),Q ■.= p^^^> {t, x, y, t, 0 v) 

+ 180p2(i/2)(< -r,\z-C + - T){y + r]) + - Tf{x - 0|). (1.3.28) 

Lemma 1.6. There exist such constants j G {0, 1, 2}, that for any {t, A, r} C 
R, T < X < t, and {x, y, z, rj, C} C 

j exp|-c^/o(°)(t,a;;A,a;') + /9^°H^,^';'^>0^|(^(^-'^)(^-'^)^ dx' 

= (7^°^ {t — T)“"/^exp| —cp^^'> {t,x',T,^) I , (1.3.29) 

y exp|-c(p^^^(i,a;,y;A,x',2/') + p<^^(A,a;',y';T,^,0)|((^-^)(^-'^)) dx'dy' 

= C<^)(i-r)“2"exp|-cpf^)(t,a;,y;r,00|> (1.3.30) 

j expi^-c(^p^^\t,x,y,z;\,x',y',z')+p^'^'^{X,x',y',z';T,^,r]X/j^ 

R3" 

/ \ -9n/2 

X ((t — A)(A — r)! dx'dy' dz' 

= C*^)(i-r)“®"/^exp|-cp^2>(t,a;,y,z;r,0»7,C)|- (1.3.31) 

Proof. Note (see (3.1.39), (3.1.40)) that the functions 

(t -r)“"''^exp|-cp(°^(t,a;;r,o|, (t - r)“^"exp|-cp^^)(t,a:,2/;r,0»7)| 
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and 

r<t, {x,y,z,^,rj,C} CR", 

are, up to constant factors, FSCP for the equation from Example 1.1 and Example 
1.10 respectively, for the case where rii = U 2 = n, 713 = 0 , and where ni = n 2 == 
123 = n, if in those equations n = 1/c. The equalities (1.3.29)-(1.3.31) follow from 
the convolution formula for FSCP valid for the above equations (see ( 2 . 1 . 112 ), 
(3.1.46)). □ 

Lemma 1.7. There exists such a constant C > Q that for any {t, r} C [0,T], r < t, 
and X e BT , 

Jji= j exp|-c/9j;3(f-T, + 

< C'exp|fcj 73 (t,a)|a;p/^^“^)|, {0,1,2}. (1.3.32) 

Proof. Using the inequality (1.3.20) and the change of the integration variable 
^ = X {t — ry^^r] we obtain 

Jj < exp|fcj/3(t, 

X j exp|-(c-co)pj^(f-r, 

= Cexp|fcj^(t,a)|a;|^''(^“^)|, 

where 

C := y exp|-(c- □ 
R" 

1.3.4. Some Volterra integral equations of the second kind. Let N e N, to e [0, T) 

and J.] := |(t,a:;r,$) € x II[t„,T]) - r > jj, 5 > 0. Consider an 

integral equation of the form 

t 

u{t,x) = f{t,x) + j dr J K{t,x\T,^)u{T,^)d^, (l,a:) € (1.3.33) 

T E’^ 



K 



pO 

^[to,T] 



with a continuous kernel 



Cjviv- 



(1.3.34) 
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It is known that, under appropriate conditions upon the kernel K, there 
exists the unique solution of the equation (1.3.33), for any admissible function /, 
given by the formula 

t 

u{t,x) = f{t,x) + J dr j R{t,x;T,^)f{T,^)d^, (1.3.35) 

to 

Here 

oo 

R(t,x-,T,^) := ^ Km{t,x-,T,^), {t,x-,T,^) e (1.3.36) 

m=l 

where K\ := K, while Km, m > 1, are the iterated kernel determined from the 
recursive relation 



Km{t,x-,T,i) = j j K{t,x\\y)Km-i{\y\T,i)dy, 

T 

{t,x-T,0 € Ffto,TV (1-3.37) 

The function R is called the resolvent of the equation (1.3.33). 

The lemmas below deal with some classes of the kernels K which emerge in 
the course of constructing FSCP’s for equations considered in this book. For these 
kernels the series (1.3.36) is absolutely and uniformly convergent in ^|, for any 
S e (0,T - to)- Hence there exists a resolvent R for the corresponding equation 
(1.3.33), and its solution is given by the formula (1.3.35). 

Below pjp, pp \ and p^^\ j C {0,1,2}, are the functions defined by (1.3.8), 
(1.3.12), and (1.3.28). 

Lemma 1.8. Let {n,N} C N, /3j G (0,1), j G {!,..., n}, (3 {(5i, . . . , f3n), 

M j5i-\- \- Pn, and 

£’(°)(t,a:;r,^) := exp|-c^^^.^(t,a:,;r,^j)|, t > t , {x,^}cR", c> 0. 

*- j=i ^ 

If the kernel (1.3.34) is continuous and satisfies the inequality 
\K{t,x;T,^)\ < Ci{t - 

e (1.3.38) 

with some constants C\ > 0, ci > 0, and x C (0,1), then the resolvent (1.3.36) 
exists, is continuous, and has the bound 

\R{t,x;T,^)\ < C{t - 

(l,a:;T,4) € y], (1.3.39) 



where C > 0 and c G (0, Ci). 
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Proof. The consecutive estimation of the iterated kernels Km will be carried out 
in two stages. At the first stage we shall employ Lemma 1.5. Using (1.3.37) and 
(1.3.38) for G we have 

\K2{t,x;T,0\ 

<<^1 J((i-A)(A-r)) dxjEi^\t,x;\,y)Ei°\X,y\T,^)(^{t-X){X-T)j dy 

T 

^C!j(^{t-X){X-r)y dX 

T 

X n yexp|-ci yf^{t,Xj\X,yj) + pf^{X,yj-,T,Q'^ | ((t- A)(A-r)) dyj. 
By the inequality (1.3.23) with n = 1, /3 I3j, and some e G (0, 1), and the identity 

t 

j ((f - A)(A - t)Y dX = {t- (1-3.40) 

r 

where B is Euler’s Beta function, we find that 

\K2{t,x;T,^)\ < (1.3.41) 

where C 2 , ~ B{x,x), is the product of the constants from the esti- 

mates (1.3.23). 

Similarly, the estimate (1.3.41) implies an estimate of the kernel K^. Contin- 
uing the process we come to the following estimates for m > 2: 

\Km{t,x-T,^)\ < (1.3.42) 

Let mo := [(M -h l)/x] + 1 where [a] is the integer part of the number a. 

Then 

If we take e := eo/{mo — 1), Sq G (0, 1) and set 

c:=ci(l-6o), Cq:^ max Cme, 

where Cu := Ci, then the last estimate has the form 



\Kmoit,x-,T,0\ < CoEi^Ht,x;r,0. 



(1.3.43) 




40 



Chapter 1. Equations. Problems. Results. Methods. Examples 



The second stage of estimation is based on Lemma 1.3 and makes it possible 
to maintain the exponential factor in estimates of the kernels Km for m > mo. 

The inequality (1.3.13) of Lemma 1.3 (the case n = 1, /? = /?j, j G {1, . . . , n}) 
implies the inequality 

{t, X] A, y)Ei°'> (A, y ; T, 0 = expj -c ^ (p^“^ (t, Xj ; A, yj ) + (A, yj ; r, ^^ )) | 

< exp-^ V 

j=i ^ 

= (t,x;r,0, 

T<\<t, {x,y,,e}cE”, (1.3.44) 

which will be basic for subsequent estimates. 

Below we shall use the equality 

j Ei°l^{t,x\X,y){t- Xy’^dy = j =: D, 

R" R" 1=1 

X<t, {x,y}cK”, (1.3.45) 

obtained by the change of variables yj — Xj + {t — X)^^r]j, j € {1, . . . , n}. 

Using (1.3.37), (1.3.38), (1.3.43)-(1.3.45) we have 

t 

<Cl J{t-X)-^+^-^dX j Ei^\t,x-,X,y)Ei°'>{X,y,T,Ody 

T 

t t 

<C2 j ^W(t,x;r,0 Jit-Xr-^dX J E^%{t,x- X,y){t - X)~^ dy 






= CiDB{x,l){t - TYEi^\t,x;T,0. 

Suppose that for j > 1, 



j-i 



\Km,+j{t,x-,T,0\ < Co{CoDyl[B{x,sx + l)(t-Ty^Ei^\t,x-,T,0. (1.3.46) 



s=0 



Then, as before, 

\^mo+j-\-l (^? ^5 0 1 



< 



^•-1 } 

Co{CoDy+^l[B{x,sx + l)Ei^yt,x;T,0 I {t - X)^~yX - ry^dX 

s—0 _ 
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= C'o(CoD)^'+' n B{x,sx+m - x t,0 - 

s=0 

The well-known relation for Euler’s Beta and Gamma functions B(a, b) = 
r(a)r(6)/r(a -f 6), a > O, 6 > O, shows that 



(1.3.47) 



H5(x,sx+i) = 

s=0 s=0 ^ 

= (r(x))Vr(jx + i). 



It follows from (1.3.42), (1.3.46), and (1.3.47) that the series (1.3.35) is ma- 
jorized by the series 

^ (i _ CoDT{x){t - tY ) /rO'x + 1) x; r, 

m=l j=l ^ ' 

Therefore the series (1.3.36) is absolutely and uniformly convergent in for 

any (5 € (0, T — to), and its sum satisfies (1.3.39). □ 

Let the natural numbers ni,n 2 ,no and the variables x ;= {x\,X 2 ,X'i) € R", 
Xj ;= {xji Xjnj ) € R"^ , j € {1, 2, 3}, be the same as in Section 1.1.1. We shall 
use also the notation: x^ := {xji,. . .,Xjns), x” := (xj(„ 3 +i),. . .,Xjn^), j G {1,2}, 
■= (a;i{n 2 +i),---,a;ini), xi ■■= (3:'i,xi) (the symbols have a similar 

meaning if ^ := (6>6,6), e R"^ j e {1,2}); 

Ei^'>{t,x;T,()--expi^-c(^po0{t-r,\xi-^i\)+pi/3{t-T,\x2-^2 + {t-T)xi\) 

+ P2(i{t - T, |X3 - ^3 + (^ - r)x2 + 2~^{t- r)^xi d) I 



= exp< -cl Tt,Xi,X2,X3;r,^i,^2>6) 



+ p'j^'\t,xl ,X2 ,^2 ) + Pp ) 



P(°)(f,xi;r,^i):=exp|-cp^°^(t,xi;r,^i)|. 



Lemma 1 . 9 . Let the numbers {ni, 722,^3,71} C N be such that < U2 < n\, 
Til U 2 + ri 3 = n, let (3 G (0, 1), and M := niP -{- n,2{P + 1) + n 3{(3 + 2). If the 
kernel (1.3.34) is continuous and satisfies the inequality 

\K{t, x; r, 01 < Cl {t - (t, x; r, 0 , 

(f,x; r ,0 e J.], 



(1.3.48) 
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with some constants C\ > 0^ ci > 0, and \ C (0, 1), then there exists the resolvent 
(1.3.36) which is a continuous function, such that 

\R{t,x-,T,^)\ < C{t - E^°\t,xi;T,^i) 

X ^(^r(x){t-r)x) (r(jx + l)) E'^J^{t,x;T,^), 

30 



(f,a;;r,0 G P^to.ry 



(1.3.49) 



Here C, C, and c are certain positive constants, c < ci, T is Euler’s Gamma 
function, Jo := min(Ji, J 2 ) < 1, Ji, and S 2 are the constants from Lemma 1.3. 

The proof is carried out, with the use of Lemmas 1.3 and 1.5, by the same 
scheme as the proof of Lemma 1.8. 



The first stage employs the inequalities 
In 



■= j v)e2} ( a, 2/; t, 0 ({t - A)(A - r) 

< Cme{t - r)“^£;(;2+i (^> 0> 

Cm := Ci(l - (m - 2)e)(5““^, m > 2. 

They are obtained consecutively if Im is written in the form 

/m= y expi^~cipf{t,x[,x^,X 3 ;X,y[,y'^,y 3 ) 



-M 



dy 



(1.3.50) 



R3ri3 



-n3(3/3+3) 



((* - -7)j dy'idyPya 



R2(n2-n3) 

/ \ -(n2-n3)(2/3-fl) 

X ( (t - A)(A - t) ) dy^ 



Idyl j exp{-c.4»l(t,.;";A,!,;") 



M^l-^2 

- Cm/>^° ( A, 2 /i ' ; r, ) M (* - A) ( A - r) ) dy'^' 



/// /// ^ 



and the inequalities (1.3.23)-(1.3.25) are used for the cases, in which Ui — U 2 , 
U 2 — ns and ns respectively are put instead of n. 

Just as in Lemma 1.8, using (1.3.37), (1.3.48), and (1.3.50) we obtain the 
estimates 



\K„y{t,x-,T,^)\<Co{t-T) 



(1.3.51) 
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for m < mo, and 

\Kmo{t,x;T,^)\ < Co4c^(i,a;;r,0 (1.3.52) 

for m = mo, where mo and s are chosen as those in Lemma 1.8, while 2c := 
ci(l — <s^o)<^o^° 

In order to estimate the kernels Km with m > mo , we use the inequalities 

E2l\t,x;r,^) < E^°'>{t,xi;T,^i)E^J-\t,x;T,0, (1.3.53) 

Ei^Ht,xi;X,yi)E^°\X,yi;T,^i) < E^°'>{t,xi;r,^i), (1.3.54) 

E(^)(t,a:;A,j/)£'^^]_i(A,y;T,0 < j>l. (1.3.55) 

The inequality (1.3.53) is obvious, the inequality (1.3.54) is a consequence of 
(1.3.13) for n = ni, and the inequalities (1.3.55) are proved by induction, with 
the use of (1.3.13)-(1.3.15) in which n is substituted by ni — n 2 , ri 2 — na, and ns 
respectively. 

Just as in the proof of Lemma 1.8, the inequalities (1.3.52)-(1.3.55) are em- 
ployed in the proof, for any j > 1 , of the bounds 

\K^,+j{t,x;r,0\ < Co(coDr{x){t-rrJ (r(jx+ 1)) 

X Ei^\t,xi-,T,^i)E^^]{t,x-,T,^), (1.3.56) 

in which 

Z> := y* exp|-(ci - 2c) |dr/. 

It follows from (1.3.48), (1.3.51), (1.3.52), and (1.3.56), that the series 
^ (i _ ^yM+mx-iEg) o:i; r, $i) 

m=l 

X pJcoDr{x){t - r)>^)' (rux + 1)) a;; r, o) 

majorizes the series (1.3.36). Therefore the series (1.3.36) is absolutely and uni- 
formly convergent on for any S G (0,T - ^o), and its sum has the bound 

(1.3.49). □ 

By Lemma 1.6, if /? = 1/2, then all the iterated kernels have estimates of the 
same form. As a result, the most precise estimate is obtained. The next lemma 
describes this case. Set 

Ei^\t, x; T, ^) ;= expj {t, x[ , X2,xz; t, ^[,^'2,^3) 

+ (t, x'l , x'2 ; T, , ^2 ) + (i, ; "T, )) I • 
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Lemma 1.10. Let the kernel (1.3.34) be continuous and satisfy the inequality 
\K{t,x\T,^)\ < Ci(f 

(1.3.57) 

where Ci > 0, c > 0, M := (ni + 3ri2 -h 5n3)/2, x ^ (0? !)• Then the resolvent has 
the bound 



\R{t, X-, T, 01 < C{t - X-, T, 0, 

(t,x;T,^) £ rj. 

Proof. Estimating the iterated kernels we use the equality 

-M 



(1.3.58) 



j (t, x; A, y)EP (A, y; r, 0 ({t - A) (A - t) 
= j exp{-c(pP)(<,x;, 4 ,«;A, 



dy 



-9ri3f2 



+ (A, y[,y 2 , 2/3; A, , $2. 6) j | - A)(A - r) j dy^dy^dy^ 

X f expj {t, x'l , X2 ; A, y'l , 1/2 ) + (A, yj , yl ; A, 0 , 0 )) | 

£2(712-7X3) ^ 



( \ -2(n2-ri3) „ r f / 

(t-A)(A-r)j dyidy '2 / exp<^ -c( A,7 /i') 

+ P^°^ (A, 2/1' ; r, 0" ) j I ((< - A)(A - r) j dy'i 

= Co{t- r)-^£;P(i, x; r, 0, (1-3.59) 

which is a consequence of (1.3.29)-(1.3.31). 

Using the inequality (1.3.57) and the equalities (1.3.40), (1.3.59) we find that 



\K2{t,x-,T,^)\<C^, J (^it-\){X-r)y dX J (t,x;A,0 

-M 

■xEf\X,y\T,e){{t->){>^-T)^ dy 

= ClCoBix, x){t - Ty^+^^-^Ei^\t, x; r, 0 
= CfCo{T{x))Hn^x))-\t - r)-^+^^-^Ei^Ht,x;r,0. 
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The subsequent iterated kernels are estimated in a similar way. It is then proved 
by induction that for any m > 2 we have the estimates 

which imply the assertion of Lemma 1.10. □ 

1.3.5. Integrals and integral equations with polar singularities. 

Lemma 1.11. Let 7 > 1, 

t 

J{x,C,t,T) := j {t- dfi 

T 

j {(t - + \x - v\) + \v-^\) dri, 

where 0 < r < L 5i, 62 > 0, o; + 61 < 7, and /? + 62 < 7- Then 
J{x,C,t,T) 

< (7 |s 1 - 0 (t - ((i - + lx - ^1) 

+B (^1 - 1 - {t - ((t - + |x - I , 

(1.3.60) 

where C is independent of n, bi, and 62 , and B is the beta- function. 

Proof. Let as decompose the domain of integration (r, t) xW^ as 111 U II2 where 

Hi (r, {t + r)/2) x U2 := {{t + r)/2, t) x R^. 

Further, let 



Hii := |(^,r/) Gni|(^-r)^/'^ + |ry-^| < ^ 




II 12 := Hi \ Ell, 


H21 := € n2|(t - + \x-v\<\{{ 




B 22 ’= E2 \ E21. 





Now 

2 2 

(r,«)xK”= (J Iljh and J(x,(,t,T) = Jjk, 

j,k=l j,k=l 

where Jjk is the integral over 11^^. 
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Let us use the easily verified inequality (u — v)^ > — where 0 < v < u /2 

and p < 1. If {/i, p) G Hu, then p — r < (t — t)/ 2 , and 

{t - + \x-T]\ = ((t + \{x 01 

> (f - r)i/T' + |x - ^1 - - r)i/^ + \t]~ 

- \ + k-o) > 

which gives us that 

(t+r)/2 

Jii <2”+^‘ ((i-r)i/^ + Ire- ,ei ) J 

T 

X J [ifJ- - + V\) dr] 

(t+r)/2 

< C(n, 61,62) ((t-r)^^^ + |rc-^|^ j (6 - rf/u. 

T 

After the substitution t — ij, = {t — r)u we get that 

Jll < <7(71,61,62) ((< - + |x - 

1 

X _ ^^-(q;+/3+^>2-7)/7 / 

1/2 

<C(n, 61,62)5 

X (t - r)-(“+^+^2-^)/T' ((i - t) 1 /t + |x - ^1) . 

Further, 

(t+r)/2 

Ji 2<2”+'’^ ((i-r)i/^ + |rc-^|)“”^*'' j {t - - T)~dh dfx 

T 

X / ((< - /i)^/'^ + T/l) dr]. 

E« 

It is proved analogously that 

Ji2 < C(n, 61, 62)5 (^1 - 
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x{t- ({t - + |x 



— n— 62 



Estimating J 21 and J22 similarly, we arrive at (1.3.60). □ 

Several subsequent lemmas involve the reference function To simplify 
the notation, in this subsection we drop the sub- and superscripts and write 

p{t,x]X,y) = , 0</3<l. 

Lemma 1 . 12 . For any ai,a 2 > 0; any 61,62 > 0; such that 61 + 62 < n, and any 
/i > 0 , £ G ( 0 , 1 ) 



J (t- 

r 

X f \x - exp{~iJ,{p{t,x-,X,y) + p(X,y;T,^))}dydX 



< C{e,ai,a2,bi,b2){t - ^|a; - "exp{-(l - e)/i/)(t,a;;r,^)}. 

(1.3.61) 

4 

Proof. Writing = [J Vk where 

k=l 

Fi:= {yGR"||x-2/|>(t-A)^ |j/_^|>(A-r)q, 

1^2 := {v € R"||o: - y\ > {t - A)^ jy - ^| < (A - t)^ , 

Fa := {y € R”||x - y| < (^ - A)^ |y - ^| > (A - rf} , 

V4 := {y € K"|k - yl < (t - Xf, \y - < (X - rf} , 

we decompose the left-hand side in (1.3.61) into the sum of four integrals Ji, J 2 , 
J 3 , J 4 . 

If y G Fi, then \x — ~ \y — ^|^ 2 -n < (A — so 

that 

t 

Ji< Jit- A)“^+'^'’^-i(A - - A)(A - 

r 

X j exp{-p{p{t,x;X,y) + p{X,y-T,^))}dydX, 

and by Lemma 1.5 



(1.3.62) 
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Since 

< C|a: - 

the inequality (1.3.62) means that Ji does not exceed the right-hand side of 
(1.3.61). 

In order to estimate J2, we consider two distinct ceises. Suppose first that 
— ^1 > 2{t — tY . Then \x — y\>{t — r)^, so that by Lemma 1.3, 

J2 < (f-T)^('’^“”^exp{-^p(i,a;;r,^)} 

t 

X J{t-xr^-\x-rr-ux j \y-£,\^^-"dy 

^ {y€R"||y-«|<(A-r)/3} 

= C{t - exp{-jup(t,a;;r,0} 

< C{e){t - - eP^+^^-"exp{-(l - s)yp{t,x-,T,0}- (1.3.63) 

If |(T — ^1 < 2{t — r)^, then \x — y\ < 3{t — r)^, 

t 

J2 < ex.p{—/j,p{t,x’,T,^)} J ~ A)"^^“^(A - dX 

T 

{yeR^\\y-^\<3{t-r)^} 

and by Lemma 2 from Chapter 1 of [83] we get 

J2 < C{t - xr V - ^ 1'’^+'^-™ exp{-Mp(l, :c; r, ^)}. 

Together with (1.3.63) this yields the required bound for J2. 

The estimate for J3 is proved similarly to that of J2. 

Let us consider J4. It follows from the definition of V4 that J4 = 0 if |x — ^| > 
2{t — tY . Therefore we may assume that |a: — ^| < 2{t — tY and note that 

ViC{yeW^\\y-i\<2{t-Tf). 



J4 < exp{— x;r,^)} J {t — X)°'^ ^(A — r)“^ ^ dX 



Then 
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Using again Lemma 2 from Chapter 1 of [83] we find that 

J4 < C{t - - ^|''+'’-"exp{-M/9(i,x;r,0}, 

as desired. □ 

Remark. If 6 i + 62 > n, then the assertion of Lemma 1.12 still holds if the factor 
|a: — is omitted from the right-hand side of (1.3.61). The proof is similar; 

we have only to use the appropriate estimate from the same lemma of [83]. 

Lemma 1.13. //O < C 2 < ci < 1, 7 > 0, then 

\x- exp{-/x(cip(t, x; A, y) + C 2 p{\, y\ r, 0)} dy 

< C exp{- iiiC 2 p{t, X] T, ^)}{t - (1.3.64) 

where the constant depends on C 2 — ci . 

Proof. Let us write the integral in the left-hand side of (1.3.64) as the sum Ii -f I 2 
of two integrals corresponding to the decomposition = VFi U W 2 where W\ := 
{y G K"||t/ - x| < (i - A)^}, W 2 ■■= [y € M"||j/ -x\> {t- A)^}. 

Using Lemma 1.3, we get 

h <exp{-pc 2 p{t,x;T,^)} j |x-?/|“”+^dy 

\y-x\<{t-\)^ 

= C(t - A)^^ exp{-pc2p(t, x; r, ^)}. 

Next, again by Lemma 1.3, 

l 2 = j |x-y|“"+^exp{-p[cip(i,x;A,y) +C 2 p(A,y;r, 4 )]}dy 

< (i - A)“"^+^^exp{-pc2p(i,x;r,0} j exp{-p{ci - C 2 )p{t,x; \,y)dy} 
<{t- X)d'^exp{-pc2p{t,x-,T,^)}, 

as desired. □ 

The next two lemmas give estimates of the iterated kernels 

t 

Km{t,x;T,^) = j dX j Ki{t,x;\,y)Km-i(X,y;T,^)dy, m > 2, (1.3.65) 

r R” 

where Ki = K is a, given kernel. We treat the cases n> 2 and n = 1 separately. 
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Lemma 1.14. Let n>2. Suppose that K{t,x;r,^) is a continuous function on 



P„ ,x ^ ^,0 < t < t <T} , 



such that 

\K(t,x-,T,^)\ < Ai{t - tY°^~^\x - exp{~ij.p{t,x;T,^)} (1.3.66) 

where A\,p > 0, 0 < VQ,vi,j3 < 1, and is not an integer. Then the series 

OO 

R{t^x\T^^) — Km{t,x;r,^) is absolutely and uniformly convergent on Pn PI 

m=l 

{{t,x;r,^) : t - r > 5 > 0, |x - ^| > 5 > 0}, and 

< C{t - t)‘'°^~'-\x - exp{-p*p(t,x;T,^)}, (1.3.67) 

with some fp G (0,/i). 

Proof The bounds for the kernels (1.3.65) are obtained by two stages. First we 
use Lemma 1.12. We find, for a small e > 0, that 

\K2{t,x;T,^)\ < C2(e)(i -^ 1 “”+^''' exp{-/x(l - ff)p(i,a;;T,^)}, 

and so on, so that 

\Ks{t,x;T,^)\ < Cs (e)(^ - r)®'"'’^"^ |a; - exp{-/i(l - (s - l)e)p(i,a;;r,^)}, 

(1.3.68) 

whenever —n + sui < 0. Let s* — min{s| — n + svi > 0}. Then by the remark 
after Lemma 1.12, 

|A's*(i,a:;T,^)| < C'o(t - r)“°“' exp{-/xV(i,x;r,^)}, (1.3.69) 

where ao := jP •= [1 “ (^* ~ 

For all the next iterations, we use (1.3.66), (1.3.69), and Lemma 1.13. Using 
the identity 



j{t- A)“‘-i(A - t)“"-^ dX = B{ai,a2){t - t)“i+“=-^ 



r 



we get by induction that 



\Ks.+m{t,X-,T,0\<CoCr 



X {t 



JJ B{{ro + ’^i)P, ao + {i^o + Vi){j - 1)) 



j=i 



^^m(uo+v,)p+ao exp{-yuV(t, X] T,^)}. (1.3.70) 
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The product in the right-hand side of (1.3.70) equals ^ 

^ ^ r(ao + (m-l)(z/o + i/i)/5) 

This implies the convergence of the series for R. The estimate (1.3.67) follows from 
(1.3.68) and (1.3.70). □ 

Let us consider the iterations (1.3.65) for n = 1. 

Lemma 1.15. Let n = 1 . Suppose that the function i^(t,a:;r, ^) is continuous on 

Pi = {(t,x;r,0|{a:,^} C R,x ^ $,0 < r < t < T} , 
and satisfies the inequality 

\K{t, x; r, 01 < exp{-/ip(t, x] r, 0} 



where Ai,jj> > 0, 0 < 7 , /? < l.Then the series R{t,x]r,^) = ^ Km{t^x]r^^) 



m=l 



converges absolutely and uniformly on Pi fi {(t,x; r,0 • t — r > S > 0}, and 

li?(f,o:;T,OI < C{t - exp{-fi*p{t,x;T,^)}, (1.3.71) 

with some fp G (0,/i). 

Proof Using Lemma 1.5, we find for any £ > 0 that 

t 

\Mt,x-,T,0\ < Al j{{t - A)(A - T)r>^-^-^d\ 

T 

OO 

X j exp{p.{p{t,x-,X,y) + p{X,y;T,^))dy 

— OO 

< A2{e){t - exp{-p{l - s)p{t,x-,T,^)}. 

Repeating the procedure we obtain the inequality 

\Kra{t,x-,T,^)\ < Am{£){t - exp{-/i(l - (m - l)£)/9(i,a:;r,^)}. 

[1 + /31 



Let m* ;= 



+ 1. Then 



L /37 J 

\Kjn>{t,x;T,^)\ < Am'{£)exp{-n{l-m*e)p{t,x;T,^)}. (1.3.72) 



Setting e := , p> 2, p* := p(l — p ^), Aq := max Amis), we can rewrite 

pm* l<m<m* 

(1.3.72) as 

\Km-{t,x;T,^)\ < Aoexp{-p*p{t,x;T,^)}. (1.3.73) 
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Now, for m > m*, we proceed in a different way, in order to preserve the 
exponential factor //* in the estimates of further iterated kernels. By Lemma 1.3, 



t 

+ <Aq j {t- d\ 

T 

oo 

X j exp{-n{p{t, x\ A, y) + (1 - p~^)p{x, y\ r, ^)} dy 

— OO 

t 

< A^F exp{~iJ,* p{t,x;r,^)} J {t - dX 

T 

= AlFB{'yP,l){t - T)^^exp{-yXi,a:;T,0}, 

°° f M _X_ 1 

where F := f exp < |y| > dy. 

0 I P J 

Similarly, we prove by induction that 

\Km*+j{t,X-T,^)\ 

< Ao{AoFY{t - I JJ 1 + sjl3)\ exp{-p*p{t,x-,T,^)}. 



Using the identity 



R 5(7/3, 1 + S7/3) = 



(r(7^))^' 
r(i + 7/3j) 



we see that the series for R is majorized by the convergent series 



^ ^ + |exp{-//*p(^,x;r,0}- 



This implies (1.3.71). 




Chapter 2 

Parabolic Equations of a 
Quasi-Homogeneous Structure 



2.1 Fundamental solution of the Cauchy problem 
for equations with boimded coefficients 



2.1.1. Main etssnmptions. We start from the case of a 26-parabolic equation of 
the form (1.1.10), of the first order with respect to the variable t, with bounded 
coefficients, that is the equation 



LN{t,x,dt,dx)u{t,x) 




^ ak{t,x)d^\u{t,x) 
\\k\\<2b / 



f{t,x), (t,x) € II(o,T], 



( 2 . 1 . 1 ) 



in which iV G N, the coefficients ak : ^[o,t] Cat at, ||A^|| < 26, are bounded 
functions, / : ^ni is a given function, u : 11 ( 0 , t] ^ni is an unknown 

function. 

The main assumptions regarding the coefficients of the equation (2.1.1) are 
as follows. 

Since the variables t,xi, . . . ,Xn in 26-parabolic equations have different 
meanings, we shall use the following special distances between the points x and 
(t, x) and (r, ^): 

\j=i 

p{t, x; T, 0 -t- (p(a;; 0)^)^^^ 

n \ 

• ( 2 . 1 . 2 ) 

/ 





Here mj = h/hj^ j G {1, . . . ,n}, 6 is the least common multiple of the numbers 
6i,. . . ,6„, Qj = 2hjl{2hj - 1), j G {1, . . . ,n}, and q' = max qj. 
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The functions p and q indeed satisfy the distance axioms. The axioms of 
identity and symmetry are evidently satisfied. The triangle axiom is checked using 
the Minkowski inequality 

/ n \ / n \ lA / n \ 

+ yjYj < j + y; j 

and the inequality 

(xi -\-yiY < x\ +2/i, 

which are valid for any xj >0,yj > 0, r > 1, and s G (0, 1]. 

The Holder property of functions will be understood with respect to the 
distance p. 

Increments of functions will be denoted as 

:= - fir,-), A|/(-,a;) := f{-,x) - 

’!/(*, X, ■) := f{t, X, •) - /( t , •). 

Let Q. and Q be sets of points x € and {t,x) G respectively, 7 be a 
number from (0, 1], iif be a positive constant, and {m,r} C N. 

Definition 2.1. 

1) A function / : Q ^ Cmr is called Holder continuous on fi with the exponent 
7 and the constant H, if for any {x,^} C Q, 

\ Ai f {x)\ < H{p{x-, or . 

2 ) A function f : Q ^ Cmr is called Holder continuous in t,x on Q with the 
exponent 7 and the constant H, if for arbitrary (t,x), (r, G Q, 

\Al;lf{t,x)\<H{d(t,x-,r,Or. 

3) A function f : Q Cmr is called Holder continuous in x uniformly with 
respect to t on Q with the exponent 7 and the constant H, if for any (t,x), 

\Aif{t,x)\ < H{p{x;^)Y. 

4) A function f : Q ^ Cmr is called locally Holder continuous in t,x or in 
XjUniformly with respect to t, if it is Holder continuous in a respective way 
on each compact subset of Q. 

5) We shall call a function Holder continuous in t,x or in x, if it has this 
property with some exponent 7 and some constant H . 

If the coefficients a^, ||A:|| < 26, of the equation (2.1.1) have the derivatives 
(9^afc, then for such an equation there exists the Lagrange adjoint equation 

L%{t,x,dt,dx)v{t,x) -dtv{t,x) - ^ {-dx)''{ak{t,x)v{t,x)) 

\\k\\<2b 

= g{t,x), (t,a;) € II[o,T), 



(2.1.3) 
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where the bar over means complex conjugation, and the dash means a trans- 
posed matrix. 

Using the formulas for the expressions and from (2.1.1) and (2.1.3), we 
obtain an important “divergent” identity valid for all sufficiently smooth functions 
u and V with values in Civi: 



v'Lnu - u = dt{v'u) (2.1.4) 

j=i 



Here 



kj 1 

0<||fc||<2fci/j=0 

X i e {1, . . . , n}; 

for kj = 0 the sum is assumed equal to zero. 

The assumptions regarding the coefficients of (2.1.1) are as follows. 

(All) The equation (2.1.1) is uniformly 26-parabolic on the set H[o t]? with the 
26-parabolicity constant 6; 

{A 12 ) the coefficients ak, ||A:|| < 26, are bounded, continuous in t (for N > 1 the 
continuity in t of at with ||A:|| = 26 is uniform with respect to x G M^), 
and Holder continuous in x uniformly with respect to t, with the exponent 
7C (0, 1) and the constant on H[o,t]; 

(A13) the coefficients a/c, \\k\\ < 26, are bounded and Holder continuous in t,x 
with the exponent 7 G (0, 1) and the constant H on H[o,t]; 

(A14) there exist the derivatives d^ak, ||A:|| < 26, satisfying the conditions A 12 . 

2.1.2. The case of an equation whose coefficients do not depend on the spatial 
variables. Here we shall construct and study a FSCP for the equation (2.1.1) for 
the case of the coefficients independent of x. 

For brevity we shall use the following notation: 

A(t,dx) := Ao(t,dx) + Ai(t,dx), 

Ao(t,d:r)~ ^ o.k{t)d^, 

||fc||=25 

Ai{t,dx):= ^ 

\\k\\<2b 

j=i 

s:= (si,...,s„)€C". 
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Let T be an arbitrary fixed number firom the interval [0,T). Consider the 
Cauchy problem 



{Idt - A{t,dx))u(t,x) = 0, (t,x) E (2.1.5) 

u{t,x)\t=T = xeW^, (2.1.6) 

assuming that the coefficients of the equation (2.1.5) are continuous on [0,T], and 
the uniform 25-parabolicity condition holds with the constant S, that is A-roots of 
the equation 

det(/A- Ao(^,ia)) = 0 (2.1.7) 

satisfy the condition 



ReXj{t,a) < -Sr(a), j e AT}, (2.1.8) 

for any t G [0, T] and E R^. 

Suppose that for the function (f there exists the Fourier transform 

'0(0-) (Fx^aM)(o-), a E R"". (2.1.9) 

A solution of the problem (2.1.7), (2.1.8) is sought in the form 

u{t,x) = {F~},^[v{t,a)]){t,x), {t,x) E (2.1.10) 

where v is an unknown function. 

Substituting the expression (2.1.10) into (2.1.5), (2.1.6), and using (2.1.9) 
and properties of the Fourier transform we come to the problem 



- A{t,ia)jv{t,a) = 0, E R(r,T], (2.1.11) 

v{t,(j)\t=r=^l^{(T), (7ER". (2.1.12) 

for the function v. Its solution is given by the formula 

v{t,a) = V(t,T,a)'ip{a), (t,cr) E (2.1.13) 

where V is a FSCP for the equation (2.1.11), that is a solution of this equation, 
such that V (r, r, cr) = /, <j E R’^. 

Substituting (2.1.13) into (2.1.10) we obtain the formula 

u{t,x) = j G{t,x;T,0^p{^)cl4, (t,x) £ n(r,Tl, (2.1.14) 

for the solution of the problem (2.1.5), (2.1.6), in which 

G(t,x,;r,0:=G(t,T,x-a (2.1.15) 

G(t,r,x) := (F-J,JV(t,T,<T)])(t,T,x), (2.1.16) 

0<r<t<T, 
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In order to substantiate the above procedures, proving that the formula 
(2.1.14) indeed determines a solution of the problem (2.1.5), (2.1.6), so that the 
function G is a FSCP, we have first to study properties of the function y.This will 
be based on the following lemmas. 

Lemma 2.1. Consider a matrix A G Cnn- Let Ai, . . . , A;v he its eigenvalues, and 
A := max Re A^. Then for any t>0, 



N-1 



|exp{tA}| < exp{^A} ^(2i|A|)-^. 

3=0 



For the proof see Chapter 2, §6 in [88]. 

Lemma 2.2. Let a function f : ^ R be continuous and homogeneous in the 

following generalized sense: for any s := (si, . . . , Sn) G and a > 0, 

y((ai/(2!>i)si^ . . . , ^ af{s). (2.1.17) 

Suppose that for any (j G 



f{a) < -Sr{a) (2.1.18) 

with some constant <5 > 0. Then for each Si G (0,(5) there exists such a constant 
Cl > 0, that for all s = a i^ ^ 

f{s) < -Sir{a) + cir(7). 

Proof It is sufficient to show that the function 

:= (r(7))^i(/(cr + i7) + < 5 ir((T)), {cr,7}cK”, 

is bounded from above by a certain constant c > 0. It follows from the condition 
(2.1.17) with a = {r{j))~^ that 

■■■, + hn))) + (5l(r(7))“V((T) 

= /(^ + *»?) + 

-■9o{^, V), 

where 

0 := Vj ■= 

j € n}. 
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The function hence also the function g, is bounded from above. Indeed, 
if r(^) > R where R is large enough, then due to (2.1.17) the number 

9o{^,v) = + *»7i)> • • • > + iVn))) + Si), 

for all rj, such that r(ry) = 1, is close to the number 

• • • , + Si), 

which is negative by virtue of (2.1.18). If r(^) < i?, then the boundedness of the 
function go is a consequence of its continuity. □ 

Lemma 2.3. Letu^v be nonnegative continuous functions on the interval [to,T], C 
be a positive constant. Then the inequality 



I 

i{t) <C + j u{t)v{t)(1t, t G {to,T], 

to 



implies the inequality 



u{t) < (7exp^ J i;(r)dr|, t G [to,T]. 



Proof. The inequality (2.1.19) can be written as 



(2.1.19) 




t 

J u{r)v{r)dT 

to 



-1 

u(t)v{t) < v{t)^ 



t G [^05 T]. 



Integrating it from to to t, we find that 




whence, due to (2.1.19), we get 



t , t 

u{t) < C + J u{r)v{r)dr < Cexpi J 






v{r)dr 



□ 



Let us turn to properties of the function V. For fixed t and r, the function 
V (^, r, cr), cr G can be extended onto C’^ to an entire function V (t, r, 5 ), 5 G 
a solution of the Cauchy problem for the ordinary differential equation 



/— -A{t,is) )F(^,r,s) 



0, 0<T <t<T, seC^ 



( 2 . 1 . 20 ) 



with polynomial in s coefficients. Let us give an estimate of this function. 
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Define a function 



A(s) := max ReA.(t, 5 ) 

where Aj, j G are the roots of the equation (2.1.7), in which s is 

substituted for a. This function is continuous and homogeneous in the generalized 
sense; see (2.1.17). By (2.1.8) it satisfies the inequality K{a) < —Sr (a). Therefore 
by Lemma 2.2, 



A(s) < -Sir(a) + cir( 7 ), s = a -h E C^. 



( 2 . 1 . 21 ) 



Let to be an arbitrary fixed point from [0, T]. Consider an auxiliary equation 
with constant coefficients 



dt 



Ao{toj is) p = 0, s . 



Its FSCP is the function 

Vo{t - r, s) := exp{Ao(^o,i5)(^ - ^?")}, 0 < r <t <T, s E 

We apply Lemma 2.1 to this function, taking into account the inequality (2.1.21) 
and the fact that 

\Ao{to,is)\<Co 

||fc||=2b 

<(7o ^ X^(|.,r^'fc^/(26,))<Cir(s). 

||fc||=26j=l 

We have used the inequality 

n n n 

aj>0,pj>0, je{l,...,n}, ^Pj = l, (2.1.22) 

j = l j=l j = l 

in which aj = and pj = kj / {2b j), j E {1, . . . , n}. Then we find that 

N-l 

|Fo(t -T,s)| < exp{(-(5ir(cr) +cir(7))(t - r)} ^(2Ci(t - T)r{s)y 

1=0 

< C 2 exp{(-<52r((r) + C 2 r{'y)){t - r)} (2.1.23) 

where S 2 E (0, Ji), C 2 > ci. 

Since the function P is a solution of the equation (2.1.20), writing the latter 
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and using the function Vq we obtain the equality 

t 

V{t,T,s) = Vo{t-to,s)V{to,T,s)+ j Vo{t-0,s){{Ao{0,is) 

to 

- Ao{to,is) Ai{6,is))V {6, T, s)d0, 

0<r<to<t<T, seC^. (2.1.24) 

Due to the uniform continuity of the coefficients ak, ||A:|| = 26, for any 77 > 0 
there exists such £ > 0 that for all {to,0} C [t, T], |^o — 0\ < e, and s G we 
have 

\Ao{to,is) - Ao{0,is)\ <i] ^ < C' 3 ?yr(s). (2.1.25) 

p||=2!> 

Let US estimate \Ai{0,is)\. Using the boundedness of the coefficients ak, ||A;|| < 26, 
and the inequality ( 2 . 1 . 22 ) with aj = , pj = mjkj/\\k\\, j G { 1 , . . . ,n}, 

\\k\\ > 0 , we find that 

\A,{e,is)\<C4 |si|'=^...K|'=- 

PIK26 

^^4 E E(kii"''"^™^^A/iifcii )) +1 

\0<||A:||<26 j=l / 

<C5 ^ (r(s))ll"ll/(2^). 

\\k\\<2b 

If r{s) > R, then 

\Ai{9,is)\ < rjr{s), to<6<T, (2.1.26) 

where the choice of R depends on rj. 

Let us find a bound for |U(t, r, 5 )| as t — fo < ^ and r{s) > R. Using the 
relation (2.1.4) and the inequalities (2.1.23), (2.1.25), and (2.1.26) we obtain that 

|U(t,r,s)| < C 2 exp{(-^ 2 r’(o-) + C 2 r{^)){t - to)}\V{to,r, s)\ 

t 

+ C' 2 (C '3 + l)»?r(s) j exp{(-(52T’(cr) + C 2 r{^)){t - 6)}\V{6,T,s)\d6. 

to 



Set 

u{t) := |F(t,T,s)|exp{(( 52 r(CT) - C 2 r( 7 ))(t - to)}; 
then the last inequality takes the form 



t 

u{t) <C 2 \V{to,T,s)\+C 2 {C 3 + l)'nr{s) j u{9)d0, 

to 
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whence, after using Lemma 2.3, 

u{t) < C2\V{tQ,T,s)\exp{C2{Cz + l)r]r{s){t - to)}, 



that is 

|V"(f,T,s)| < C2\V{to,T, s)\exp{{-62r(a) + C2r{j) + C2{C3 + l)r)r{s)){t - fo)}. 
By virtue of (1.3.9) we have 



j=l 

+ |7.f < 2'''-i(r(<T) +r(7)), 

i = l 

6' := max bj. 

Choose T] in such a way that S 2 — 2^'~^C2{Cs — 1)77 =: ^3 > 0; then 

\V{t,T,s)\ < C 2 \V{to,r,s)\exp{{-S 3 r{a) + csr{^)){t - to)}, 

t-to<s, r(s) > R, (2.1.27) 



where C3 := C 2 + 2^'“^C2(C3 + l)r/. 

Taking r, r -f e:, . . . , r + mos, where mg is the largest integer smaller than 
{t — r)le, instead of tg, and estimating consecutively V{r + e,r,s), . . . ,V{r + 
mgS,T,s) using the inequality (2.1.27), we get 

\V{t,T,s)\ < ex.p{{-Ssr{a) + C 3 r{-f)){t - t)}. 

Now for arbitrary r and t,0<T<t<T,we have 

\V{t,r,s)\ < exp{{-S 3 r{a) -\- C 3 r{-f)){t - r)}, (2.1.28) 

where m is the largest integer smaller than T/e. 

The estimate (2.1.28) was proved under the assumption that r{s) > R. If 
r(s) < R, then for any r and t, 0<T<t<T,we obtain that 

\V{t,T,s)\ <Cq< CQexp{{-S 3 r{a) + C 3 r{j)){t - r) 63 RT} 

= C'j exp{{-S 3 r{a) + C 3 r{^)){t - r)}. (2.1.29) 

The estimates (2.1.28) and (2.1.29) imply the final estimate 



\V{t,T,s)\ < C8exp{{-S3r{a) C3r{-f)){t - t)}, 
0 <r<t<T, seC^. 



(2.1.30) 
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Taking {t — r) j E {1, . . . , n}, instead of sj, we can rewrite this estimate 

for r < t in the following more convenient form: 

\V{t,T,St-r)\ < C 8 exp{-^ 3 r(o-) -f-C3r(7)}, 0 <r <t <T, s e C^. (2.1.31) 

Remark 1. // AT = 1, the estimate (2.1.31) can be proved without using the uniform 
continuity of the leading coefficients Ok, ||/t|| = 2b, if we use the formula 



V{t,r,s) = exp< A{0,is)d0y 



valid for this case. 

It is easy to note that the constants Cs, ^ 3 , and C 3 from the estimate (2.1.31) 
depend only on 

n,N,bi,. . . ,bn,6,T, max |a/c(t)|, (2.1.32) 

^ ^ ^0 ^ ^ II ^ II 2?? 

and, ii N > 1, also on the kind of continuity of the leading coefficients. 

The above properties of the function V make it possible to obtain a complete 
analytic description of the function G and its derivatives. 

By (2.1.15) and (2.1.16) we have 

d^G{t,x;r,0 = - ^) 

= {t - (x-^)t-r), 

0<r<t<T, {x,^}cM”, AiGZ”, (2.1.33) 



where M := y^(l/(26j)). The functions 

V^^\t,T,St_r):={iSt-r)’^V{t,T,St-r), s G C” , fc G Z" , 

for fixed t and r, are entire, and the inequality (2.1.31) implies the estimates 

\V‘^^^t,r,St-T)\ < exp{-J4r(o-) +C4r(7)}, 

0<T<t<T, sgC”, keZl, (2.1.34) 

where 0 < (^4 < (^3 and C4 > C3. Applying to these functions Lemma 1.1 with 
Pj — Qj — 2b j, j G {1, . . . ,n}, taking into aecount the equalities (2.1.33) and the 
estimates (2.1.34), we can give a full description of properties of the function G. In 
particular, we can prove that G is a FSCP for the equation (2.1.5). We formulate 
all the results as the following main theorem. 

Theorem 2.1. Let the coefficients of the equation (2.1.5) be continuous on the 
interval [0,T], and the uniform 2h -parabolicity condition (2.1.8) holds. Then: 
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1) There exists the unique FSCP G for the equation (2.1.5) determined by the 
formulas (2.1.15) and (2.1.16). 

2) The function G and its derivatives can be extended onto C^, and for these 
extensions 

Z-, r, C) = {t- r, {z - 

0<r<t<T, {z = x + iyX = ^ + ir]}cC^, (2.1.35) 

where the functions z), z = ( 2 : 1 ,..., Zn) C , k £ are, for 

fixed t and r, entire functions of z\, . . . ,Zn, with the growth orders ^ 1 , . . . , 
respectively, and the same orders of decrease for real arguments. Here qj = 
2bj/{2bj-l), je n}. 

3) G satisfies the estimates 

! n n 

\^j - + c' \yj - 

i=i j=i 

0<T<t<T, {^,C}cC", k£Zl, (2.1.36) 

where Ck^c, and c' are positive constants depending only on the numbers 
(2.1.32), and, if N >1, also on the kind of continuity of the leading coeffi- 
cients. 

4) The formula 

Io{t,T,x):= J G{t,x;r,^)d^ = V{t,T,0), 0<r<t<T, x G M”, 

(2.1.37) 

holds implying, in particular, that 

Io{t,T,x) ^ / (2.1.38) 

t^T 

uniformly with respect to x G If in (2.1.5) oq — 0, then 

Io{t,r,x) = I, 0 < r < t < T, x G M^. (2.1.39) 

Corollary 1, Set 

E(°)(t,a;;T,^) :=exp|-c^(«-T)^“«^|xj t > r, {a;,^}cR", 

^ (2.1.40) 

where c is a positive constant. The estimates (2.1.36) imply the inequalities 

|a,"G(f,a.;r,0| < Cfc(t - 

0<r<t<T, {a;,^}cK", heZ^. 



(2.1.41) 
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Corollary 2. The equalities (2.1.35) and (2.1.37) imply, for k ^ 0, the equalities 

[ d^G{t,x-,T,Od^ = 0, (2.1.42) 

jnk{t,T,Od^ = 0, (2.1.43) 

0 < T < t < T, X E E^. 

Proof of Theorem 2.1. The assertions 2 ) and 3) are direct consequences of Lemma 
1.1 and the above properties of the function V . The equality (2.1.37) is proved 
with the use of (1.3.1), (2.1.15), and (2.1.16) as follows: 

Io{t,T,x) = j G{t,T,x — = J G{t,T,x)dx 

= j exp{-i{0,x)}F-},^[V{t,T,a)]dx 
= F,^o[F-}^AVit,r,<j)]] = V(t,T,0). 

It remains to verify that the function G is indeed a FSCP for the equation 
(2.1.5). 

Using the formulas (2.1.15) and (2.1.16), properties of the function V and the 
Fourier transforms, we show easily that the function G{t,x;r,^), {t,x) G n(^ x|, 
with fixed r and is a solution of the equation (2.1.5). 

Let the function 99 : E’^ ^ C^vi be continuous and bounded while r G [0,T) 
is fixed. Consider the integral (2.1.14). The estimates (2.1.41) ensure the uniform 
convergence in e > 0, of the integral (2.1.14) and the ones obtained 

by formal differentiation under the integral’s symbol. Since the function G is a 
solution of (2.1.5), the function (2.1.14) satisfies the equation (2.1.5) on 
Let us prove the equality 



lim u{t, x) = (p{x), X G E’^, (2.1.44) 

t^T 

which, together with the above results, will mean that G is a FSCP for the equation 
(2.1.5). 

By (2.1.38), in order to prove (2.1.44), it suffices to show that 

lim j G{t, x; T, OA|<^(OrfC = 0. (2.1.45) 

The integral from (2.1.45) can be represented as the sum of the integral Ii 
over the ball B{x, <5) G E’^ | q{x; ^) < 5} and the integral I 2 over E’^ \ B{x, 5) 
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where q is the distance defined in (2.1.2). Due to the uniform continuity of (f on 
we have |A|(p(^)| < lo{S), lima;(^). Since the function (f is bounded, we 

have 

|A|(/;(0l < ^eR^\B{x,S), xgM". 

Now, using the estimate (2.1.41), we find that 

|/i| < CoioiS) j{t - t)-^ < CoDio{5), 

\h\<C^C^ j {t-T)-’^Ei°Ht,x-,T,0d^ 

R^\B{x,6) 

< CoC^exp{-{c/2){t - 5'‘'} j {t - 

= CqC^D exp{-{c/2){t - tY~‘‘ 6'^ }, 

if t — T < 1. We have used the equality 

j{t- t)-’^ E fY{t,x]T,^)d^ = j expj -co^ \dy =: D (2.1.46) 

for Co = c/2, and the inequality 

n n 

Y,{t - \xj - >{t- Y, kj - 

1=1 1=1 

= (t-T)i-^"(g(x;0)''' > (2.1.47) 

t-T<l, ^eR^\B{x,5), 

where q' = max qj^ q" — min qj. The equality (2.1.46) is obtained after 

the change of variables = xj + {t — , j E {1 , . . . , n}. 

In order to complete the proof of (2.1.45), we choose, for any e > 0, such S 
that CqDuj{S) < c/2, and then take t — r so small that 

CoC^Dexp{-(c/2)(t - ry-^"S^'} < e/2. □ 

Example 2.1. For the 25-parabolic equation 

{dt - dl^ + = 0 , 

in which n = 2, 6i = 1 and 62 = 2, the FSCP has the form 
G{t,x-,T,i) = 2“V“3/^(t-T)"®/^exp{-(4(t-r))“^(a;i -$i)^} 

00 

X J exp{-a^} cos((t - t)~^^'^{x 2 - ^2)oi)da, r < t, {x, C 
0 
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Indeed, by the equalities (1.3.2), (2.1.15), and (2.1.16) we have 
G{t, x; r, ^) = (27 t)“^ J exp{ixiai — {t — r)af}dai 

R 

X J exp{iX2CT2 — {t — 

M 

The first integral equals 

- r)“^''^exp{-(4(< - r))“^(a;i - 
while the second is equal, by virtue of the Euler formula, to 

oo 

2(t - J exp{— cos((t - r)~^^^{x 2 — ^ 2 )<^)da. 

0 

2.1.3. Properties of the fundamental solution of the Cauchy problem for an equa- 
tion with parameters. Let us consider some properties of the FSCP for an equa- 
tion (2.1.5) with coefficients depending also on the parametric point y e 
These properties will imply necessary properties of the parametrix of the equation 
( 2 . 1 . 1 ). 

Consider the equation 



{Idt - A{t, y, dx))u{t, x) = 0, (t, x) G I1(o,t] , (2.1.48) 

where 

A{t,y,da;) := ^ ak{t,y)d^. 

\\k\\<2b 

We shall make the following assumptions. 

(^ii) the equation (2.1.48) is uniformly, with respect to {t^y) G Il[o,T]? 26- 
parabolic with a constant S; 

{B 12 ) the coefficients of the equation are bounded and continuous in t, and in 
the case TV > 1 the continuity of the coefficients \\k\\ — 26, is uniform 
my e 

Under these conditions, just as in Section 2.1.2, for the equation (2.1.48) we 
construct a FSCP G(-, •; •, -;^) and give its complete analytic description, which 
implies, in particular, the estimates 

0 <T <t <T, {a:, 2 /} C K", A; e Z” , ((2.1.49) 

where the constants Ck and c depend only on 

n,N,bi,...,bn,S,T, max sup \ak{t,y)\, 

Pll<2fc (i.2,)en[o,T| 

and for TV > 1 also on the kind of continuity in t of the coefficients a^, ||A:|| = 26. 
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Property 2.1. Let the equation (2.1.48) and the equation 

{Idt- B{t,y,dx))u{t,x) =0, (i,x) € E[(o,t], (2.1.50) 

B{t,y,d^):= ^ bk{t,y)d^, 

\\k\\<2b 

satisfy the conditions Bn and B\ 2 , o.nd also the inequalities 

\ak{t,y)-bk{t,y)\<s, (i,y) e n[o,T], ||A;|| < 26. 

Let Ga cind Gb be the FSCP for the equations (2.1.48) and (2.1.50) respectively. 
Then 

\3'^{Ga - GB){t,x\T,^\y)\ < 

0<T<t<T, {x,C,y}cM”, fceZ”. 

Proof. It is sufficient to obtain an estimate for the difference 

{VA-VB){t,r,s;y), 0<r<t<T, s E C", t/ E E", 

where Va and Vb are respectively the FSCP for the equations 



-A{t,y,is) i; = 0, 7^ - J5(t, y, is) U = 0. 



Using the identity 



/— - A{t, y, is) j Vb = {B{t, y, is) - A{t, y, is))VB, 



we come to the equality 

t 

{Vb - VA)(t,T,s;y) = j VA{t,d, s;y){B{6,y,is) - A{6,y,is))VB{6,T,s-y)dB. 

T 

The last integral will be estimated with the use of the estimates for Va and Vb 
similar to (2.1.30). We have 

t 

\{Va - VB){t,T,s;y)\ < Cje j exp{{-5zr (a) + C 3 r{-f)){t - 6)} 

T 

^ m • • • l««|'‘"exp{(-J3r((r) +C3r(7))(0 - r)}d0 

||fc ||<26 

< C'9£exp{(-J4r(cr) + C4r(7))(i - t)}. 



This estimate and Lemma 1.1 imply the assertion of Property 2.1. 
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The next property is a direct consequence of Property 2.1. 

Property 2.2. If the equation (2.1.48) satisfies the conditions Bu^Bi 2 , and its 
coefficients are Holder continuous in y uniformly with respect to t with an exponent 
7C (0, 1] and a constant H on then 

\Ald^,G{t, X- T, ^■y)\< CkH{p{y, z)y{t - (t, x; r, 0, 

0 < r < t < r, {x,^,y,z}cW, keZ^. 

Property 2.3. Suppose that the equation (2.1.48) satisfies the conditions Bn^Bi 2 , 
and its coefficients have continuous and bounded derivatives dyOk, |1A:|| < 2b, ||/|| < 
r, r eN. Then there exist the derivatives d^dyG, k G ||/|| < r, satisfying the 
estimates 

Q<T<t<T, {x,ty}cR^, fceZ", ||/||<r. (2.1.51) 

If, in addition, the derivatives of Ok, ||A;|| < 2b, are Holder continuous in y 
uniformly with respect to t with an exponent 7 G (0, 1] and a constant H on n[o,r]; 
then 

\Ald^d‘yG{t,x-,T,(;y)\ < GkiH{p{y; z)y{t - x E^^\t,x]T,^), 

0<r<t<T, CR”, fceZ”, ||/|| < r. (2.1.52) 

Proof The existence of the above derivatives of G follows from the existence of the 
derivatives dyV and properties of the Fourier transform. In order to prove (2.1.51) 
it is sufficient to verify the inequalities 

\dyV{t,T,s-,y)\<Ciexp{{-5ir{a)+cir{'r))(t-T)}, ||Z|| < r. (2.1.53) 

For / = 0 this is proved by the arguments from Section 2.1.2. For an arbitrary 
multi-index I, ||/|| < r, the inequality (2.1.53) is proved by induction, with the use 
of the fact that the function V := d'^dy.V, ||m|| < r, j G {1, . . . ,n}, is a solution 
of the Cauchy problem 



dt 



A\V = P{A,V), V\t= 



0 , 



where 

PiA,V):=J2cld^y9y,Ad^-^V+ ^ G^^d^Ad^^-^dy.V, 

p<m 0<p<m 

n 

•= JJ is the binomial coefficient. Therefore 

1=1 

t 

V{t,T,s;y) = j V{t,e,s;y)P{A{e,y,is),V{e,T,s;y))de. 
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This equality, together with estimates similar to those carried out in the proof of 
Property 2.1, and with the assumption of induction, implies the estimates (2.1.53). 

The estimates (2.1.52) are consequences of Lemma 1.1 and the estimates for 
the increments AydyV. The latter are proved by induction, with the use of (2.1.53) 
and the above method. □ 

Property 2.4. Uniformly with respect to x 

[ G{t,x;T,^-,y)d^ = V{t,T,0-,y) I. 

J t—^T 



U 0,0 = 0, then 

j G{t,x; T, C, y)di = I. 

For /c ^ 0, 



f d^G{t,x-,T,^;y)d^ = 0, 0<T<t<T, {x, 2 /}c]R”. 

This is proved just as the similar assertions from Theorem 2.1. 

Corollary. Suppose that the equation (2.1.48) satisfies the conditions from Prop- 
erty 2.2. Then the FSCP G(-, y) and its derivatives are given by the formulas 
(2.1.35), in which •, •) should be substituted by S^)* The functions Q,k 

satisfy the estimates 



\nk{t,T,x;y)\ < CA;expi -c 






j=i 



Wy^k{t,T,x\y)\ < C'fc(p(y;2:))T'exp-^ 

I j=i 

0 < T < t < T, {x^y^z} C. 



and for k ^ 0, 



j ^lk{t,T,x;y)dx = 0, 0 



<T<t<T, y e K". 



Remark. Similar properties hold for the FSCP G(-, /3, 2 /) for the equation 



Idt- aki(3,y)d^\u = 0, 

||fc||<2b / 



(2.1.54) 
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which is uniformly, with respect to (P,y) G n[o,T]; -parabolic, and its coefficients 
are hounded and Holder continuous in (3, y with the exponent 7 on 
ticular, in this case the functions Qk, which depend only on x,j3, and y, satisfy 
the estimates 

lA'j^’^yClkix; P,y)\ < Cfc(p(/3, y; C, z))'^ expi -c^ 1''^' 

I j=i 

{(/3,y),(C,z)} cn[o,7’]. 

2.1.4. Parametrix and its properties. As it was said in Section 1.1.4, as a para- 
metrix Zq for the equation (2.1.1) we shall take the function (1.1.43), where 
St; y) is the FSCP for the equation (2.1.48) with only leading terms, that is 
the FSCP for the equation (1.1.39). Some properties of the parametrix needed in 
the sequel are as follows. In this section we assume that the conditions of Property 
2.2 hold for the equation (1.1.39). 

Property 2.5. The following estimates are valid: 

\d^Zo{t,x-,T,0\ < (2.1.55) 

\A^Jd^,Zo{t,x-,T,0\ < Ck{p{x-,x')ro{t - 

{p{x',x'))^^ <t — T, (2.1.56) 

\A*;d%{t,x-,T,0\ < (t,x;r,0, 

t' keZl; (2.1.57) 

f d^,Zo(t,x-,T,y)dy <Cfc(i-T)-(ll'=ll-^)/( 26 )^ (2.1.58) 

A%' f d^Zo{t,x;T,y)dy < Ck{p{x;x')y«{t - 

{p{x; x'))^^ ^t — r, (2.1.59) 

Al' j d^,Zo{t,x-,T,y)dy < Cuit’ - i)^°(t - T)-^o-m\-^)l{2h) ^ 

t'-t<t-T, keZl\{0}, (2.1.60) 

where 0<r<t<t'<T, {:r,a:',^} C 70 is an arbitrary fixed number from 

( 0 , 1 ]. 

Proof. The estimates (2.1.55) follow directly from the estimates (2.1.49). In order 
to obtain (2.1.56), one has to use the mean value theorem, the estimates (2.1.55), 
and the inequality 

Ei°\t,x";r,0<CiEi^Ht,x-,T,0 
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where x” is a point on the line interval joining the points x and x ' G (0, c). The 
laist inequality is proved using the first inequality in (1.3.9) and the assumption 
{p{x;x'))‘^^ <t - T. 

By the mean value theorem, the estimates (2.1.55), and the condition t' — t < 
t — T we have 

\A^;d%{t,x-,r,0\ = \{t' 

11 * 11=26 
< C(t' - t){t" - 

t" 

Thus, the estimate (2.1.57) has been proved. 

Due to Property 2.4 for Go? 

j d^Zoit,x-T,y)dy = j A^^d^Go{t,x;T,y,z)\^=ydy. 

Prom this representation, using Property 2.2, the inequality 

(p{x-,y)r Ei°\t,x\T,y) < C{t - E^*^\t,x-,T,y), 

T<t, {a:,2/}cM"", ciG(0,c), (2.1.61) 

and the equality (2.1.46), we obtain the estimates (2.1.58). 

In order to prove the estimates (2.1.59), we use the representation 

f d^Zo{t,x;T,y)dy = Y / ^cU)(^o{t,C^^^-,T,y;y)dy\dQ, 

where := (xi, . . . . . . , x^). Prom Properties 2.2, 2.4, the in- 

equality (2.1.61), and the equality (2.1.46) we find that 

Al'l d%{t,x-,r,y)dy <E /[ / Af d^.d^^u^Go{tX^^'>-,T,y-,z) dy\dCj 

E^ i=l X- \|^n Z=y / 

n / 

Xj ^E’^ 
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< Cfc ^ |arj - I (t - ^ 

j=^ 



Due to the inequality {p{x; < t— r, we have |xj— < t—r, j G {1, . . . , n}, 

so that 



n 



n 












-7o/(26) 



j=l 



j=l 



Hence the above estimates imply the required estimates (2.1.59). 
The estimates (2.1.60) are proved as follows: 



j d^Zo{t,x-,T,y)dy = j j 

icpri f \ron 



d^Zo{\x\T,y)dy dA 




^z9\d^Go(\,x'T,y;z) 



z=y 



t' 

<Ck j{\- 

t 

< Ck{t - - t) 

< Ck{t' - ty^{t - T)-^o-i\\k\\-if)/m^ 



dX 



Here we used the definition of Zq, Properties 2.2 and 2.4, the inequality (2.1.61), 
and the equality (2.1.46). □ 

Property 2.6. Let to C [0,T). Suppose that the function f : Cati is 

hounded, continuous, and locally Holder continuous in x, uniformly with respect 
to t, on H[tQ^ 7 ^]. Then the function 



t 

u{t,x;to):= j j Zo{t,x;rX)f{TX)d^, (t, x) G H(to,T], (2.1.62) 

to 



has the continuous derivatives dtu and d^u, ||A:|| < 2b. The derivatives d^u, ||/cl| < 
2h, can he obtained by formal differentiation under the integral symbol, while the 




2.1 The Cauchy problem for equations with bounded coefficients 



73 



derivatives d^u, ||/e|| = 2b, and dtu are given by the formulas: 



d^u{t, x; to) 



j J ^xZo{t,x;T,^)A^f{r,^)d4 

to 




d^Zo{t,x;T,^)d^ 



f{r, x)dT, 



(2.1.63) 

(t,x) G n(t„,T], ||A:|| = 2b, 



and 



dtu{t,x-,to) = f{t,x) + j j dtZo{t,x-,T,i)Alf{T,i)d^ (2.1.64) 

to 

dtZo{t,x]T,^)dAf{T,x)dT, {t,x) Gn((o,r]. 

to ' 

Proof For to < r < t <T, x e and ||A;|| < 2b, we have 

dx j Zo{t,x\T,i)f{T,i)d^ = j d^Zo{t,x\T,^)f{T,^)d^ 

R^ 

I^^\t,x‘,r). (2.1.65) 

In order to prove this, we have to verify that the integral converges, uni- 
formly with respect to a; G for arbitrary fixed t and r. Making in the integral 
I^^\t,x',r) the change of variables = Xj {t - j G ,n}, we 

find that 




r'^\t,x\T) = (f-r)^y {dlZo{t,x-,T,e})f{T,C) 



dy, 



^=^{t-T,x,y) 



i{t,x,y) := (a:i + (2.1.66) 

Due to the estimates (2.1.55) and the boundedness of the function /, 



\d^Zo{t,X;T,^)f{T,0\^^i(^t-r,x,y) \ ^ C{t - t) 



-M-P||/{26) 



exp< 









{x.y} CK". 

Therefore the integral (2.1.66) converges, uniformly with respect to a; G M”, for 
fixed t, T, and 

|/('=)(t,a:;T)| < C(t-r)“ll'=ll/(2''), to<T<t<T, a; G M", ||ib|| < 26. 

(2.1.67) 
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It follows from the equality (2.1.65) and the estimate (2.1.67) that for \\k\\<2b, 

t 

d^u{t,x-,to) = J dr j d^Zo{t,x-,T,^)f{T,^)d4, {t,x) £H(^to,T], 

to 

since for \\k\\ < 2b the integral 



to 

is convergent for each t G {to^T]. 

If II A; II = 26, then the estimate (2.1.67) does not work. It can be improved for 
X G Br := R) where R is an arbitrary fixed number. In order to do that, we 
write the representation 

I^^\t,x-,T) = j + J d^,Zoit,x;r,Od^f{T,x) 

=: Ji + h. (2.1.68) 



By the estimates (2.1.58), for ||fc|| = 26 we have 

I/ 2 I < C'(t-r)-i+^/(26)^ to<r<t<T, xeR^. (2.1.69) 

Assuming that x € Br, we write 7i as 

h= J d^,Zoit,x-,r,OAIf(r,Odi+ J d^,Zo{t,x-,T,OAIf{T,Od^-l[+l';. 

B 2 R W^\B2R 

Using the estimates (2.1.55), the Holder continuity of /, the inequality 
(2.1.61), and the equality (2.1.46) we obtain that 

\h\<c f {t-T)-'^-'^{p{x;^)yEi°'>{t,x;T,^)d4 

B2R 

< C{t - r)-^-i+T'/(26) f £;(o)(t,o;;r,Od^ = C(t - r)-i+T'/(2<’), 

to < T < t <T, X e Br. (2.1.70) 

We shall employ the inequality 

E^'>{t,x;0,O < e^p{-cot~'^°R!^'}, 

t>0, X e Br, ^ G M" \ B 2 R, 



(2.1.71) 
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where cq > 0, Qq = q" — 1, if t < 1, and = q' — l/\i t > 1. It is a consequence of 
the estimates 

n 

^ ^ >t~“°{q{i\G) - q{x\Q)f' 

> r®(2i?-ii)«' 



Using the estimates (2.1.55), the boundedness of /, the inequality (2.1.71), 
and the equality (2.1.46), we get 

R"\B2R 

= C{t — t)~^ exp{— (c/2)(t — r)“® } 

to<r<t<T, xeBr. (2.1.72) 

From (2.1.68)-(2.1.70) and (2.1.72) we obtain the estimate 

|jW(t,a:;T)| < C(t - r)-^+'>'/(2'>), 

to<T<t<T, xeBR, ||A:|| = 2b. (2.1.73) 

This estimate, together with the equality (2.1.68), implies the formula (2.1.63) for 
{t,x) G {to,T] X Bn. Since R is an arbitrary positive number, we come to the 
formula (2.1.63) for any (t,x) G 

Let us prove the formula (2.1.64) for (t, x) G where ti > to. Consider 

the following family of functions depending on the parameter h: 

t — h 

Uh{t,x,-to) := J dr j Zo{t,x;r,^)f{T,^)d^, 

to 

(t, x) G Iljtj ji], h G (0, ti — to)- (2.1.74) 

Since the integrand in (2.1.74) has no singularities, 



dtUh{t,x-,to) 



j Zo{t,x-,t 



t—h 

j dr j dtZo{t,x-,T,^)f{T,^)d^ 

to 



=: Ih{t,x) + Jh{t,x), (t,x) GlTffj^j.]. 



(2.1.75) 
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To substantiate the differentiation dt under the integral in it is sufficient 
to prove that the integral over E^ from Jh{t, x) (denote it by J^{t, x; r)) converges 
uniformly with respect to t G [^2 — h/S, min (^2 + h/S, T)], where t 2 is an arbitrary 
fixed point from for any fixed r G [^ 05^2 — 2h/3] and x G E’^. The last 

assertion is proved just as we proved the uniform convergence of the integral . 
Here we have to use the equality 

dtZo{t,x-,T,^) = ak{t,^)d^Zo{t,x]T,^), 

\\k\\=2b 

to<T <t<T, {x, C K", (2.1.76) 

which, by (2.1.55), implies the estimate 
dtZo{t,x;T,^) < C{t - 

to<r<t<T, {a;, O C ffi". (2.1.77) 

For the integral we have the estimate 

|J°(t,:c;r)| <C(t-r)-i+^/(26)^ 

to<r<t<T, xeBR, (2.1.78) 

proved in the same way as (2.1.73). In this case 

J°{t,x-,T) = J dtZo{t,x;T,^)A^f{T,^)d4 + j dtZo{t,x;T,^)d^f{T,x) 

R" R” 

=: Ji + J2. 

The estimate (2.1.78) for J\ is obtained just as the estimate for /i, with the use of 
(2.1.77) instead of (2.1.54). In order to estimate J 2 , we use the equality (2.1.76) 
and the estimates (2.1.58). 

Note that: 

1) Ih{t,x) — > /(^,x), uniformly with respect to {t,x) G [ti,T] x Br] 

h — ^0 

t—h t 

2) J (i , x; r)dT J J^{t, x; T)dr 

0 0 

= / c^' 7 * / atZo(t,x;r,OA|/(r,Oc^^ + /(/ ^i^o(t,cc;r,^)dA f(T,x)dr 
uniformly with respect to (t,x) G [h^T] x Br. 

Using these facts, the equality (2.1.75), and the fact that u^(^,x;^o) ^ 

h—>0 

u{t,x]to) uniformly with respect to (t,x) G Hf^^ 7 ^], and also the arbitrariness of 
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R and t\ in the intervals (0, oo) and (0,T) respectively, we obtain the formula 
(2.1.64). 

Let us prove 1) and 2). We have 

j Zo{t,x;t-h,^)f{t-h,^)d^- f{t,x)= j Zo{t,x;t - h,^)Al_,^f{t - h,^)d^ 

R" B2R 

+ J Zo{t,x;t-h,^)f{t-h,^)d^+ j A^^Go{t,x-,t - h,^;z)\ 2 =^f{t,^)d^ 

^^\B2R B2R 

+ ( f Go{t,x-t- h,^;x)f{t,^)d^- f{t,xU =:J2Lj. 

'B2R ^ ^ = ^ 

Using the estimates (2.1.55), (2.1.61), and (2.1.71), the equality (2.1.46), 
Properties 2.2 and 2.4, as well as the continuity and boundedness of the function 
/, we get 



\L,\<C max \Al_J{t-h,0\h-^ / Ei°\h,x-,0,0d^ 

{t,Oe[ti,T]xB2R J 

= C max \Al hf{t-h,^)\ 0; 

\L2\ <Cexp{-{c/2)h-‘>°R'^'}h-’^ j 



= C exp{—{c/2)h 0; 

h — >-0 

l^-sl <c [ ipix-,Oyh-’^Ei°^h,x-,0,Od^ < ^ 0; 

J ^^0 

1 ^ 41 = I Go{t,x-,t-h,C,x)Alf(t,Od^ 

B2R 

f Go{t,x;t - h,^;x)d^f{t,x) 0 

J ^->-0 

uniformly with respect to (t, x) G [ti,T] x Br (this is proved just as similar results 
for Lj, j G {1,2,3}). Thus the statement 1) is proved. 

The assertion 2) is a consequence of the estimate 

t t 

j J°{t,x\T)dT <G j 

— h t—h 



based on the estimate (2.1.78). 



□ 
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Remark 1. The investigation of differential properties of the integrals 

t 

Uy{t,x;to) := j dr j 

to 

t 

up,y{t,x;to) := J dr j (3,y)f{T,^)d^, 

to 

{t,x) € 

where G(-, y) and G(-, ^ire the FSCPs for the equations (2.1.48) 

and (2.1.54) respectively, is carried out as in Property 2.6. Here the arguments are 
simplified, and the formulas for the leading derivatives have the form 

t 

d^Uy{t,x-,to) = j dr j d'^G{t,x\T,i,y)Alf{T,^)di, 

to 

t 

dtUy{t,x-,to) ^ f{t,x) + j dr J dtG{t,x;T,^;y)A^f{T,^)d^, 

to 

t 

d^U0^y{t,x;to) = j j 9^G{t,x;T,^\l3,y)A^f{T,^)d^, 

to 

t 

dtU 0 ^y{t,x;to) = f{t,x) + j dr J dtG{t,x;T,^;P,y)A^f{T,^)d^, 

to E^ 

(<,x) € 11^11= 26. 

Remark 2. The function 

t 

u{t,x-to,y) ■= j dr J Zo{t,x;T,Of{T,^-,to,y)d4, 

to K™ 

(t,x)6n(*„,r], j/eR”, (2.1.79) 

satisfies a property similar to Property 2.6, if the function /(^s^or) • n(to^T] x 
> Cati is continuous and satisfies the following conditions: 

\f{t,x-,to,y)\ < C{t - to)~’^~'^/^‘^^'<Ef\t,x\to,y), 

to<t<T, {x,?/,^}cR", 
where G > 0, c > 0, 70 G (0, 1] and p < 2b — 70. 




2.1 The Cauchy problem for equations with bounded coefficients 



79 



Property 2.7. If a function f satisfies the above conditions, then the function 
(2.1.79) has the continuous derivatives dtu and d^u, ||A:|| < 26. The derivatives 
d^u, ||fc|| < 2b, can he calculated by direct differentiation under the integrals, while 
the leading derivatives satisfy the formulas (2.1.63) and (2.1.64) with /(r, ^) and 
f{r,x) replaced by f{r,^; to, y) and f{r,x‘,to,y) respectively. 

The proof is similar to the one for Property 2.6 and uses the inequality 
j x; T, (r, to,y)({t- r)(r - to))~'^d^ 

to<T<t, {a:,e,y}cK", £G(0,1), (2.1.80) 

implied by the inequality (1.3.23) with n = 1 and /? = l/(26j), j G {1, . . . ,n}. 

Remark 3. If the coefficients of the equation (2.1.1) are Holder continuous not only 
in X but also in t, then, as mentioned in Section 1.4.4, a parametrix can be chosen 
as 



Zi{t,x;r,^) := Go{t,x-,T,^;T,^), 0 < r < i < T, {a;,^}cR”, (2.1.81) 

where Gq( • > • ; ' > j /?> 2/) is the FSCP for the equation (1.1.41) without lower or- 
der terms. By the remark from Section 2.1.3, Properties 2. 5-2. 7 hold for the func- 
tion Zi. 

2.1.5. Fundamental solution of the Cauchy problem for equations whose coeffi- 
cients depend on all the variables. Let us construct and study the FSCP for the 
equation (2.1.1) for the general case. 

Theorem 2.2. Assume the conditions An and Au. Then there exists the FSCP Z 
for the equation (2.1.1) satisfying the estimates 

<C(t-r)-^-ll'=ll/(2b)i;(0)(i,^.^,^)^ (2.1.82) 

\A-Jd^Z{t,x;T,0\ < C(p(a:;a:'))^(t-r)-'^-(ll*=ll+T')/(26) 

X {E^°Ht,x-,T,0 + E^°\t,x'-T,a (2.1.83) 

0 < T < t < T, c MT, ||A:|| < 26, 

where the positive constants C and c depend only on 

n, N, bi,...,bn,T, max sup \ak{t,x)\, 

Pll<2fe (t,x)€n 

the constants S,^, and H from the conditions An and A 12 , and, for N > 1, also 
on the kind of the continuity in t of the coefficients Ok, ||A;|| = 26. 

Proof. As it was mentioned in Section 1.1.4, the FSCP for the equation (2.1.1) will 
be sought in the form (1.1.45), that is 

Z{t,X\T,^) = Zo{t,x-,T,^) + W{t,x;T,^), 

0 <T <t <T, {a:, C R”, 



(2.1.84) 
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where 

t 

W{t, X- T, 0 - x; A, y)Q{\, y, r, ^dy, (2.1.85) 

T 

Zq is the parametrix described in Section 2.1.4. The function Q(-, •; 0 • 

CjsfN must be chosen for the function Z(-, -;r, ^ Cnn to be a solution 

of the equation ( 2 . 1 . 1 ) with f = 0, for any fixed point (r, G n[o,r)- L^t us 
assume that the sought function Q is continuous and satisfies the estimates 

\Q{t,x-,T,^)\ < (2.1.86) 

\A^jQ{t,x-,r,0\ < C{p{x-,x')rit-rr^-^+^^/^^'^^ 

X {Ei^Ht,x-,T,0+Ei^\t,x-,T,0), (2.1.87) 

0 < T < t <T, C 

where 71 G ( 0 , 7 ), 72 := 7 — 71 , 7 is the constant from the condition A 12 . 
Applying the differential expression 

Idt- y] ak{t,x)d^ 

||fc||<26 

to the function (2.1.84) and using the a priori assumptions regarding Q and Prop- 
erty 2.7, we obtain the integral equation (1.1.47) for Q, in which 

K{t,X]T,^) := ( Aiak{t,x)d^+ ak{t,x)d^\ Zo{t,x;T,^). 

\||fc||=26 l|fc||<26 / 

In order to find a bound for K, we use the estimates (2.1.55), the condition A 12 , 
and the inequality (2.1.61). We get 

\K{t,x-,T,0\ <c( {p{x-,0r{t - r)-"-i + ^ {t- r)-^^-ll''ll/(2'>)'j i;(0) {t,x-T,^ 
V Pll<26 / 

0<T<t<T, {:c,OcR". (2.1.88) 

Thus the kernel K satisfies the conditions of Lemma 1.8 with /3j — l/(26j), 
j G {1, . . . ,n} and x = ^/{2h). By this lemma there exists a resolvent R of the 
equation (1.1.47) satisfying the estimate (1.3.39) with x = t/( 2^)- Since (1.1.47) is 
an inhomogeneous equation with the known function K, the solution Q coincides 
with the resolvent R. Therefore the function Q satisfies the estimate (2.1.86). 

Let us prove (2.1.87). If {p{x\x')Y^ > {t — r)/ 2 , then the estimate (2.1.87) 
is a direct consequence of (2.1.86). Then it is sufficient to consider the case where 
(p{x-,x'))'^'’ < (i-r)/2. 
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First we estimate the difference K. Using the condition A 12 , the in- 
equalities (2.1.55), (2.1.56), (2.1.61), and the fact that < {p{x;x'))'^ -h 

(p(a;;^))T', {x,x',^} C K.”, we get 

\Al'K{t,x-,T,0\ 

^ m «fc(^.a;)P*Zo(t,a;;r,OI + \AlMk{t,x')\\Al’ d^Zo{t,x;T,^)\j 

p||=26\ / 

+ i\^xMt,x)\\d^Zo{t,x;T,^)\ + \akit,x')\\A^'d^Zoit,x;T,^)\) 

\\k\\<2b 

< C{t - t)-’^-\p{x; x')y + (p(x'; ^)y(t - 

||fc||<26 / 

< C(p{x\x')f{t - T)~^~^E^°'>{t,x;T,^), 

0 < T < t < T, {x, x', C M^, 

(p(x; x'))^^ <t-T, Cl e (0, c). (2.1.89) 

In particular, this implies the estimate 

\A-jK{t, X- r, 01 < Cip{x; x')^ {t ~ r)-^-i+^^/(2<>)£;(o)(f, x; r, 0, 

0 < r < ^ < T, {x,x',^}cM”, {p{x;x'))^^ < t — T. (2.1.90) 

Next we consider Q. By (1.1.47), we write 

A^'Q(^,x;t, 0 = A^'i^(t,x;r,0 

+ / dA j Al'K{t,x;X,y)Q{X,y;T,^)dy 

T 

t 

+ /cfA j K{t,x\X,y)Q{X,y,T,C)dy 

T] 

-/<^A J K{t,x'-X,y)Q{X,y,T,0dy=:J2lj, (2.1.91) 
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where rj := t - (p(x;x'))^^. The term 7i has been estimated; see (2.1.90). Since 
t — X > {p{x]x')Y^ in I 2 , using the estimates (2.1.80), (2.1.86), and (2.1.90) we 
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obtain that 

t 

\h\ < C{p{x-,x')y^ j{t- _ ^^-1+7/(26)^^ 

r 

X j Ei°\t,x;X,y)E^°\X,y;T,^){{t - X){X-T))~’^dy 

< Cip{x-,x')y^{t-T)-’^-^+^^^^^/^^'’^Ei°\t,x-,T,0, (2.1.92) 

where C 2 G (0, Ci). 

The integrals /a and are treated in a similar way. For example, let us 
consider the first one. Due to (2.1.80), (2.1.86), and (2.1.88) we get 

t 

|/3|<C< y'((i-A)(A-r))-i+^/<26)^^ j Ei^\t,x;X,y) 

r) 

X E^°'>{X,y,T,^){{t - X){X - t))~^ dy < C{p{x;x')y 
X {t-ry^-^+'^^(^’’^Eif{t,x-,r,0, (2.1.93) 

since for any X G[rj,t] X — T>rj — T — t — t — {p{x; x'))^^ ^ (^ ~ '^)/2 and 

t t 

J {{t - A)(A - r))-i+^/(2b)^;^ < A)-i+T'/(2f’)rfA 

rj ri 

= (26/7)((t - r)/2)-i+^/(2'>)(i - 7,)T'/(2'>) 

= (26/7)((t - T)/2)-^+'^/^^’>\p{x-,x')r. 

From (2.1.90)-(2.1.93) we obtain the estimate (2.1.87) for the case {p{x;x'))^^ < 
{t - t)/2. 

Note that the function Q is in fact Holder continuous in x with the exponent 
7, that is 

\Al'Q{t,x]T,^)\ < C{p{x;x')y{t-T)~^~'^ 

X {E^°'>{t,x\T,^) + E^°'>{t,x'-,T,^)), 

0<T <t<T, {a:, a;', C M". (2.1.94) 

Indeed, if {p{x; x')Y^ > (t — r)/4, then this inequality is a direct consequence 
of the estimate (2.1.86). If {p{x]x')Y^ ^ (^ ~ '^)/4, we use the equality (1.1.44) 
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and find that 



\A%Q{t,x-,T,^)\ <\A% K{t,x;r,^)\ 



-h 



jdxj \Al'Kit,x-X,y)\\Q{\,y,T,0\dy 

T 

V 

j \^x K{t,x-,X,y)\\AlQ{X,y; r , ^)\dy 



tl 

^1 



+ 



|Q(A,x;t, ^)\dX 






+ 



J\J \y)dy 

tl 

t 

fix / \K(t,x;X, y)dy\ |Q(A, y, r, 4 ) \dy 

?7 

t 

j \K{t,x'-,X,y)\\Q{X,y;T,^)\dy 






i=i 



(2.1.95) 



where ti :=t — {t — r)/2, and rj is the same as in (2.1.91). 

Let us give estimates for j G {1, . . . , 6}. It follows from (2.1.89) that 

Ji < C{p{x-,x')y{t-T)~^~'^Ef'\t,x\T,(), 

0<T<t<T, {x, x', C E", {p{x; x')f'‘ <t-r. (2.1.96) 



Using (2.1.61), (2.1.80), (2.1.86), (2.1.87), and (2.1.96) we get 

tl 

J 2 < C{p{x-x')y j{t - A)-i(A - r)-i+T'/(2'’)dA 

r 

X j Ei°\t,x;X,y)Ei°\X,y;T,Oi{t - X){X - r)y^ dy 

tl 

< C{p{x-,x')y{t - r)-^-i j{X- T)-^+'>/^^’’^dXEi^\t,x-, T,0 

T 

= C{p{x-,x')nt - r)-^-i+^/(2")£(0)(t,x;T,0, 
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J 3 <C{p{x;x')y j{t- X) ^(A-r) j 

ti E" 

X £;(“) {t, x; A, 2 /)(£;<o) (A, j/; r, 0 + (A, a:; r, 0) 

V 

X ((t - A)(A - T))-^dy < C(p{x;x'))^t - t)~^ j (t - \)-^+'<E(2b) 

<Cip{x-,x')r{t-r)-^-^+^E^^^Ei^Ht,x-,T,0, 

t 

J^<C /'((^-A)(A-r))-l+^/( 26 )^^ f Ei°\t,x-,X,y) 

T) 

X Ei°\X,y,T,0{{t - A)(A - T))-^dy < C{t - r)-^-i+^/(2*>) 

X /(, - 

V 

The estimate 

Je < C{p{x-,x')rit-T)-^-^+^/^^^^Ei°\t,x-,T,0 

is proved in a similar way. 

It remains to obtain an estimate for J 4 . First we consider the integral 

J:= j Al'K{t,x-,X,y)dy. 

We have 

J= ^ Al'ak{t,x) fd^Zo{t,x;X,y)dy+ ^ ak{t,x')A^' f d^Zo{t,x-,X,y)dy 

\\k\\<2b J„ ||fe||<26 

+ X] f 9xZo{t,x;X,y)dy. 

Pil=2%n 

Using the estimates (2.1.55), (2.1.58), (2.1.59) with 70 = 7 , (2.1.56) with 70 > 7 , 
the condition Au, and the inequality (2.1.61), we find that 

I J| < C{p{x; x')y{t - + C{p{x-, x')y{t - A)-i+i/( 26 ) 

+ C(p(:c; y))^(i - A)-^-i-^»/(2'>)40)(f, :r; A, y)dj/ 

R^ 

< C{p{x;x')y {t - X)-^+'^E2b) ^ _ X)-^+h-ro)/(2b) _ 
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From this estimate and (2.1.86) we get 

Ji<cj + {p{x;x'y° 

x{t- - r)-^-i+T'/(2'>)£;(0)(A,x;r,?)rfA. 

Using the inequalities 

t-T>X-T>ti— r = {t- t)/2, a G 

V 

j(t - = (26/7)((t - _ (i _ ,,)'^/(2b)) 

= i2bh)i{t-r)/2y^(^»\ 

j{t- = (26/(7 - 7o))((^ - 77)(T'-T'“)/(2b) _ _ ij)(7-70)/(2b)) 

tl 

< (26/(7 - 7o))(i - 
= (26/(7 - 1 o)){p{x;x')y~'^% 

we obtain that 

J4 < C{p{x-,x')yit-r)-^-^+^/<-^^^Ei°\t,x;r,0- 

It follows from (2.1.95) and the above estimates of Jj, j G {1, ... ,6}, that 

(2.1.94) holds for the case {p{x;x'))‘^^ ^ {t ~ '^)/4- 

Let us prove now the estimates (2.1.82) for Z. Since the first summand in 
(2.1.84) satisfies (2.1.55), we have to obtain only the estimates for the second 
summand (2.1.85) and its derivatives.. 

We shall use the estimates (2.1.55), (2.1.58), (2.1.61), (2.1.80), (2.1.86), and 

(2.1.94) . If ||A;|| < 25, then by Property 2.7 we have 

t 

\d^W{t,x;r,^)\ <C j (i - A)-II'=H/(2'')(A - 

r 

X j Ey\t,x;X,y)EyHX,y,T,Oi{t - X){\ - T))-^dy 
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In the case \\k\\ = 26, by the same property we write the equality 



d^W{t,x;T,^) = j j d^Zo{t,x;X,y)Q{X,y;T,^)dy 

r 

t 

+ / j d^Zo{t,x-,X,y)AyQ{X,y;T,^)dy 

tl R'^ 

Zo(t, x; A, y)dy] Q{X, x; r, ^dX =: Kj (2.1.97) 

/ i-1 




where the number ti is the same as in (2.1.95). The integrals Kj are estimated as 
follows: 



tl 

I^i|<c j Ei°\t,x;X,y) 

r R^ 

X £;W(A,y;T,0((i-A)(A-T))-"dy 

t 

< C{t - j{X- r)-^+'^^^‘^'’^dXEi^'>{t,x-,T,0 



= C(1 - 

t 

\K2\ <C J dxj {t- X)-’^-'^Ei°'>{t,x-,X,y){p{x;y))'>{X-Ty^-'^ 

tl R-^ 

X {Ey{X,y\Ty) + Ey{X,x]Ty))dy < C{t-T)-^-^ 
t 

j{t- A)-i+T'/<2'>)dA£:(o)(t, x; T, 0 

tl 

= C{t - 

t 

\K3\ j{t- A)-i+^/( 2*’)(A - r)-^-i+T'/(2b)£;(0)(A,a:;r,0rfA 

tl 

= C{t - Ei°^t,x;ry). 
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Hence for W we have the estimates 

0 < r < t < T, {x,^}c II A:|| < 26. (2.1.98) 



Let us prove (2.1.83). By (2.1.56), the first summand from (2.1.84) satisfies 
the estimates (2.1.83). It remains to consider the differences of derivatives from 
W. We assume that {p{x;x'))'^^ ^ — ^)/2* ~ then the 

required estimate of the difference d^W is a, direct consequence of (2.1.98). 
Using the formula (2.1.97) we write 



A^,'d^W{t,x-r ,0 = Ai'd^,Zo{t,x-\,y)Q{X,y-T,^)dy 

T 

r] 

+ 1 dxj A^Jd^Zo{t,x-,X,y)A^^Q{X,y,T,Ody 



+ / j d^Zo{t,x;X,y)AyQ{X,y,T,^)dy 

rj R"^ 
t 

^ I I 

r) R^ 



+ 




d^Zo{t,x;X,y)dy 



Q{X,x;r,^)dX 



+ 



+ 




d^Zo{t,x;X,y)dyj 

d^,Zo{t,x';X,y)dy 



Q(A,x; T, ^)dA 

]Q(A,x';r,0rfA=:5^L„ 

/ j = l 



where the numbers U and rj are the same as in (2.1.95). 

The summand L\ is estimated with the use of the inequality (2.1.56) with 
7o = 7 and (2.1.86), the estimate is 



In order to find an estimate of L2, we use (2.1.94) and (2.1.56) with 70 = 7 
for \\k\\ < 26, and 70 > 7 for \\k\\ — 26. 
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We have 

1^21 < C{p{x-,x'))'^° jdxj (j - 

X (A - (p(a;; y)rE^°'> {t, x- A, y){E^°'> (A, y; r, + E^°'> (A, a;; r, ^))dy 

V 

< C{p{x-,x'))'>°{t - T)-^-^Ei^\t,x-,T,0 j{t- A)-(ll'=ll+T'“-T')/(2f>)^A. 

tl 



Since 



j{t- < 

tl 



C(t-fi)(l-PII)/(2b), 



ll^ll < 26, 

||fc|| - 26 , 



we get 

The integrals L 3 and L 4 are treated similarly. For example, consider L 3 . 
Using the estimates (2.1.55) and (2.1.94) we find that 

t 

\Lz\<C I dX y'(f-A)-^-ll''ll/(2b)(A-r)-'^-i(y(:r;y)r 

77 

X Ei°'>it,x-,X,y){Ei^\X,y,T,0+Ei^\X,y,T,0)dy 

t 

< C{t - T)-^-^Ei°Ht, x; r, 0 J(t- A)-("'=ll-T')/(2b)dA 

V 

< C(p{x]x')y{t - 

By the estimates (2.1.86) and (2.1.59) with 70 = 7 for ||A:|| G (0,26), and 
7o > 7 for ||A;|| = 26, arguing as for L 2 , we obtain for the case ||A:|| G (0,26] that 

ILsI < C{p{x;x')yo{t - T)-^-'^+'^/^‘^'’^Ei'^'>{t,x-,T,0 J (i - A)-("'=ll+T'‘'-'>')/(2'')dA 

tl 

If II A; II = 0, then 

\Lz\ < C{p{x-x')yit - T)~’^E^°\t,x;T,^), 
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since in this case we obtain from (2.1.56) that 

j Zo(t,x;X,y)dy < C{p{x;x')y j {t - X,y)dy 

<c{p{x-,x')r{t-x)-'^/^^’>\ 

0<X<t<T, {x,x')(Z R”, {p{x\ x')f*> <{t-X). 

It remains to consider the integrals Lq and Lj. Since the procedures are quite 
similar, we shall deal only with Lq. By (2.1.58) and (2.1.86) we find for ||A;|| G (0, 26] 
that 

t 

ILel jit- - r)-“-i+T'/(2'>)£;(0)(A,a;;r,0<iA 

= c{t - E''°\t,x-,T,i){t - 

< C{p{x-, X'))^t - ^)-M-{PI|-7)/{26)£;(0)(^^ 

If ||A;|| = 0, then by (2.1.55), 

t 

\Le\ < C{t - T)-^-^+^/^^’^^Ei^\t,x-,r,0 j dX 

V 

= Cit - r)-‘^-^+'^/^‘^'^^E^°\t,x-T,i)ipix-x')f^ 

< C{p>ix\ x')y{t - T)-^E^°'>{t, x; r, 0- 

Therefore 

x{E<^^\t,x-T,i)+E^^\t,x'-,r,0), 

0 < r < t < T, {x, x', c II Ai|| < 26. (2.1.99) 

The estimates (2.1.83) follow from the inequalities (2.1.56), (2.1.99), and the 
formula (2.1.84). □ 

Remark 1. Using the equality 

Idt- ^ akit,x)dx\z{t,x;T,^) =0, 

||fc||<26 / 

0 < T < t <T, {a;,^} C E", 



( 2 . 1 . 100 ) 
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the estimates (2.1.82), (2.1.83); and the condition A\ 2 , we obtain also the following 
estimates: 

\dtZ{t,x,-,T,^)\ < C{t - 

\Al'dtZ{t,x-,T,0\ < 

x{Ei°\t,x-r,0 + Ei°Ht,x’-,T,0), 

0<T<t<T, CR”. (2.1.101) 



Remark 2. Let N > 1, and let the equation (2.1.1) be a uniformly strongly 2b- 
parabolic system on that is there exists such a constant <5 > 0 that for any 

(t,x) € n[o,T]j cr C and a G Civi 



Ke(A{^(t,x,ia)a,a) < —6r((j)\a^, 



( 2 . 1 . 102 ) 



Ao{t,x;ia) := ^ ak{t,x){is)^ , 
m=2b 

(*, •) is the inner product in Cni, while the function r was defined in Section 2.1.2. 
Then the FSCP can be constructed without the assumption that the continuity of 
leading coefficients in t is uniform with respect to x (under all other assumptions 
of Theorem 2.2). 

Indeed, consider the system dual to (1.1.39) in the sense of the Fourier trans- 



y— - Ao(t,y,is)jv = 0. 

Let Vj be the j-th column of the normal fundamental matrix of solutions V (t,r,s‘,y) 
for this system. Then 



Re{Ao{t,y,is)Vj,Vj) = -{{Ao{t,y,is)Vj,Vj) + {Ao(t,y,is)Vj,Vj)) 



I d 



2\\dt 






- — |V,P. 
2dt' 



It follows from (2.1.102) and Lemma 2.2 that for any s = a + € C", 

Re{Ao{t,y,is)Vj,Vj) < (-(5it-((t) + Cir( 7 ))|V)|^, 



Hence 



(5i 6 (0,5), Cl > 0. 



-r:\Vj? < (-25ir(<T) +2cir(7))|Fjf , 
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so that 

\Vj{t,T,s-,y)\‘^ < exp{(-2(5ir(<7) + 2cir{'y)){t - r)}, 

whence 



\v{t, T, s\y)\< Cexp{(-^ir(<T) + cir{'y)){t - r)}, 

0<T<t<T, s € K". (2.1.103) 

Thus, the main estimate (2.1.103) heis been obtained without the assumption 
of the uniform, with respect to x, continuity in t of the coefficients. Since that as- 
sumption was needed only to obtain the estimate (2.1.103), the FSCP for strongly 
— ^ 

26-parabolic systems can be constructed without it. 

Remark 3. If, in addition to the conditions of Theorem 2.2, the coefficients of the 
equation (2.1.1) are Holder continuous in t, that is instead of the condition A \2 
the condition Ai^ is satisfied, then the FSCP Z can he constructed also in the form 

Z{t, x; T, = Zi{t, x; r, ^ + Wi{t, x; r, 0, 

t 

Wi{t,x;T,^) := fdxj Zi{t,x-,\,y)Qi{\,y;T,^)dy, 

T 

0<r<t<T, {x,C}cE^, (2.1.104) 

where Zi is a parametrix defined by the formula (2.1.81), and, by Remark 3 from 
Section 2.1.4, possessing Properties 2. 5-2. 7. The function Q\ satisfies the inequal- 
ities (2.1.86), (2.1.87), and (2.1.94). Therefore the estimates (2.1.98) and (2.1.99) 
hold for the function W\ . 

Note that in the present case the derivatives of Z are Holder continuous not 
only in x, but also in t, that is, in addition to the estimates (2.1.82), (2.1.83), and 
(2.1.101) we have the estimates 

\A^tdt°d^Z{t,x-,T,^)\ < C{t' - ()l-fco-(||fc||-7)/(26)((^ _ ^^-M-1-7/(26) 

X E^°\t,x-,T,0 + (f' 

0 < r < t < T, {x,^} C 0 < 2bko + \\k\\ < 26. (2.1.105) 

It is sufficient to prove them for the case t' — t <t — r, since \it' — t> t — r, 
then the estimates (2.1.105) are direct consequences of (2.1.82) and (2.1.101). 
Using (2.1.103) and Property 2.7, we write 

AidlZ{t,x-T,C} = 

tl 

+ j d\ j A^d^Zi{t,x; \,y)Qi{X,y,T,^)dy 

T 
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t 

+ / J d^Zi{t,x-,\,y)AlQi{X,y,T,^)dy 

ti 

t 

+ j j d’^Zi{t,x-,\,y)di^Qi{\,x\T,C)d\ 

t' 

-/c^A j d^Zi{t',x-, X,y)AlQi{\,y;T,^)dy 

t 

t' 

- j(^ j dlZi{t',x-,\y)dy^Qi{X,x-,r,i)dX, 

t R^ 

ti:={t + r)/2, 0<||A;||<26. 

The first summand satisfies the estimate (2.1.57). Using it, as well as the estimate 
(2.1.60), we find bounds for other summands, just as it was done for the summands 
Lj from the proof of Theorem 2.2. The estimate (2.1.105) for /cq = 1 is obtained 
with the use of the equality (2.1.100), the estimates (2.1.105) with ko = 0, and 
the condition Ai^. 

Note that the function Wi satisfies the estimates 

\A^t d^Wi(t,x-,T,0\ < 

X E^°'>{t,x;T,^) + (t' - T)~^~^E^°'>{t',x;T,^)), 

0<T<t<t'<T, {x,^}cK", 0<||fc||<2i). 



Corollary. The results described in Remark 3, together with Property 2.5 for the 
parametrix Zi, imply the following estimates: 





a;;T,OI 


< C{p{t, x; t 


x')r{{t - T-)-^-(PII+'^)/( 2 b)£;( 0 )(i^ 






+ {t'-ry 


_M-(P||+7)/(2b)_g;(0)^^/^^/ 








Ilfcll 


< 2fe, 


(2.1.106) 


1 d^Z(t,x; 


T, y)dy 


< C{t - r)~ 


(P||-7/(26)) 








0<||fc|| 


< 2h, 


(2.1.107) 


A{’^'j d^Z{t,x; 


r, y)dy 


< C{p{t,x;t 


',:r'))^(^-r)-ll^ll/(2^\ 




R^ 




0<||fc|| 


< 25, 


(2.1.108) 



in which Q<r<t<t'<T, and C . 
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Remark 4. Looking carefully into the proof of Theorem 2.2 and the derivation 
of the results of Remark 3, we notice that the estimates (2.1.105) with ko = 0 
remain valid if only the conditions An and A12 are satisfied. Thus the estimates 
(2.1.106) -(2.1.108) hold in this situation too. 

Remark 5. If in addition to the conditions of Theorem 2.2, the condition An is 
satisfied, then for the equation adjoint to (2.1.1); 

i^(r,^, 9 ,,aeMr, 0 =o, (T,Oen[o,T), (2.1.109) 

where was defined in {2.1.3), there exists the FSCP defined as a function 
Z*{r,^;t,x), Q < r < t <T, {^,x} C such that the formula 

w(r,0 = j Z*{T,^;t,x)(p{x)dx, (t,^) e II[o,t), 

determines a solution of the equation (2.1.109) on satisfying the condition 

u(r,0|r=t = ^eK”, 

for any t G (0,T] and an arbitrary continuous bounded function ip. This follows 
from Theorem 2.2, since the equation (2.1.109) is inversely 2b-parabolic, that is 
becomes 2b -parabolic with respect to the new independent variable — r. 

Consider some properties of the FSCP. Their proofs will be based on the 
following Green- Ostrogradsky formula obtained by integrating the equality (2.1.4): 



J dO J {v'Lnu - {L%v)'u){6,y)dy 

ti Br 



( 2 . 1 . 110 ) 



*2 „ 

= j {v'u){t2,y)dy- j {v'u){ti,y)dy + j dO J y^ B^[v,u]{e,y)y.jdSy 

Br Br tl Th ^'=1 



where ti < t2, (/ii, . . . ,/in) is a unit vector of the outer normal to the boundary 
of the ball Bji. 

Property 2.8. Assume the conditions Au,Ai2, and A14. Then the FSCPs Z and 
Z* for the equations (2.1.1) and (2.1.109) respectively satisfy the equalities 

Z*{T,^-,t,x) = Z'(t,x;T,^), (2.1.111) 

Z{t,x;T,^)= j Z{t,x-,X,y)Z{X,y;T,^)dy (2.1.112) 



where 0<r<\<t<T, {x, C 
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The equality (2.1.111) means the property of normality of the FSCP, while 
the equality (2.1.112) is called the convolution formula. 

Proof. The formula (2.1.111) is obtained if we put in the formula (2.1.110) ti=r-\- 
e, t 2 = T — e, where £ is a sufficiently small positive number, u{6, y) = Z{6, y; r, ^), 
v{9,y) = Z*{0^y;t^x)^ and pass to the limit first as R ^ oo^ and then as £ ^ 0. 
Here we use the estimates (2.1.82) and similar estimates for Z*. The equality 
(2.1.112) is proved similarly, only instead of ti in the formula (2.1.110) we take A 
and use the formula (2.1.111). □ 

2.1.6. The fundamental solution and the Green matrix of the Cauchy problem for 
an equation of an arbitrary order in the time variable. Results similar to those of 
Sections 2. 1.1-2. 1.5 are valid also for a general 26 -parabolic equation 

LN{t,x,dt,dx)u{t,x) = f{t,x), G IT(o,t], ( 2 . 1 . 113 ) 

where the elements L nji of the matrix differential expression L n are of the form 

LNji{t,x,dt,d^):=djidt^ - 

2bko + \\k\\<2bri 
(ko<ri) 



The next theorem deals with the existence and estimates of the FSCP for 
such an equation. 

Theorem 2.3. Let the equation (2.1.113) be uniformly 2b -parabolic in the layer 
n[o,T]? the coefficients be bounded, continuous in t (for > 1 the continuity 
in t with 2hA)o + ||A^|| = 2bri is assumed to be uniform inx ^ and Holder 

continuous in x uniformly with respect to t with the exponent 7 G ( 0 , 1 ) on H[o,t]' 
Then there exists a FSCP, a matrix Z whose elements {i,l} c N}, 

satisfy the estimates 



\A^Jd'^°d^Zji{t,x-T,^)\ < C(p{x-x')y{t - TY^-'^-M-ko-im+^)/i2b) 

x{Ei<^'>{t,x-,T,0+Ei°\t,x'-,T,0), 

0 < T < t <T, {x,x',^} C 2bko + ||A:|| < 2brj, 

where C and c are positive constants depending on the same parameters as the 
constants of Theorem 2.2. 



Proof. The scheme of the proof is the same as in Theorem 2.2. First we consider 
the case, in which the coefficients do not depend on a;. In this case we obtain 
a theorem, similar to Theorem 2.1, about a complete analytic description of the 
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FSCP defined by the formulas (2.1.15) and (2.1.16), in which P is a solution of 
the following Cauchy problem for an ordinary differential equation: 



LN\t,—,ia\V = 0 , 






Vji 



dsTjdjl, 

t=T 



sG{l,...,r,}, {j,/}c{l,...,iV}, 



where Vji are elements of the matrix V. The function V is studied by the techniques 
used in Section 2.1.2 for a first order equation in t, and in [45] for a general 
equation, parabolic in the sense of Petrovsky. 

After that we investigate properties of the FSCP for the equation 



LN{t,y,dt,dx)u = 0 , 



whose coefficients depend on t and the parameter y G That is done just as in 
Section 2.1.3. This investigation is basic for studying properties of the parametrix 
and implementing the Levi method. We take as a parametrix the function (1.1.43) 
where Go(*,*; v5 2/) is the FSCP for the equation L%{t,y,dt,dx)u = 0, in which 
is a matrix differential expression with the elements 









2bko-{-\\k\\=2bri 

(ko<ri) 



□ 



Let us consider the Cauchy problem for the equation (2.1.113) with the initial 
conditions (1.1.20). Proceeding from the definition and properties of the FSCP Z 
in the same way as for the case of general Petrovsky parabolic equations [45, 52], 
we can prove that for any sufficiently smooth functions fi and , I G {1, . . . , A}, 
with compact supports, the components of the solution u := (i^i, . . . ^un)' of the 
problem (1.1.20), (2.1.113) with / := (/i, . . . ,/w)' and = 0, s G {1, . . . , r; - 1}, 
I G iV}, can be represented as 



L=1 \ 0 E"^ ^ 

(t,x)Gn(o,T], je{i,...,iv}. (2.1.114) 

Solutions of the Cauchy problem with general initial conditions are repre- 
sented with the use of the Green matrix of the Cauchy problem. 

Definition 2.2. The Green matrix of the Cauchy problem (1.1.20), (2.1.113) is the 
matrix 






Gt := {Gtj.) 



N,n 

J = l,s=l’ 



G (Go, Gi, . . . , Gat), Gq 
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such that the components of the solution u of this problem, for arbitrary sufficiently 
smooth functions fi and s ^ {1, . . . ,ri}, I G with compact supports, 

can be represented as 



1=1 V n l/n S=Onn / 



(t, G ri(o,T]5 i c {1, . . . , A/^}. 



(2.1.115) 



Under some additional (compared to Theorem 2.3) assumptions on the co- 
efficients of the equation (2.1.113) we obtain the following result on the existence 
and structure of the Green matrix. 



Theorem 2.4. Suppose that the conditions of Theorem 2.3 are satisfied and, in 
addition, the coefficients of the equation (2.1.113) have, on the layer l^he 

bounded, continuous in t, and Holder continuous in x, uniformly with respect to t, 
derivatives 26A;o + 1| A:|| < 2bri, {j, /} C {1, . . . , A^}. Then there exists the 

Green matrix of the Cauchy problem for the equation (2.1.113); whose elements are 
expressed via elements of the FSCP Z and coefficients of the equation as follows: 



Goji{t,x\r,i) = Zji{t,x',T,^), 

N / 

Gijs{t,x-0 =Y,\5i^{-d0r-^Zjp{t,x-l3,i) 

P=1 \ 



- e{n -s-i) Y. X- p, 0<+.)fc(/3. 0) 

2bko-\-\\k\\<2b{ri-s) 

(ko<ri-s) 



( 3=0 



0<T<t<T, {x,^}cK", s e 



(2.1.116) 



where 6 is the Heavyside function. 

Proof. We give only a scheme of the proof. For the detailed proof see [109]. We 
reduce the problem (1.1.20), (2.1.113) to the problem with the zero initial data. 
In order to do that, consider the functions 



Ujh{t,x) :=C{t/h)uj{t,x), (i,x) e II( 0 ,r|, j e {1, . . . , A^}, 

where A is a number from (0, T), ^ is a sufficiently smooth function on [0, oo), such 
that C = 0 on [0, 1/2], and C = 1 on [1, oo). Since the functions Uj, j G {1, . . . , AT}, 
are components of the solution of the problem (1.1.20), (2.1.113), for Ujh^ j G 
{1, . . . , AT}, we obtain the following problem with the zero initial data: 

N 

ji{t, x,dt,dx)'^ih{t-,x^ — fjh{t,x^, {t,x^ G n^Q j-j, 

i=i 

dl~^Ujh{t,x)\t=o=Q, xeW', s G rj}, j G {1, . . . , AT}, 
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where 

N 

fjh{t,x) := ({t/h)fj{t,x) +'^{LNji{t,x,dt,dj;){C{t/h)ui{t,x)) 

1 = 1 

- (!;{t/h)LMji{t, X, dt, d^)ui{t, x)). 

By (2.1.114), we have the equalities 

N ^ 

Ujh{t,x) = s/ dr J (t,x) G j C {1, . . . , iV}. 

for components of the solution of this problem. If we fix an arbitrary point (t, x) 
inside the layer II(o,t]? assume that h G (0, t), and peiss to the limit as > 0, we 
obtain the formulas (2.1.115), in which the kernels of the integrals are given by 
the equalities (2.1.116). □ 

2.2 Cauchy problem for equations with boxmded coefficients 

2.2.1. Function spaces. We begin with the definition of function spaces for the 
Cauchy problem for the equation (2.1.1) with bounded coefficients. As we noted 
in Section 1.1.3, for such an equation it is natural to consider the spaces of func- 
tions which increase rapidly as \x\ oo, with the growth type determined by 
the vector-function k{t,a) (A:i(t, ai), . . . , /Cn(i, «n)), t C [0, T] where the func- 
tions kj^ j G {l,...,n}, are defined by the formulcis (1.1.34). There we assume 
Co, Ui, . . . , Un to be fixed numbers, such that Cq G (0, c), aj > 0, j G {1, . . . , n}, 

T < min (co/aj)^^^“^/2, where c is the smallest of the constants c in the 
je{i,...,n} 

estimates (2.1.82), (2.1.83), and (2.1.106); a := (ai, . . . , a^)- 
Let us introduce the following weight functions: 

:= G r[[o,r], i^g{-1,1}. (2.2.1) 

The behaviour of functions from the spaces defined below, as |x| — ^ oo, will be 
described by the function ^ i . 

Note that the functions kj, j G {1, . . . ,n}, are the functions defined by the 
formula (1.3.18), with 0, 1/(26^), and aj substituted for j, j3^ and a respectively. 
Therefore, by the definition, the equality from (1.3.19), and Lemma 1.4, these 
functions possess the following properties: 

fc(0, a) — a, 

kj{t-T,kj{r,aj)) = kj{t,aj), j G {l,...,n}, 

< ’ifi(t,x), 

0 < T < t <T, C R". 



( 2 . 2 . 2 ) 

(2.2.3) 

(2.2.4) 
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Recall that the function E^cq was defined in (2.1.40). 

Below we assume that p is a number from the interval [1, oo) or p = oo, A is 
a number from (0,1), m is a number from Nu{0}, and a is the vector from (2.2.2). 
We use the following spaces of functions: 



(f : ^ Cni, 


(2.2.5) 


: Bn ^ 


(2.2.6) 


• '^[0,T] CiVl, 


(2.2.7) 


n(0,T] 


(2.2.8) 



where Bn is the a-algebra of Borel sets in 

Lp and the spaces of the Lebesgue measurable functions (2.2.5) 

with finite norms 

M; := ||^(•)'E--l(0,■)|U,(R-*) and := ||^(-)^i(T, 

respectively, where Lp(M^) is the Lebesgue Lp-space of functions (2.2.5); 

the space of cr-additive set functions (2.2.6) (generalized Borel measures 
on E^) satisfying the condition 

11 ^ 11 “:= j < 5 i_i{ 0 ,x)d\n\{x) < oo, 



where is the full variation of /x; 

^-fc(T,a)^ the space of continuous functions (2.2.5), with the property 

|a:|^oo 

(for (f € we set ||<^||o := sup (|<p(x)|«'i(T, a:))); 

Cq 0 ^0 A’ space of continuous functions (2.2.5), for which the norms 

ll<^llo.o and ||<p||“ := ||(p||g_o + {<f)f respectively are finite. Here 



lkllo,o := sup(|v3(a;)|^'-i(0,a;)),(93)^ 



sup 






x^x' 

Q and the space of functions (2.2.5) with the continuous derivatives 
11^ II ^ ^5 and the finite respective norms 

E and 11^111,,:= E W^i^pfoX^ 

||/||<m IKII<'^ 
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Cq o’o^ ^o,o’a^ ^0 a 7(26) A’ spaces of continuous functions (2.2.7) with 



the finite respective norms 



llo,o’,o^ := sup (|u(t,x)|4'_i(t,x)), llwllS^A := ||w|lS,o’,o^ + 

(t,x)GlIfo,T] 



l|/e(-,a) 



\/e(-,a) 



and 

where 



(u)f := 



k{-,a) 



{(t,x),(iT}cn[o.Ti J ’ 

x^x' 



/ IAfu(t,x)l 



(t,x)^{t' ,x') 

^mAO’ ^m o^h A/( 26 ) A’ spaces of functions (2.2.7) with the con- 

tinuous derivatives d^u, ||/|| < m, and the finite respective norms 

:= E ii«iiS;5 E ii^^iio,o5> 



K':'u{t,x)\ 



||/||<m 



l|Zl|<m 



and ll'^ll J^a/( 26 ),a II^^^IIo,a 



||/||<m 



0,A/(26),A’ 



(7q and Cq a spaces of continuous functions (2.2.8), for which the 



^k(- ,a) 



numbers \\u{t, OIIo'^a^^ ^ ^ (0,7"], respectively, and the 

X ^ T 

ll«llo,o’ ^ ■= j l|w|lo,A ^ '■= j lh(i.-)lluA’“^‘^^- 



\\k(t,a) 



norms 



where 



Mt, := IKi. + Ht, -))f 









= sup 



|A*'u(t,x)| 



x^x' 



are finite. 




100 



Chapter 2. Parabolic Equations of a Quasi- Homogeneous Structure 






, the space of functions (2.2.8) belonging, together with the derivatives 



||/|| < m, to the space Co,o’^^ 



thus having the finite norm 






X — ^ — k{-,d) 

||/||<m 



and 0 < A < 7 < 1 , the spaces of functions (2.2.7) and (2.2.8) 
respectively, possessing the derivatives d^u, ||^|| < 26, which belong to the spaces 

^ 0 ^ 7 ( 26 ) 7 ^ 0 , 7 ’^^ respectively, if ||/|| < 26, and to the spaces CQ^x^^ 2 b) x 

if ||/|| = 26. The norms are defined by the equalities 

I 1/1 K 26 ||/||=26 

||(||<26 ||;||=26 
note that = C^lX/( 2 b).x- 

In the above expressions for norms p{x;x') and p{t,x;t',x') denote the dis- 
tances defined by the formulas (2.1.2). 

Apart from the above norms, we shall use also the following norms for the 
Lebesgue measurable in x functions (2.2.8): 

te{0,T], pe[l,oo]. 



2.2.2. Properties of the Poisson integrals. Consider some properties of the Poisson 
integrals generated by the FSCP for the equation (2.1.1) according to (1.1.24) and 
(1.1.25). We assume the conditions of Theorem 2.2, so that for the equation (2.1.1) 
there exists the FSCP Z, with the properties described in Section 2.1.5. 

Let us study the Poisson integral 

u{t,x) := (Pif){t,x) := j Z{t,x-,0,0<p{Od^, (^, a;) € II(o,t] , (2.2.9) 

of a function (/?, and the Poisson integral 

uo(t,x) := {PiJ,){t,x) := j Z{t,x;0,^)dn{^), (t, a;) € II(o,t] • (2.2.10) 



of a generalized measure /i. 

The proofs of the lemmais below employ systematically the estimates (2.1.82), 
for Z, the inequality (2.2.4), and the equality (2.1.46). Therefore we shall not 
mention their use each time. 
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Lemma 2.4. If ^ ^ function (2.2.9) has the following properties: 

1) there exists such a constant C > 0 that for any t G (0,T] and I G I 

ll^ll < 26 , 



+’ 



0Mt, ( 2 . 2 . 11 ) 

2) for any compact set K cR^, 

u{t,x) uniformly with respect to x e K. (2.2.12) 

Proof 1) For {t,x) G n(o,r]) we have 



= ||/||<26, 

which implies the estimates (2.2.11). 

2) First we prove that, uniformly with respect to x G 



j Z{t,x-Md^^^I. (2.2.13) 



By (1.1.41) and (2.1.84) we have 
j Z{t,x;0,^)d^ = J Go{t,x-0,^;x)d^ + J A^Go{t,x;0,^;y) 









y=^ 



+ 



r 3 

/ W{t,x;0,m (2.2.14) 

i j=i 



Using Properties 2.2 and 2.4, the inequalities (2.1.61) and (2.1.98) we find that 
Ii{t,x) - — uniformly w.r.t. x eR^; (2.2.15) 

\h{t,x)\ <C j t-^{p{x-i)yE'^\t,x-,Q,0<i^ 

R^ 

< / r^Ef^{t,x-,Q,^)di = ^ 0 , 

R" 

xeK”, ci€(0,c); 



(2.2.16) 
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|/3(t,x)| < J r^Ei°'>{t,x;0,^)d^ = ^0, 

R" 

X e M”. (2.2.17) 



(2.2.14)-(2.2.17) imply (2.2.13). 

Due to (2.2.13), in order to prove (2.2.12), it suffices to show that the function 
v{t,x) := j Z{t,x;0,^)A^ip{^)d4, {t,x) £ n(o,T], 



is such that 



v{t^x) — ^ 0 uniformly with respect to x ^ K, 

that is for any ^ > 0 there exists such a J G (0, T) that for any t G (0, and 
xeK 

\v{t,x)\ < e. (2.2.18) 

Let K' be such a compact set in R'^ that K C K'^ and e > 0 be a given 
number. Due to the uniform continuity of the function (p on for any > 0 
there exists such rj > 0 that for all x G K and ^ G B{x,rj), 

(2-2.19) 

Represent v{t^x) as 

v{t,x)= J Z{t,x;0,^AI^{Od^+ J Z{t,x;0,OAI^{Od^ 

and use the inequalities (2.1.47) and (2.2.19). Then 

\v{t,x)\<Cei jt-^Ei°\t,x-,0,Od^ + C j {E^fX^{t,x-,0,O 

R^\B(x,r]) 

x{E(^Ht,x;0,O^i(.0,O)MO\^-i{0,^)) 

+ x; 0, 0^i(0; a;)(|y>(a;)|4'_i (0, x))) 

< Ci£i + Co||¥3||J5,o^i(*>a:)exp{-cif^~''''?/«'} 

< Ciei + Co||¥’||o,o^oexp{-cif^"'«"r?'?'}, 

where ci := (c — cq)/2, := max^i(T, x). 

x£K 

Let the number > 0 be such that CiSi < e/2, and let rj correspond to it 
in accordance with (2.2.19). Choose a small number (5 > 0 in such a way that for 
alHG (0,J), 

Co||<^||o,o^oexp{-cif^“«"?7«'} < e/2. 

Then we obtain the required inequality (2.2.18). □ 
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Lemma 2.5. Let ip G L^, p G [l,oo]. Then the function (2.2.9) has the following 
properties: 

1) there exists such a constant C > 0 that for any t G (0,T] and I e 

INI < 26 , 

\\dlu{t, Ollf < Cl|^||“VII'll/(2^); (2.2.20) 

2) 'If P C [1, oo); then 

l^JWi,-)-v(-)llf’"^=0, (2.2.21) 

while for p = oo u{t, •) (/?(•), that is for any '0 C 

lim j 'ilj'{x)u{t,x)dx = j 'i{^'{x)(p{x)dx, (2.2.22) 

where, as usual, the dash means taking the conjugate matrix while the bar 
denotes the complex conjugation. 

Proof. 1) Below I is a multi-index with ||/|| < 26. Consider first the case p = oo. 
For {t,x) G 11(0, T] 5 we have 

\dlu{t,x)\ 

E^ 



which implies the estimates (2.2.20) for p = oo. 

If p G (1, oo), then using the Holder inequality we obtain that 

Nx«(^.a;)l 



< ct 



<cr 



M-m/(2b) I (0, x; 0, 04-1 (0, 0)Ei\{t, x; 0, 

E^ 



^ i/p 



\mn 



1/p' 



cr 






{t, x) e 11(0, T] • Here p' =p/(p-l). 
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It follows that 






'R" 'R" 



Cf 






E\ 



(0) 

(c-co)/2 



^dxjd^j 



J 

\ i/p 



CyfHW\/{2b)^ ie(0,T]. 



Similarly, if p = 1, then 
\dl.u{t,x)\ 



< Ct 



whence 



I MO\^.,{0,O)Ei%^{t,x-,0,Od4, {t,x) e 0 ( 0 , T], 



<c'i-ii'ii/<2^)y’(b(OI^-i(0,e))( J Ei%^{t,x-,o,ot-^dxy^ 

j^n \j^n / 

= te{o,T]. 

2) Let p G [l,oo). We have to prove that for any e > 0 there exists such 
S e (0,T) that for all t e (0,(5), 

||(P^)(i, •)-¥’(■) 11?*’“^ <£• (2.2.23) 

For R> 0, consider the function defined by the equalities 






0, x£R^\Br, 



(2.2.24) 



where Bn B{0,R). We have 



\\{p<p){t , .) - ¥>(.)iif < \m<p - ^(«>))(^, .)ii^"(*'“> 

te(Q,T]. (2.2.25) 
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By (2.2.20), 

II (p(<p - (t, Ollf’") < C\\<f - t € (0,r|. (2.2.26) 

The inequalities (2.2.25) and (2.2.26) imply the inequality 

\\{P^){t, •) - v^(-)llf < (C + 1)11^ - ^(«)||“ + ||(P^(^))(t, •) - <^('*)(-)ll?’“\ 

te(o,T|. 



Let £ > 0 be a given number. Choose i? > 0 in such a way that 

^ j (|<^(a;)|^'_i(0,a;))Pda;^ < £/(2(C7 + 1)). 



-\Br 



Since 

||(V«))(t,.) -^(^)(0ll?‘’“^ < ll(J^^^^^)(i,-) =: 

(2.2.23) will be proved if we prove the existence of such a 5 G (0)^)> that for any 
t£{0,6), 

Ji/P < e/2. (2.2.27) 

Represent J as J = J\ + J 2 where 



Ji 



j J 

^'^\B2R Br 



\P 

dx^ 



J2-= / f - ip^^\x) 

B2R Br 



p 

dx. 



Note that for any ci > 0, i G (0, 1], x G \ B 2 R and ^ G Br, 

Ei°'>{t,x-,0,0 < expi-cim'p-o"}. (2.2.28) 

This inequality follows from the definition (2.1.40) of the function Ec^\ and the 
inequalities 



1=1 









i=i 

(?(a;;0) - 9 (^; 0 ))«' > t^-^"{2R-Ry' = R^'p-'^". 



We used the definition (2.1.2) of the distance q and its properties. 
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that 



If p = 1, using the inequality (2.2.28) with ci = c — cq, we obtain for i < 1 

Ji<c f ( f 

R"\B2R ^Br ' 



c 



Br 

< Ce: 






x;0,0i ^dx\d^ 



'R"\B2B 



•xp{-{c-co)R^'t^ «"} j j E^J^\t,x]0,Ot “dxjc;^ 

j^n \|jn / 

= C||^(^)|U,(K») exp{-(c - (2.2.29) 

If p > 1, we use the Holder inequality and the inequality (2.2.28) with ci = 
(c ~ co)/2. For t e (0, 1] and x eR^\ B 2 R, we find that 

J Z{t,x-, 0 , 0 ‘fi^^HOdi 

Br 

<C J 

Br 

^Br ' 

r 

J (OI"<leo)p/2 (i. 0, 0 t-^d 4 j 

Br 

r 

J exp{-(c-co)i?«'t'-‘'72}, 



< c 



'd^ 

lip 



<c 



1/p 



= c 



whence 



Ji<c I [ 

R"\B2B ^Br ' 
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X exp{-(c - co)pR^ ^ /2} 

< exp{-(c - co)pRH^-'^" /2}, t € (0, 1], (2.2.30) 

Let us estimate Ja- Let be the averaging for the function [214]. It 
follows from properties of the averaging that 

(2.2.31) 

Since is an infinitely differentiable function with a compact support, we find, 
due to (2.2.12), that for a fixed h > 0, uniformly with respect to x G B 2 R, 




Repeating for the first summand the estimates similar to the ones carried out in 
the proof of the estimates (2.2.20), and using the relations (2.2.31) and (2.2.32), 
we come to the existence of such a constant (^2 > 0 that for any t G ( 0 , (^ 2)5 

J 2 < (l/2)(^/2)^. (2.2.33) 

The inequalities (2.2.29) and (2.2.30) imply the existence of such a (5i > 0 
that for all t G (0, (^ 1 ), 

Ji < (l/2)(e/2)^. 

Together with (2.2.33) this shows that for all t G (0,5), S := min(5i,52), the 
inequality (2.2.27) holds. Hence, we have proved (2.2.21). 

Let us prove (2.2.22). Note first of all that the integrals from (2.2.22) 

make sense for any (f G G and t G (0,T], since by (2.2.20), 

^ h)r any t G (0,T], if G Indeed, since ^i(0,x) < ^(t, x) < 
^i(T, x), t G (0,T], we have 

J (x)u{t, x)dx < j (|V^(x)|^i(T,x))(|u(^,x)|^_i(t,x))dx 
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j 7p'{x)ip{x)dx < j (|V’(x)|^'i(T,a;))(|(^(a:)|«'_i(0,a:))rfa: 
Due to (2.2.9), in order to prove (2.2.22), it suffices to show that 






j{t,^):= I Z'{t, X-, 0, 0^{x)dx, {t, 0 e n(0,T] . (2.2.34) 



Since ip e we find that 



(u(i,0 < 



and (2.2.22) will be proved if we prove that 






J \v{t, 0 - (0, m ^ 0. (2.2.35) 



Consider the functions 

:= cok,{T,aj){cl'’>-^ + j € {!,..., n}, 

l{t,a) := t>0, (2.2.36) 

and also, by analogy with (2.2.1), the weight functions 



:=expYY^^lj{t,aj^^^^ t > 0, ^ G z/G{-1,1}. (2.2.37) 

Since aj < /cj(T, Uj), j € {1, . . . , n}, there exists such a 7 > 0 that for all t G [0, 7 ), 

% ^ ^i(^j %) — ^j)') J C {1, . . . , 77-} , 

hence also the inequalities 

^ 1 ( 0,0 < ^ ^ (2.2.38) 
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Therefore, to prove (2.2.35) it is sufficient to show that for any e > 0 there exists 
such a G ( 0 , 7 ) that for all t € (0,<5), 



\\v{t, •) - ■■= Ht, •) - Olk.rR-) < e. 



(2.2.39) 



The proof of (2.2.39) is similar to the one for the inequality (2.2.23). Just 
as it was done there, we introduce, for R > 0, a. function by the equalities 
(2.2.24), with 'll; substituted for cp. For t G ( 0 , 7 ), we obtain that 



i;(«, •)-?/'(•) Ill < II / - ip‘'^^){x)dx 






(2.2.40) 



Let us give an estimate for Ki. We have 



Z'{t,x;0,^){'4’ — ip^^^){x)dx 






< C'J'-i 



{t,0 y'Clo(*.^;0,0(|(V’-V-'''^)Wl^i(T,x))rt:r, (2.2.41) 



due to the inequality 

E^^^{t,x-,0,O'^~iiT,x)<^.iit,O, t>0, {a;,e}C 

proved just as (2.2.4). It follows from (2.2.40) that 



(2.2.42) 



Ki < CU - t € (0,7). (2.2.43) 

By the inequalities (2.2.38), K3 < \\ip — t € ( 0 , 7 ), so that 

+ i^3 < (C + IW - t e ( 0 , 7 ). 

e 

llV’-V’^^^lir^^^’“^ = [ |V’(a;)|4'i(T,a:)da: 0 , 

J R^oo 
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we get 

te(0,7). (2.2.44) 

R^oo 

Consider the expression K 2 . We rewrite it as 

K2= j j Z'{t,x;0,^)ij^^^x)dx 

K"\B2R R" 

+ f f Z'{t,x■0,Oi’^^^{x)dx-^p(^\^) 4>,{t,Od4 

B2R M" 

=:K[+K;. 

The inequality 

f Z'{t,x;0,^)ip^^'>{x)dx < 

R- 1 

which is proved just as (2. 2. 43), implies 

te(0,7). (2.2.45) 

R—^oo 

For K '2 we have 

K '2 < f f Z'{t,x;0,^)ip^^\x)dx d4. 

B2R R" 

The arguments similar to those for J 2 show that K 2 — ^ 0, i? > 0. Together with 

(2.2.29), (2.2.44), (2.2.45) this implies the inequality (2.2.39). □ 

Lemma 2.6. ///x G M®, then the function (2.2.10) has the following properties: 

1) there exists such a constant C > 0 that for any t G (0,T] and I G 

Pll < ‘2b, 

\\dlu{t, •)||?‘’“^ < Cll^fr (2.2.46) 

2) u{t, •) that is, for any ip € 

lim J ip'{x)u{t,x)dx = J ip'{x)dp,{x). 

R^ 



(2.2.47) 
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Proof. 1) For / G Z^, ||/|| < 26, and {t,x) G we have 



whence 



< Ci- "'11/(2'') y f j Ei%^{t,x-0,Ot-^dxU_^{0,Od\f,m 

\j^n / 

= C||At|rr"'"/(2'’), fe(o,T], ||/||<26. 



2 ) The integrals from (2.2.47) make sense for any ip £ Cq fj, g M“, and 
t G (0,T]. Indeed, using (2.2.46) we find that 



< /(|v,(x)|».(r,x))(|.«,x)H._.(,,x))* 



< 






< 00 , 

j ip'{x)dp.{x) < j (|^(a;)|«'i(r,a;))«'_i( 0 ,a;)d|/i|(a;) < ||V'||o 

R^ 

By virtue of the formula (2.2.10) we obtain that 



fc(T,a) I 



ir < 00. 



J ip'{x)u{t,x)dx — J ip'{x)dfj,{x) 

S'* K" 






where v is the function (2.2.34). Therefore it suffices to prove that 

•) - := ll(^(i, ■) - i’miit, OllL.dJ") ^0, 



(2.2.48) 



where the functions I and were defined in (2.2.36) and (2.2.37). 

Suppose that R > 0, 9 r is a, function from the space C^(M^), such that 
0 < < 1 on Or = 1 on Bri^, and Or = 0 onR^ \ Br. Set 'ipR := Or'i/j. For 

t G (0, 7 ) we have 






j Z'{t, x; 0,Oi'<P - 'fpR){x)dx 
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+ / Z'{t, x; 0, i)i)R{x)dx - + 



-i{t^d) 



Just as in the proof of the inequality (2.2.41), we obtain that 



(2.2.49) 



- 'ipR){x)dx 






which implies the inequality Li < C'llV' - t e ( 0 , 7 ). Due to the 

inequalities (2.2.38), L 3 < \\ip — so that Li + L 3 < (C + 1)11^^ — 

iPrW'^^^’‘"\ t e ( 0 , 7 ). Since 



we get 



\i’ - i’RWj^'^’^^ < sup (|^(a:)|^'i(T,a;)) 0 , 

x€R"\Br/2 



Li + L 3 - — » 0 , t € ( 0 , 7 ). 

R — >-oo 



(2.2.50) 



Z ,2 < sup Z'{t,x;Q,^)ipR(x)dx 

^6R"\B2b V J 



+ Co sup Z'{t,x;0,^)'iljR{x)dx =:L2 + -^2> 
^€B2r J 



where Co exp{ max kj{T,aj){2Ry }, because, due to (2.2.38), 

< ^i(r ,0 < exp{ max kj{T,aj){q{^;0)y' } 

< Co, t E (0,7), ^ G B2R. 

Using the inequalities (2.2.28) and (2.2.42) we find that 

L 2 < sup [C f Ei\it,x;Q,O{Ei°Ht,x;0,O^-,{T,x)) 



x{\7PR{x)\'^iiT,x))r^dx4>i(t,0 



(2.2.51) 
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<C||V’||^"^^’“^exp{-(c-co)i?’'f'-«"/2}^-^0, i^>0. (2.2.52) 

Since x/jr is a bounded and continuous function, we prove, as in the proof of 
(2.2.12) that 

L2^0, R>0. (2.2.53) 

The required relation (2.2.48) follows from (2.2.49)”^(2.2.53). 

Remark. The functions (2.2.9) and (2.2.10), for any fixed ip and p from the spaces 
Cq q, Lp, p G [l,oo], and respectively, are solutions of the equation (2.1.1) 
with f — 0. This is proved using properties of the FSCP, just as in the proof of 
Theorem 2.1. 

2.2.3. Lemmas about integrals similar to derivatives of volume potentials. The 

proofs of theorems about the correct solvability of the Cauchy problem for the 
equation (2.1.1) will be based on properties of volume potentials generated by 
the corresponding FSCPs. Before turning to these properties, we give some lem- 
mas about integrals similar to derivatives of volume potentials, which are also of 
independent interest. 

We shall consider integrals of the form 

t 

u{t,x) := J dr j K{t,x-,T,^)f{T,^)d^, (i, a;) 6 II(o,t] • (2.2.54) 

0 

First we consider the kernel 



K{t, x‘,T,^):=Ko{t-T,x-^), 0<r<t<T, {x, C (2.2.55) 

with the properties of derivatives of the FSCP G for the equation (2.1.5) with 
constant coefficients. 

Let us describe properties of the function Kq. We assume the representation 
Ko{t,x) = r'^-‘'nixt), t>0, xgM", (2.2.56) 

n 

where, as before, M = ^(l/(25j)), Xt = . . . , C (0, 1], 

7=1 

the function Q. : Cnn continuous and satisfies the following conditions 

(with certain constants C > 0, c > 0, and 70 G (0, 1]): 
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and for any {x^x'} C 



\0,{x)\ < Cexp< I 






3 = 1 



\Al'n{x)\ < C(p(x;x')r° (expi -c^\xj\^^ i +expJ -c^|x'-| 



3=1 






(2.2.58) 

(2.2.59) 



For 13 = 1, the integral (2.2.54) with the above kernel is understood as the 

limit 



t—h 

Im / -r,x- ^)/(r, ^)d^, 

0 



existing for an appropriate / due to (2.2.57). 

We describe properties of the integral (2.2.54) stating that the function u 
belongs to an appropriate space, depending on a space to which / belongs. In 

particular, we use the spaces a’ 7 ( 26 ) A’ defined in 

Section 2.2.1. Note that the constant cq in the expression for the function ^(*,a) 
will be a fixed positive constant, smaller than the constant c from the estimates 
(2.2.58) and (2.2.59). 

We have the following estimates for the function Kq: 



\Ko{t-T,x-^)\<C(t-T) ^ ''E^^\t,x]T,i), (2.2.60) 

\AKo\ < Crp2°{t - _ r)~^- Ei°\t,x-,r,0 

Cl G (co,c), T<t<t\ {x,x'}cE’^, (2.2.61) 

where 

A/^o := A* K(i{t-T,x-i), po := p{t, x; t' , x'). (2.2.62) 

Indeed, the equality (2.2.56), the estimate (2.2.58), and the definition (2.1.40) 
of the function imply the estimate (2.2.60) directly; the latter implies the 
estimate (2.2.61) for the case where >t — r. 

Suppose that p^ <t — r. By (2.2.56) and (2.2.58), we have 



\AKo\ < Af (t - r)-^-^\n{{x - Ot-r)| + {t' - r)-^-^\An\ 

< C{t' r)-^-"-^E;(0)(t,x;r,O + {t' - r)-^-"|AQ| 

< Cp^Q%t - + {t' - r)-^-"|AQ|. (2.2.63) 
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Let us give an estimate for AO. Using (2.2.59) we find that 

I Ani {t, x; r, 0 + (t', x'; r, 0)"' 

< C{p{{x - Ot-r; {x' - 

+ {f - 

< Cpl\t - r)-T'°/(2*>)(l + {i' - t)-t'«/(2'’)(p(x';0)'''’)- 

Together with the inequality (2.1.61), this gives the required estimate of Ail. The 
latter estimate and the estimate (2.2.63) imply (2.2.61) for this case. 

Lemma 2.7. The integral (2.2.54), with the kernel K satisfying (2.2.55) -(2.2.59), 
has the following properties: 

1 ) if 1 - 1 /- 7o/(2b) >0 and f & C'|^o,o^ u € 

ll«ll?wU,7o ^ ^ll/lloko^ (2-2-64) 

2) if f G a e (0, 1), then forl-u- (70 - A)/(26) > 0 w € Co_^^;^/|26),7o> 

and 

lkllo!75U.7o^^«/))?’"^ (2.2.65) 

while for 1 — 1/ — (70 — \)/(2b) <0 u G \’ 

ll«ll&A26),A<^ «/))?■’“'■ (2-2.66) 

Proof We shall use the inequalities (2.2.4), (2.2.60), (2.2.61), and the equality 
(2.1.46). 

1) We have for (t,x) G 11(0 , t] that 

t 

|M(t,x)| <C j{t- T)-''dT j{t- t)-^ E f}^{i,x\T,i) 

0 

X (eW ( f, x; T, 0^1 (r, 0)i\f{r, 0)d^ 

t 

< C||/||o,o,o^4'i(i,x) j(t - T)-^dr = C||/||o|o;o^^i(f,x)i^“'^, (2.2.67) 

0 

whence 

ll«llok? ^ C\\f\&f- (2-2.68) 

Let {t^x), {t',x') be arbitrary points of the layer II(o,t]? with t <t'^ and let 
Po be the distance (2.2.62) between them. Consider the difference A^ u. 
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If Po^ > then due to (2.2.67) and the fact that 1 — z/ — 7 o/( 26 ) > 0, we have 
\Alfu{t,x)\ < ,x% (2.2.69) 



For the case where Pq < t we get 

t 

< [ dr f \Alj^ Ko(t - T,x - ^)\\f{T,i)\d^ 



+ dr \Ko{t' -T,x' -^)\\f{T,^)\d^ 






^ 0 

J dT J {i' -T)~^~''Ef}^^{t' ,x'\T,i)di 



t R^ 



< 



/ t I 

C\\ft^^{^,{t,x) + ^^{t\x'))L^^^ J {t'-r)- 



'dr 



< C||/||ok?Po“ X + {f - t)l— 70 /( 26 )) 

< C||/||o7:oVr('*'i(i>^) + (2.2.70) 

It follows from (2.2.69) and (2.2.70) that 



((«)) 7 ’"^ < c\\f\\%f, 

which, together with (2.2.68), implies the estimate (2.2.64). 

2) By virtue of the condition (2.2.57) we can rewrite the integral (2.2.54) as 

t 

u{t,x)= J dr j Ko{t-T,x - ^)A^f{r,^)d^ (2.2.71) 

0 R^ 




2.2. Cauchy problem for equations with bounded coefficients 



117 



and carry out the estimates similar to those for the case 1 ). As a result, using the 
inequality (2.1.61), we obtain that 

\u{t,x)\ < C7((/))f g n(0,T], (2.2.72) 

whence 

h\& (2.2.73) 

Consider the difference u. If > t, then by (2.2.72) we have 

< c((/))f (^i(t,x) + ^i(t',x')) 

r plH^—ho-\)H2b)^ 1 _ I, _ _ a)/(26) > 0 , 

1 1 - - (70 - A)/(2&) < 0, 

whence 

<C p'^{^i{t,x) + ,x')), (2.2.74) 

where o = 70 for 1 — z/ — (70 — \)/{2b) > 0 and o = A for 1 — z/ — (70 — A)/ (2b) < 0. 

It remains to study the c 8 Lse < t. Let ti := t — pg^. Using the equality 
(2.2.57), we write 






u{t,x) 



/ j Ko{t - T,x - ^)Alf{T,^)d^ 
0 



+ I dr J Ko{t-r,x- 0^1 f{r,0d^ 

ti R^ 



r f ^ 

j dr j K^{t' -T,x'~ 0^l'f{r,0d^ =: 



Let us give an estimate for Ii. Since (p(x;f))^ < (p(x';^))^ + (p(x;a;'))^, 
Pq — and {t' _^)A/(26) _j_ _ ^^a/(26) ^ 

Po + < 2 {t - t G [ 0 ,ti], we have 



ti 

|/i| <C((/))7’“72“(^i(t,:^) + ®i(i',a;')) |(t-r)-W(26) 

0 

X {{t - r)-‘^+^/(2b) ^ _ ^)-.+V(26) + 

tl 

< C((/))7’“7S“(«'i(f,a:) + 4'i(t',x')) jit - t)— 

0 
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If 1 - — (70 - A)/(26) > 0 , then 

0 

while for 1 — z/ — (70 — A)/ (26) < 0 we have 

Zi 

j{t- < ^^(1-,.)/(26)-7o+A ^ ^^i_^^-7o+A^ 

0 

so that we come to the estimate 

|/i| < C((/))f ’“7o(’^i(*.^) + 

Next, for I 2 we get 

t 

\h\ < c((/))f j{t- r)-‘^+V(26)rf^ 

tl 

while for /a , in a similar way, 

The estimates (2.2.73), (2.2.74), and the estimates for 7j, j e {1,2,3}, imply 
(2.2.65) and ( 2 . 2 . 66 ). □ 

Lemma 2 . 8 . Suppose that the kernel of the integral (2.2.54) is a function 

K{t, x\ T, := Ko{t x) := {t - - Ot-r] t, x), 

0 < r < t < T, {x, C M^, 

where u G (0,1], and Q{x;P,y), as a function of x, satisfies the conditions 
(2.2.57)-(2.2.59) uniformly with respect to {(3,y) G II[o,t]; also, with some 
constants C > 0, c> 0, A G (0, 1), the condition 



\A^p fn{x',/3,y)\ < C(p(Ay;/3^yO)^exp|-c^|a:J|^^ |, 
xGE", {{p,y),{p\y')}cU^o,Ty 



Then the assertion 2) of Lemma 2.7 is valid. 
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The proof is similar to that of Lemma 2.7, except the emergence of the 
additional term 

y dr y Ko{t-T,x-^;l3,y) A|/(r,^)d^, 

in the course of estimating u. It is treated as in (2.2.72). 

Lemma 2.9. The assertion 1) of Lemma 2.7 is valid for the integral (2.2.54) if its 
kernel satisfies, with some constants C > 0 , c > 0 , z/ C ( 0 , 1 ], and 70 G ( 0 , 1 ], the 
inequalities 

\K{t, X-, r, 01 < C{t - {t, x; r, 0, 

X Ei°\t,x-,r,0 + (t' 

0<T<t<t' <T, {x,x',OcR”. (2.2.75) 

If, in addition, K satisfies the conditions 

I K{t,x-,T,0di <C(i-r)-'^+V( 2 f), 

K,x j K{t,x\T,i)di <C(jp{t,X]t' 

0 < r < t < t' < T, {x, x', f} C (2.2.76) 

with some A G (0, 1), then the assertion similar to the assertion 2 ) of Lemma 2.7, 
with the estimates 



ll^lio,7o/(26),7o — ^I1*^IIo,o’a^ H^IIo!a/(26),A - ^1I/IIo,o’a^’ 

instead of {2.2.65) and (2.2.66), holds for the integral (2.2.54). 

The proof of Lemma 2.9 is based on the representation 



i{t,x) = j dr j i^(t,x;r,^)A|/(r,^)d^ + j( j K{t,x]r,^)d^ f{T,x)dr. 



A bound for the first summand is obtained like the bound for the corresponding 
integral from Lemma 2.7. The inequalities (2.2.75) yield the required estimates of 
the second summand. 
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Lemma 2.10. Let u be the function defined by the formula (2.2.54) with a kernel K 
satisfying the conditions (2.2.55)-(2.2.59). If 1 - u - 7 o/( 26 ) > 0 and f G 
then u G ^ 0 , 7 ^^ ^ 

lkllo .70 ^^^ll/llo,o • (2-2.77) 

If f ^ ^0 1 — z/ — (70 — \)/{2b) > 0, then u G ^ 0 , 70 ^^ 

T 

(2.2.78) 

0 

Similar assertions are valid for the integral (2.2.54) with a kernel satisfying 
the conditions (2.2.75) and (2.2.76) with t' — t, if the estimate 

^ — ~k(-,a) ~~k(-,a) 

IHI0..0 <^^ll/llo,A • 

is substituted for the estimate (2.2.78). 

Proof. We shall dwell only on the proof of the lemma for the case where K satisfies 
the conditions (2.2.55)-(2.2.59). Using the inequalities (2.2.4), (2.2.60), and the 
equality (2.1.46) with 1- v — 7 o/( 26 ) > 0, we find that 

t 

< C'i!i{t,x) j (t - r)“‘^||/(r, -)||o|o’“^dT, 

0 

|A^'u(t,a;)| < C{jp{x]x')y'’{^i{t,x) + 

t 

0 

which implies the inequalities for t G (0,T]: 



t 



C'^^dr, 



I 

0 

Integrating these inequalities in t G (0,T] and changing the order of integration 
we obtain 

^ ^ T 

ll«llo,o < ^ll/llo,o > J <«(<. •))^f < CII/110,0 

0 

respectively. These inequalities imply the estimate (2.2.77). 
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Suppose that 1 — z/ — (70 — \)/{2h) > 0. Using the representation (2.2.71) as 
above, we come first to the inequality 

t 

\u[t,x)\ < j(t - (2.2.79) 

0 

and then to the estimate 

T 

Ho,o“^ <C I {f{T, ■))?"’“' dr. (2.2.80) 

0 

In order to obtain an estimate for AJ u(t,x)^ we distinguish between two 
cases, p{x\x') > and p{x',x') < 

In the first case, using the inequality (2.2.79) we get 

\^xU{t,x)\ < C{p{x;x')y>{^i{t,x) + 

t 

X j{t- r)-‘'+V(26)t-7o/(25)^y(^^ .))f("-“)dr 
0 

< C(p(a;;a;'))'^°(^i(*>2:) + <i'i(i,a:')) 

t 

X y (i - dr. (2.2.81) 

0 

For the second case, we use the representation 

A^'u(t,x) = j dr j A^' Ko(t - T,x - 0Alf{T,^)d^ 

0 

t 

+ I dr I Ko{t-T,x-0^f{r,Od^ 

t 

~ I I 

tl 

where U :—t — {p{x; x'))^^. The integrals are estimated as above, which results in 
the inequality 

|A^'u(t,x)| < C{p{x;x'))^^{^i{t,x) + ^i{t,x')) 

t 

X (2.2.82) 

0 

The inequalities (2.2.80)-(2.2.82) imply the estimate (2.2.78). 
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Remark. Since the conditions (2.2.55) and (2.2.76) were not used for 1 — i/ — 
7 o/( 26 ) > 0, the corresponding statements of Lemmas 2.7-2.10 remain valid also 
for z/ = 0 . 

2.2.4. Properties of volume potentials. Let us consider some properties of volume 
potentials generated by the FSCP Z for the equation ( 2 . 1 . 1 ), that is the integrals 

t 

u{t,x) := j dr j (t, a;) € II(o,t] ■ (2.2.83) 

0 

We assume that the coefficients of the equation (2.1.1) satisfy the conditions 
All and Ai 2 , or An and A 13 . The norm and spaces used below were defined in 
Section 2.2.1. 

The conditions used for the density / of the potential (2.2.83) are as follows. 

(Dll) The function / : ^ni is continuous, locally Holder continuous in 

X uniformly with respect to t, and for any t G (0,T] the expressions 

t 

ll/ft 

0 

are finite. 

(Di 2 p) The function / : H(o 'p] ^ C 7 V 1 is continuous, locally Holder continuous in 
X uniformly with respect to t, and for any t G (0, T] the expressions 

t 

Wfit, -)||f F,{t) ■■= Jit- 

0 

where p G [1, 00 ], are finite. 

{Dn) 

(A4) 

Lemma 2.11. Suppose that f satisfies one of the conditions Du, D\ 2 p, D 13 , or Du. 
Then the function u defined by the formula (2.2.83) has continuous derivatives d^u, 
iifcii < 2b, dfU, where the derivatives d^u, ||A;|| < 2b, can be obtained by the formal 
differentiation under the integrals while the derivatives d^u, ||A;|| = 2b, and dtu are 
calculated by the formulas 

t 

d^u(t,x) = j dr j d^Z{t,x;T,^)Ap{T,^)d^ 

0 
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+ ji j d^Z{t,x-,T,^)d^\f{T,x)dT, \\k\\=2b, 

t 

dtu{t,x) = f{t,x) + [ dr f dtZ{t,x;T,^)A^f{T,^)d^ 

0 B" 

+ f\ f 9tZ{t,x;T,^)dAf{T,x)dr, (t, a;) € II(o,r] • (2.2.84) 

The proof is similar to the proof of Property 2.6 for the parametrix. 

Lemma 2.12. If the condition Du or Dup is satisfied, then the function (2.2.83) 
has, for any t G (0,T] and I G ||/|| < 2b, the estimate 



<CFo{t) 



or 



\\dlu{t,-)C’^^ <CFp{t). 

respectively. 

Proof. We use the inequalities 



(2.2.85) 



( 2 . 2 . 86 ) 



k{t,a) 








<C(t-r)-W/(2'>)||/(r,-)|lSV\ 


(2.2.87) 


0,0 






k{t,a) 


<C(t-r)-ll'll/W||/(r,.)||^'("’“^ 


(2.2.88) 



j d‘,Z{t,-;T,0f{r,0d^ 
j diZ{t,-;T,Of{r,m 

which are valid for 0 < r < t < T and can be proved with the use of (2.2.3) and 
(2.2.4), just as the inequalities (2.2.11) and (2.2.20). 

Using (2.2.87) we have 

t k(t,a) 

< J J diz{t,--,T,of{T,m 

0 E^ 
t 

<cj{t- r)-ll'll/(2'’)|l/(r,.)||SV’^^ ^ <9Fo{t), t G (0,T]. 
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Similarly, from the Minkowski inequality and (2.2.88) we get 

I k{t,a) 






0 'Sr^ 

t 



dr 






<CFp{t), te{0,T]. 



□ 



Lemma 2.13. Let the conditions An, Ais, and Dis be satisfied. Then the function 
(2.2.83) belongs to the space with any 7' G (0,7), and 

Proof. By Lemma 2.11, the integral (2.2.83) and its derivatives are integrals of the 
form (2.2.54) with K(t,x;r,^) = 9^Z(t,x; r,^), ||l|| < 2b. Now the assertion of 
Lemma 2.13 is a consequence of Lemma 2.9 and the remark from Section 2.2.3. 
Indeed, the conditions of the latter Lemma are satisfied for d\,Z - the inequalities 
(2.1.82), (2.1.106)-(2.1.108) imply the inequalities (2.2.75) and (2.2.76) with 70 = 
A = 7 for 1/ = 11^11/(26) < 1, and 70 = 7' < 7, A = 7 for z/ = ||/||/(26) = 1. □ 

Lemma 2.14. If the conditions An, An, and Dn, are satisfied, then the function 
u from (2.2.83) belongs to the space with any 7' G (0,7), and 

The proof is based on Lemma 2.10 and the fact that the inequalities (2.1.106)- 
(2.1.108) with P — t hold if the conditions An and An are satisfied. 

Lemma 2.15. Let G(-, /3, y) be the FSCP for the equation (2.1.54) satisfying 

the conditions stated in the remark from Section 2.1.3. If the condition Dn is 
satisfied, then the integral 



v{t,x]p,y) := j dr j G{t,x;T,^;l3,y)f{T,^)d4, (t,x) € 

0 

has the following property: the functions vi{t,x) r, 

{t,x) G 11(0, T]; IN II ^ 26, belong to the space 

||Z||<26 
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Proof. We use Lemma 2.8, with K{t,x;r,^) = dlG{t,x;r,^; Ac- 

cording to the remark from Section 2.1.3, 

dlG{t, x; r, (3, y)\(f),y)=(t,x) = {t~ x), 

0 < \\l\\ < 2b, 

where Q/ satisfy the conditions of Lemma 2.8 with an arbitrary 70 G (0, 1] and 
A = 7. Applying that lemma with 70 = A = 7 for ||/|| < 26, and 70 > 7, A = 7 for 
||/|| = 26, and taking into account the remark from Section 2.2.3, we come to the 
required result. □ 

2.2.5. Integral representations of solutions of the Cauchy problem. Here we shall 
deal with representations of solutions of the Cauchy problem for the equation 
(2.1.1) by Poisson integrals and volume potentials. In this section we assume the 
conditions An, A12, and A14. 

k(- a) 

Lemma 2.16. Suppose that the function u belongs to the space Cq q 0 ^ ^ 

is a solution on L[(o,r] of the equation (2.1.1) with f G Then 

u{t, ^) — J ^(^5 ^5 0^(0, 0^^ 

t 

+ j dr j Z{t,x\T,C)f{T,i)d^, (i,x) e Il(o,T]- (2.2.89) 

0 

Proof. We shall use the Green-Ostrogradsky formula (2.1.110). Denote Vr := 
(0,T] X Br^ C a smooth enough function on [0, oo), such that C = 1 on [0, 1/2], 
C = 0 on [3/4, oo), and C' < 0, C,r{x) := C{q{x\ 0)/i^); (t, x) an arbitrary fixed point 
from Vro /4 where Rq is an arbitrary positive number. Substitute in the formula 
(2.1.110) h,t-e, r, u{r,^), and u(r,^) = Z*{r,^;t,x)(R{^) for ti, ^2, 0, y, 
u{0,y), and v{6,y) respectively. Here R > Rq, 0 < h < t/2, 0 < e < t/2, and u is 
a function satisfying the conditions of the lemma. Using properties of the function 
Cr, the equality (2.1.111), and the fact that Lnu = /, we obtain that 

j Z{t,x-t - s,^)CR{0u{t - s,0d^ 

t—e 

= j Z{t,x;h,^)CRi0u{h,m+ j dr j Z(t,x-,T,0CRi0f{r,0d^ 

R^ h R^ 

t—e 

^ ^3R/4\Br/2 
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which results, after passing to the limit as 6: ^ 0, in the equality 

t 

u{t,x) = j Z{t,x;h,^)CR{^)u{h,^)d^ + j dr j Z{t,x;T,^)CR{^)f{T,^)d^ 

h 

t 

-/dT j {L%{Z*{T,^;t,x)CRi0))'ui-T,0)d4 

^ BsR/4\^R/2 

3 

(2.2.90) 

Pass in (2.2.90) to the limit as oo. The integral tends to 

7i := j Z{t,x\h,i)u{h,i)di. 

R" 

Indeed, using the inequalities (2.1.82), (2.2.4), and the equalities (2.1.46) we get 
|/i - I = j Z{t, x; h, 0(1 - CniOMh, 

<C J {t-h)-^E^°2jt,x',h,0{Ei°\t,x-,h,0^i{h,0) 

K"\Br/2 

<C\\u(h,-)\&'^^4>,(t,x) 

X exp{-ci(77/4)«'(f- OO [ {t ~ h)~^ Ei°\t,x-,h,^)d^ 0, 

J R—>^oo 

since for x E -Bro/ 4’ ^ C \ ^i^/ 2 , and R> Rq 

E^°J{t,x;h,^) < exp{-ci(7?/4)«'(f- 

where ci = (c - cq)/2, r = 1 - g" for t - h < 1, and r = 1 - g', if ^ ^ > 1. The 

proof of this inequality is the same as the one for (2.2.28). 

Similarly we show that 

t 

J dr j Z{t,x-,T,0f{T,0d^- 

h R'^ 

Let us prove now, that > 0. Since = 0, the expression 

i?^oo 

L%{z*{T,^-,t,x)<:Ri^)) 
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is a sum of products of expressions like and 0 < 

\\k\\ < 26, ||/|| < 26, with constant coefficients. Using the equality (2.1.111), the 
estimates (2.1.82), we find that for R>1, 

< C{t - 

^ € -03^/4 \ Bh/2- 

Applying this estimate just as in the course of estimating Ii — , we have 

|/P| < C'||M||o_^o’,o^'I'i(t,a;)exp{-ci(i?/4)«'(i- 

t 

h 

Hence, after passing to the limit in (2.2.90), as i? oo, we obtain the equality 

t 

Z{t, x; h, i)u{h, Od^ + I dr I Z{t, x; r, 0/(r, (2.2.91) 

h 

Now, if we pass to the limit in (2.2.91), as ^ ^ 0, we come to the formula 
(2.2.89). □ 

Lemma 2.17. Suppose that the solution u and the right-hand side f of the equation 
(2.1.1) satisfy the following conditions with some p G [l,oo]; 

1) there exists such a constant C > 0 that for any t G (0,T] the inequality 
||u(t, •)||p^^’^^ < C holds; 

2) u satisfies the initial condition, in the sense of the relations (2.2.21), if p £ 
[1, oo), or (2.2.22), if p= oo, in which (p G L“; 

3) the function f : H(o,t] ^ni is continuous, and the integral 

T 

0 

is finite. 

Then 

t 

u{t,x)= j f dr f Z{t,x;T,^)f{T,^)dC, 

R" 0 R" 

{t,x) e 11 ( 0 , T]. 




(2.2.92) 
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Proof. As in Lemma 2.16, we prove, for a given solution, the formula (2.2.91). The 
representation (2.2.92) will be obtained if we pass to the limit in this formula, as 
h —^0. In order to do that, it suffices to prove the relation 

Im j Z{t, x\ h,i)u(h, = j Z{t, x- 0, (2.2.93) 

R'^ 

for any fixed point (t, x) G n(o,r]- 
We use the inequality 

\A°Z{t,x-,h,0\ < Chr^-^Ei°\t,x;0,0 (2.2.94) 

valid for any t G (0,T], {x,^} C and h G (0,t/2). This inequality is proved, 
with the use of the normality property of Z (2.1.111) and estimates of the FSCP 
Z* for the adjoint equation (2.1.109), as follows: 



\AlZ{t,x;h,0\ = 



n 

J drZ{t,X\T, 



< c 



tl 

h 



- r 



-M- 






< Chr’^-^Ei'^\t,x-,o,o, 

since t >t — r >t — h> t/2 for r G (0, h) and h G (0, t/2). 

Using the inequalities (2.1.82) and (2.2.94), and also the inequality 

{t,x;0,O^i{h,O^ jEW {t + h,x-h, 0 

<^i(t + h,x), (2.2.95) 



which is valid due to (2.2.4), we have 



|AJ := 



j Z{t,x-h, 0u{h,0d^~ j Z{t,x;{),i)(p{C)d^ 

< j \A°Z{t,x-,h,mu{h,0\d^ + j \Z{t,x-,0,O\\u{h,O-<Pmd^ 

R^ R-^ 

R^ 

X i\u{h,0\^-i{h,0)d^ + Ct-^ I Ei%^{t,x;0,0{Ei^Ht,x;0,0 



+ C(ht-^- Vf ^ + h, x) 



(2.2.96) 




2.2. Cauchy problem for equations with bounded coefficients 



129 



where 

j(h) _ I 



For p = 1 we have 

< ||n(/i,-)l|?'‘’“\ 4"' < \\u{h,-) - (2.2.97) 

whereas for p G (1, oo) we get by the Holder inequality that 



\j^n 



1/p' 



(2.2.98) 



By our assumptions for p G [l,oo), the relation (2.2.93) follows from the 
inequalities (2.2.96)-(2.2.98). 

This relation is valid also for p = oo. Indeed, write the difference Ah as 



Ah= I A°Z(t,x-,h,Ouih,Od^+ I j Z{t,x-Mu{h,(,)di 

\|^n 



- J Z(t,x-,0,Ov>iOdn 

R^ / 

=: (2.2.99) 

Just as in (2.2.96), we have 

< Cht-^-^'^i{t + h,x)j[^\ (2.2.100) 

and by the condition 1) of the lemma, 

j(h) ^ ■)||^''’“^ < Ct^, h>0, 

SO that 

lim k[^'> = 0. (2.2.101) 

h— ^0 

Since the function ^(^) := Z'(t,x;0,^), ^ G R’^, due to the estimate (2.1.82) 
and the inequality (2.2.95) with h = T/is such that 

m)\^i{T,0 < Ct-^ Ei%^{t,x-,0,0'^^{t + T,x), 



( 2 . 2 . 102 ) 
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hence 'ip G (in fact, each column of the matrix belongs to this space, if 

iV > 1), it follows from (2.2.22) that 

lim ^ = 0. 

h^O 

Together with (2.2.99), (2.2.101), this implies the relation (2.2.93) for p = oo. □ 

Lemma 2.18. If the solution u and the right-hand side f of the equation (2.1.1) 
satisfy the conditions 1) and 3) of Lemma 2.17 with p = 1, and also the relation 
(2.2.47), with /jl G M®, holds, then 

t 

u{t,x) = f Z(i,x;0,Od/i(C) + j dr j Z{t,x;T,^)f{T,^)d^, 

0 

(t,x) Gn(0,T]- (2.2.103) 

Proof Just as in Lemma 2.17, the solution can be represented by the formula 
(2.2.91). If we pass to the limit there, as h ^ 0, we obtain (2.2.103). In order to 
substantiate that, it is sufficient to prove the relation 

lim J Z{t,x]h,^)u{h,^)d^ — J Z{t,x]0,^)dp,{^). (2.2.104) 

E"^ E"- 

Consider the difference 

f Z{t,x-,h,0u{h,0d^- f Z{t,x-,0,Odfi{O = (2.2.105) 

E’^ E^ 

where is from (2.2.99), and 

ki^'> := J Z{t,x-,0,^)u{h,0d^- j Z{t,x-0,OMO- 

E^ E"^ 



For we have the inequality (2.2.100), in which satisfies the estimate 
(2.2.97). By the condition 1) of Lemma 2.17 we get 

lim ^ = 0. (2.2.106) 

h—>^Q 

It follows from the inequality (2.2.102) that the function from Lemma 2.17 (or 

each column of the matrix '0, if AT > 1) belongs to the space Therefore, 

due to (2.2.47), 

lim ^ = 0. (2.2.107) 

h — >^0 

Now (2.2.105)-(2.2.107) imply the relation (2.2.104). 



□ 
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Remark. Lemmas 2.16-2.18 obviously imply results regarding the uniqueness of a 
solution of the Cauchy problem for an equation (2.1.1) possessing the Lagrange 
adjoint equation. Using them, in Section 2.2.6 we shall establish the uniqueness of a 
solution of the Cauchy problem under the only assumption of the Holder continuity 
of the coefficient. Of course, the uniqueness classes will be more narrow. 

2.2.6. Correct solvability of the Cauchy problem. Below we give theorems on the 
correct solvability of the Cauchy problem for the equation (2.1.1), which are based 
on results from Sections 2. 2. 2-2. 2. 5. 

Theorem 2.5. Suppose that the conditions An, An, An for the coefficients of the 
equation (2.1.1), and the condition Dn for f hold, and cp G Cqq. Then the formula 
(2.2.92) determines the unique solution of the equation (2.1.1), which satisfies the 
following conditions: 

1) there exists such a constant C > 0 that for any t G (0,T] and I G 

||/|| < 2b, 

\\dlu{t, < C(||^||“ + Fo{t)), 

where the function Fq appears in the condition Dn,‘ 

2) for any compact set K cET u{t, x) - — ^ (f{x) uniformly with respect tox ^ K. 

Proof. The assertions that the Poisson integral (2.2.9) and the volume potential 
(2.2.83) are solutions of the homogeneous and inhomogeneous equations respec- 
tively, are consequences of the remark from Section 2.2.2, Lemma 2.11, and the 
fact that the FSCP Z(-,-;r, ^) is a solution of the homogeneous equation. The 
statement 1) of the theorem follows from Lemmas 2.4 and 2.12. The statement 
2) for the Poisson integral was proved in Lemma 2.4. It follows from the estimate 
(2.2.85) for the volume potential u, that u{t,x) ^^0 uniformly with respect to 

X ^ K. The uniqueness of a solution from the class under consideration follows 
from Lemma 2.16. □ 

Theorem 2.6. If the conditions An, An, An for the coefficients of the equation 
(2.1.1), and the condition Dnp for f hold, and ^ Lp with some p G [l,oo], 
then the formula (2.2.92) determines the unique solution of the equation (2.1.1) 
satisfying the following conditions: 

1) there exists such a constant C > 0 that for any t G (0, T] and I ^ 

Pll < 26 , 

where the function Fp appears in the condition Dnp', 

2) if P ^ [1, oo), then 

whereas for p = oo, 

that is the relation (2.2.22) holds. 
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Proof. The assertions of Theorem 2.6 follow from Lemmas 2.5, 2.11, 2.12 and 
2.17, just as the corresponding assertions of Theorem 2.3 are the consequences of 
Lemmas 2.4, 2.11, 2.12, and 2.16. □ 

Theorem 2.7. Suppose that the conditions An, A 12 , A 14 for the coefficients of the 
equation (2.1.1) and the condition D 121 for f hold, and the generalized measure ji 
belongs to M®. Then the formula (2.2.103) determines the unique solution of the 
equation (2.1.1) satisfying the following properties: 

1) there exists such a constant C > 0 that for any t G (0,T] and I ^ 

IKII < 26 , 

2) u{t, •) l^hat is the relation (2.2.47) holds. 

Proof. The assertions of the theorem are proved with the use of Lemmas 2.6, 2.11, 
and 2.18 similarly to the proofs of the preceding theorems. □ 

The following theorems will deal with the Cauchy problem for the equation 
(2.1.1) with the initial condition 

u(t,x)\t=o = (p{x), xeR"^, (2.2.108) 

to be satisfied at least as in Theorem 2.3. 

Theorem 2.8. If the coefficients of the equation (2.1.1) satisfy the conditions An 
and Ais, cp E and f E , then the problem (2.1.1), (2.2.108) has the 

unique solution u E C'25^/^26) 7^ satisfying the estimate 

\KtSmn < C{Mk, + ll/ll?o:“?)- (2-2.109) 

Proof By the change of variables u — (p v the problem (2.1.1), (2.2.108) is 
reduced to the problem 

LN{t,x,dt,dj;)v{t,x) =g{t,x), {t,x) eII(o,T], 

v{t,x)\t=o= 0 , o:gR", (2.2.110) 



where 

g{t,x) := f{t,x)+ ak{t,x)dlip{x)- 

\\k\\< 2 b 

Due to our assumptions, g G Therefore, by Lemmas 2.11 and 2.13 the 

function 

t 

v{t, x) ■= J d-T j Z{t, X] T, ^)g{T, ^)d^, {t, x) G II(o,r] , 

0 
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is a solution of the problem ( 2 . 2 . 110 ) from the space with any 7 ' < 7 , and 

Hence, the function :=(/? + u is a solution of the problem (2.1.1), (2.2.108), it 
belongs to the space , and 

+ ii/iiS^o:?)- (2-2.111) 

To complete the proof, we have to show that each solution of the Cauchy 
problem ( 2 . 1 . 1 ), (2.2.108) belonging to the space and satisfying the inequal- 
ity ( 2 . 2 . 111 ), belongs to the space = ^ 2 bj/{ 2 b) 7 ’ and satisfies the estimate 
(2.2.109). In order to do that, it suffices to prove that for such a solution the 

derivatives d^u, ||/|| = 26, belong to the space 7 ’ 

^ + ll/llo,o“?)- (2.2.112) 

We substitute a solution u with the above properties into the equation (2.1.1), 
and write the resulting identity as 

dtv{t,x)~ ^ ak{P,y)d^v{t,x) = fi{t,x;/3,y) + f 2 {t,x;p,y), 

\\k\\=2b 

{t,x) G 11 ( 0 , r]? (2.2.113) 

where (/3, y) is an arbitrary fixed point of the layer H[o,t ]5 
V u — (f, 

ak{l3,y)d^^{x), 

|| fc||<26 || fc||=26 

f 2 {t,x;P,y) := ^ Al’^ak{t,x)d^u{t,x). 

\\k\\=2b 

Since the coefficients of (2.2.113) do not depend on x, so that this equation 
possesses an adjoint one, and = 0, we have by Lemma 2.16 that 

t 

u{t,x) = (f{x) + j dr ( G{t,x;T,^-,P,y)fi{T,C,P,y)d^ 

0 

t 

^ I I (*- 2 ;) G ri(o,T], 

0 

(2.2.114) 

where G(-, i/) is the FSCP for the equation dtv = E ak{f3,y)d^v. 
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According to Remark 1 to Property 2.6 from Section 2.1.4, the first integral 
from (2.2.114) has the derivatives of the form ||/|| = 26, at every point (t,x) G 
n(o,T]j for any fixed point (/3, y). It is easy to see, repeating the proof of Property 
2.6, that 



I 

di j dr J y)f 2 {T,^; 0 ,y)d^ 

t 

j J ^xG(/3,a:;T,^;/3,2/) 



0 R^ 



0 

SO that we obtain a representation 



(t,x)=((3,y) 

f2{T,G,P, y)d^ 



t 

di'u{t,x) = J dr J G{t,x-,T,G, P,y)fi{T,G, 0,y)d^ 



0 E^ 



i 

+ 2/) 

l|fc||=2b 0 R" 



if3,y)={t,x) 



y=x 



(t, x) e 11(0, T] 7 ll^ll — 26. 



We apply Lemma 2.15 to the second summand, and Lemma 2.9, with 
K{t,x;T,^) = dlG{t,x-,T,G,t,y)\y=x^r^^akiT,0, f{t,x) = d^u{t,x), 1 / = 1 - 
7/(26), 7o = 7, A = 7', to the integrals from the third summand. Using the 

assumptions regarding the solution u, we find that d^u G 7 ’ 

estimate ( 2 . 2 . 112 ) holds. □ 

Theorem 2.9. Suppose that the coefficients of the equation (2.1.1) satisfy the con- 
ditions All Ai 2 , (p G C^o, 7 ^ ^ Then the formula (2.2.92) deter- 

mines the unique solution of the Cauchy problem (2.1.1), (2.2.108), belonging to 
the space with any 7' G ( 0 , 7 ), and satisfying the estimate 



<C(lbllo7 + ll/C“V (2-2.115) 

Proof Denote the first integral from (2.2.92) by ui, and the second integral by U 2 . 
According to the remark from Section 2.2.2, Lemmas 2.4 and 2.11, the function 
(2.2.92) is a solution of the problem (2.1.1), (2.2.108). By Lemma 2.14, U 2 G 
and 



||« 2 b..y < ^11/110!;“^ 



(2.2.116) 
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We write the derivatives of ais 

dlui{t,x) = j di.Z{t,x;0,O^t‘P(^)^+ ( j 9lZ{t,x;Q,^)dnip{x), 

£n \^n / 

(t,x) e 11 ( 0 , T]- 

Using the estimates (2.1.106)-(2.1.108) and the method of proof of Lemmas 2.4 
and 2.10, we get 

\\diu,{t, < C||<p||“ ||/|| < 2b, 

Wdluiit, Ollgf) < IKII = 2b, 

which implies the estimate ||^i||^ 7 , 7 ' < C'||(/?||o,^, and, together with (2.2.116), 
also the estimate (2.2.115). 

The uniqueness of the solution is a consequence of the next theorem. □ 

Theorem 2.10. If the coefficients of the equation (2.1.1) satisfy the conditions An 
and Ai 2 , then any solution of the problem (2.1.1), (2.2.108) with f = 0 and (p = 0 

belonging to the space equals zero identically. 

Proof Let y be a fixed point in R^. Substituting the solution u into the equation 
(2.1.1) we obtain the equality 

dtu{t,x)~ ^ ak{t,y)d^u{t,x) = f{t,x-,y), (t, a;) G Il(o,r] , 

P||<2b 

where f{t,x;y) := ^ A^ak{t,x)d^u{t,x). By Lemma 2.16, we have the repre- 

I|fcl|<26 

sentation 

t 

u{t,x)= J dr j G{t,x;T,^;y)f{T,^;y)d^, (t, a:) € n(o,T], 

0 

where G(-, •; •, •; y) is the FSCP for the equation (2.1.48). 

By virtue of the Remark 1 to Property 2.6 from Section 2.1.4, lower deriva- 
tives of u satisfy the formulas 

t 

d[u{t,x)= j dr J dl,G{t,x;T,^-,y)f{T,^;y)di, 

0 

(t,o;)€n(o,T], INII<26, (2.2.117) 

for any fixed point y G R’^. We cannot use the formulas for the leading deriva- 
tives from the above remark, since they require the Holder continuity in x of the 
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function /; meanwhile / contains the derivatives of whose Holder continuity is 
not assumed. However, as in the proof of Theorem 2.8, it is easy to see that for 
X = y there exist the leading derivatives of the integral from (2.2.117), which are 
determined by the formulas 

t 

dl.u{t,x)\:c=y = j dr j dlG{t,x;T,i-,y)\:c=yf{r,^;y)d^, ||^ll = 26. (2.2.118) 

0 

Since the equalities (2.2.117) and (2.2.118) are valid for any y e substi- 
tuting there x for y we obtain the relations 

t 

^xu{t,x)= ^ f dr f dlG{t,x-,T,^\y) A"^ak{T,^)d^u{T,^)d^, 

l|fc||<2f-o R" 

(t,x) e 11(0, T), 

||/|| < 26. Using these relations and performing the usual estimates carried out, for 
example, in the proof of Lemma 2.10, we come to the inequality 

t 

W{t) <G j{t- 
0 

where 

l |;||<26 

Integrating we obtain that 



J W{p)dl3<G J( J (fi - T)-^+'^^^^^^W{T)dT\d/3 

0 0^0 / 
t / t 

= G J I jip- 

0 ^ T 

t 

= Co j {t - T)^^^^'>^W{T)dT 

0 







J W{T)d.T. 

0 
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t 

It follows from this inequality that J W{r)dT = 0 for all t G (0,to]5 if 

0 

satisfies the condition < 1. Repeating, if necessary, these arguments we 

t 

find that J W{T)dT — 0 for all t G (0,T]. Hence u = 0 on H[o,t]- ^ 

0 

2.2.7. Integral representations and the sets of initial values for solutions defined 
on an open layer. The next theorem is, in a certain sense, converse to Theorems 
2.6 and 2.7. Its analog, for the case of a homogeneous equation parabolic in the 
sense of Petrovsky, is the second part of Theorem 1.1. 

Theorem 2.11. Let the coefficients of the equation (2.1.1) satisfy the conditions 
An, A\ 2 , and An, while its right-hand side f satisfies the condition D\ 2 p with 
some p G [l,oo]. Let u be a solution of the equation (2.1.1) defined on the layer 
H(o,t] satisfying the condition 

te(0,T], (2.2.119) 

with some constant C > 0. Then, forp G (l,oo], there exists the unique function 
p £ Lp, or, for p = 1, the unique generalized measure fi G M", such that the 
solution u admits the representation (2.2.92) and (2.2.103) respectively. 

Proof Set 

t 

v{t, x) := u{t, x)- j dr j Z{t, x~, r, ^)d^, {t, x) e n(o,T] • 

0 

It follows from the condition (2.2.119) and Lemma 2.12 that 

te(0,T], (2.2.120) 

and is a solution on H(o,t] of the homogeneous equation (2.1.1). 

Thus, in order to prove the theorem, it suffices to prove the following: let v be 
a solution of the homogeneous equation (2.1.1) satisfying the condition (2.2.120); 
then, for p G (l,oo], there exists the unique function (p G L®, and, for p = 1, 
there exists the unique generalized measure // G M“, such that the solution v is 
represented as the Poisson integral of the function (p, 

v{t, x) = j z{t, X] 0, (t, x) e ri(0,T] , (2.2.121) 

and the generalized measure /i, 

v{t,x) = J Z{t,x-,0,^)dfi{^), (t,a;) € II( 0 ,T]- (2.2.122) 



respectively. 




138 



Chapter 2. Parabolic Equations of a Quasi-Homogeneous Structure 



Suppose first that p G (1, oo]. It follows from the condition (2.2.120) that the 
sequence of functions 

{u(l/i/,x)^_i(l/z/,x),x : u >1} (2.2.123) 

is bounded in the space Lp(M”). This space is isometric to the conjugate of the 
space Lp/(M^), p' = p/{p — 1). By the theorem of compactness of a bounded 
subset of a conjugate space, the sequence (2.2.123) is weakly compact in Lp{R'^). 
Therefore it has a subsequence 

{v(l/i/(r),a:)^_i(l/z/(r),x),a: € : r > 1} (2.2.124) 

weakly converging to some function x C I/p(R^), that is 

^liin j = j (2.2.125) 
for each function ^ G Lp/(M^). 

Set (f{^) := x(O^i(0?O? ^ C M’^. Then (/? G T®, and the relation (2.2.125) 
can be written as 

lim f i)'{^)^-iil/i>{r),^)v{l/i/{r),Od^ 

r^ooj 

= y’^'(O'S'-i(0,O^(OC (2.2.126) 

Take a fixed point (t, x) G II(o,t] and consider the function 

- ^*(0,e;t,a:)^i(0,0, C C E". (2.2.127) 

It follows from the estimate 

m)\<Ct-^^i{t,x)Ef\{t,x-,0,0, e€K", (2.2.128) 

which is obtained using the equality (2.1.111), the estimate (2.1.82), and the in- 
equality (2.2.4), that ip G Lpf{K^) . Therefore by (2.1.111) and (2.2.126) we have 

lim [ Z(f,a;;0,O^i(0,O^-i(lM^).OKlM»’)>O<^ = [ Z{t,x;0,0‘PiOd^- 

r-ycoj J 

R^ 

(2.2.129) 

We may assume that l/i^(r) < f/2, r > 1. Just as we proved the formula 
(2.2.91), we can show that 

v{t,x) = j Z{t,x\l/i'{r),^)v{l/v{r),^)di. 

R" 



(2.2.130) 




2.2. Cauchy problem for equations with bounded coefficients 



139 






r=l/i/(r) 



Due to this equality, 

v{t,x)- j Z{t,x-,0,O^im = j KZ{t,x-,T,0 

+ j Z{t,x;0,^){l -’ifi{0,^)^-i{l/i'{r),^))v{l/v{r),^)d^ 

R^ 

- j Z{t,x-,0,O^{Od^\ =: r > 1. (2.2.131) 



1=1 



To prove the representation (2.2.121), it is sufficient to show that for j e 
{1,2,3}, 

(2.2.132) 



lim /f ^ = 0. 

1 >^oo 



The relation (2.2.129) implies (2.2.132) for j = 3. Let us prove (2.2.132) for 
j = 2. Using the Holder inequality and the estimate (2.2.120) we find that 



|/«|<C 



j Yrim 



1/p' 



(2.2.133) 



where y,(0 |Z(t,x;0,OKl^i(lMO,O ~ ^ C M", r > 1. 

Let us study properties of the functions y., t > L Using the inequalities 
(2.1.82), (2.2.4), and (2.2.95) we obtain that 

(YriOy^’’' < C't“"(^'i(t + l/i^(r),a:) + 4'i(t,x))£;^°^,,^(t,a:;0,0 

< C't“^(^i(t + l/i/(l),a;) + ^i(t,a;))B^°^,,Jt,a:;0,^), 

C e K", r > 1, 

which implies the existence of an integrable majorant for the sequence {y : r > 1}. 
Since for each ^ G lim y(0 = 0? by the Lebesgue majorated convergence 

r— ^oo 

theorem, 

lim [YriOd^ = 0. 

r^co J 

R^ 

This, together with (2.2.133), implies (2.2.132) for j = 2. 
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Finally, we prove the relation (2.2.132) for j = 1. Using the inequalities 
(2.2.94), (2.2.95), and (2.2.120), we have 

X^n / 



Suppose that p = 1. It follows from the condition (2.2.120) that the sequence 
(2.2.123) is bounded in Li(E^). This space is not a conjugate of any Banach space 
but it can be imbedded into the space M(M^) of all the generalized measures 
X : Bn ^ Cni with the finite full variation jAKE’^). If we introduce a norm of 
A by the formula ||A|| := jAKE’^), then M(E’^) becomes a Banach space. This 
space is isometric to the conjugate of the space Co(E^) of continuous functions 'ip : 
E’^ Cni tending to zero at infinity. The boundedness in Li(E’^) of the sequence 
(2.2.123) implies the boundedness of the corresponding sequence of elements of 
the space M{R^), hence the weak compactness of the latter sequence. Thus there 
exists a subsequence (2.2.124) and a generalized measure A G M(E^), such that 

lim [ tl)'{^)<i>^i{l/u{r),^)v{l/u{r),^)d^ = [ ’ip'd\{^) (2.2.134) 

r^ooj J 

E^ 

for any function ip G Cq(E^). 

For bounded sets A ^ Bn define /i(A) := J «-i(0 ,x)dX{x); then 

A 



j ^-i{0,x)dp{x) = X{A). 

A 



If A is an unbounded set from Bn , we consider a monotone non- decreasing sequence 

oo 

of bounded sets Ak E Bn, k > Ij such that Ak = A, and put 

k=l 



I 



'^-i{0,x)dp{x) 



A 



lim 






lim X{Ak) = X{A), 
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The function /i, just defined, belongs to the space and the equality (2.2.134) 
is written as 













{0,0dm, 



i^eCoiRO- 

(2.2.135) 



It follows from the estimate (2.2.128) that the function (2.2.127) (if iV > 1, 
each column of this matrix) belongs to Co(K"^), for any fixed point {t,x) € II(o,t]- 
Therefore, by the equalities (2.1.111) and (2.2.135) we obtain that 




Z{t,x;0,Odn{O- 

(2.2.136) 



The subsequent reasoning is the same as for the case p > 1: using (2.2.130) 
we write the equality 

v{t,x)- Jz{t,x-A0dm=l["^+l2^+i3K r>l (2.2.137) 

E^ 



where j G {1,2}, are the same as in (2.2.131), while 

:= j Z{t,xAO^i{0,O^m/m,Ov{l/i'{r),Od^- j Z{t,xA0dm-, 



next we prove the relation (2.2.132) for j G {1,2}. Since, by (2.2.136), lim = 

r—^oo 

0, the representation (2.2.122) follows from (2.2.137), 

The uniqueness of the function (p and the generalized measure p from the 
representations (2.2.92) and (2.2.103) follows from Theorems 2.6 and 2.7. □ 

The next result follows from Theorems 2.6, 2.7, and 2.11. 

Corollary. Under the assumptions regarding the coefficients and the right-hand 
side / of the equation (2.1.1) from Theorems 2.6, 2.7, and 2.11, the following 
assertions are valid: 

1) the spaces and are the sets of initial values of solutions of the equation 
(2.1.1) if and only if the solutions satisfy the condition (2.2,119) for p G (1, oo] 
and p = 1 respectively; 

2) a solution of the equation (2.1.1) can be represented in the form (2.2.92) or 
(2.2.103) with (p ^ Lp and /i G M®, if and only if the condition (2.2.119) is 
satisfied. 
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2.3 Equations with growing coefficients 

2.3.1. Assumptions and auxiliary results. We shall consider the equation (2.1.1) 
from the class E 12 . For such an equation, the coefficients of its junior terms grow, 
as \x\ 00 . As we mentioned in Section 1 . 1 . 1 , the main notion for equations from 

the class E 12 is the notion of dissipation. 

We make the following assumptions regarding the coefficients of the equation 

( 2 . 1 . 1 ): 

(A 15 ) The equation (2.1.1) is dissipative 26-parabolic on ri[o,T ]5 with the dissi- 
pation characteristic D; 

(Aie) The coefficients a^;, ||A;|| < 26, have continuous derivatives ||/|| < 26, 

satisfying the estimates 

\diak(t,x)\ < C(i?(a:))2'>-ll''ll+ll'IKi-), 

where (7 > 0, e G (0,1); the functions bk{t,x) := a/c(6, a;)(/^(x))ll^ll~^^, 
(t,x) G n[o,r ]7 II ^11 ^ 26, are continuous in t, uniformly with respect to 
X G 

{Aij) The derivatives d^ak, ||A;|| < 26, ||/|| < 26, are locally Holder continuous in 
X, uniformly with respect to with the exponent 7 . 

There exists another set of assumptions which does not require a high smooth- 
ness of the coefficients, but a special restriction is imposed upon the dissipation 
characteristic D: 

(H 13 ) The condition A 15 holds; 

(^ 14 ) The coefficients ||A;|| < 26, satisfy the inequality 

\Alak{t,x)\ < C'(p(:r;3/))^((D(:r))2''-PII + (D(y))2;>-PII), 

{(t, a;), («,?/)} C II[o,T], 

in which C > 0 and 7 G (0, 1); the functions bk, ||A:|| <26, are continuous 
in t uniformly with respect to x G 

(^ 15 ) the dissipation characteristic satisfies the condition D{x) < CD{y) for any 
{x,y} C such that q{x;y) < 1 , and the condition 

D{x) < Cexpje^ Ixj - , 

where C > 0 while e is a sufficiently small positive number (to be chosen 
in specific situations), if q{x\y) > 1 . 

Let ^ — > [l,oo) be a function connected with the dissipation character- 

istic D via one of the following sets of conditions: 
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(^is) 9{x) cxd ; there exist the derivatives 0 < ||A:|| < 46, locally Holder 

|x|^oo 

continuous with the exponent 7 from the condition A 17 , which are con- 
nected with the dissipation characteristic via the condition 

\d^g{x)\ < , x 6 R", 

where C>0, 6:G(0,1), Tyisa sufficiently small positive number, to be 
chosen in specific situations; 

(^le) g{x) oo; there exist the derivatives 0 < ||A;|| < 26, satisfying the 

|a:|— »-oo 

inequalities 



< Cr?(P(:r))W, 

{x, y} C R”, 

where C > 0, A is the number from the condition J 5 i 4 , r/ is a sufficiently 
small positive number, to be chosen in specific situations. 

Below we construct a FSCP for a dissipative equation ( 2 . 1 . 1 ) for the cases 
where the coefficients are sufficiently smooth (the conditions Ai^-Au are satis- 
fied), or where they are Holder continuous ( the conditions B 13 -B 15 are satisfied). 
Levi’s method will be used in both cases but, naturally enough, the parametrices 
will be chosen differently. 

In order to define the parametrix, we consider an auxiliary equation 
(idt- bk{t, x)d^{-id:,^^j''''+ A ii{t, X, Xn+i) = 0, 

V ||fc||+fe„+i=26 / 

(t,X^Xn-\-l) G H(0,r] (2.3.1) 

where y is a fixed point from the space E^. If the condition A\^ is satisfied, and 
the coefficients bk^ ||A^|| < 26, are continuous in t uniformly with respect to y E E’^, 
then, due to the results from Section 2.1.3, there exists a FSCP (5(t, x; r, — 

^n+i;y), 0 < r < ^ < r, {x,^,y} C E"", { 0 :^+ 1 , ^n+i} C E"", for the equation 
(2.3.1), satisfying the estimates 

< CkK^,(t - r)-M-(llfe|l+fcn+i+i)/( 26 ) 

X E^^'>{t,x;T,^)exp{-c{t - T)^~‘‘\xn+i -^„+i|®}, 
k S Z” , fcre+l € Z^|_, 

where Ckkn+i c are positive constants, q := 26/(26 — 1). The derivative 
d^G{t,x;T,^-,Zn+uy), Zn+i ■■= Xn+i+iyn+1 e C, as a function in 
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with fixed and y, is entire and 

\d^G{t, x; r, C; Zn+i;y)\ <Ck{t- x; r, $) 

X exp{-c(i - + c'{t - r)^“«|y„+i|''}, 

0 < r < i < T, {a:, 0 C K”, z„+i € C, (2.3.2) 

where C/e > 0, c > 0, and c' > 0. 

Let G{t,x;r,^;rj;y) := x; r, z^+i; 2/)], where is the 

Fourier transform in the variable Zn-^-i- Then the function G{t,x]r,^;rj;y), 0 < 
r < ^ < T, {x,^} C is a FSCP for the equation 

(idt- ^ bk{t,y)r]^'-+^d^\v{t,x) =0, (f, x) £ II(o,t], 

V ||fc||+fc„+i=26 / 

for arbitrary fixed points rj eR and y G By Lemma 1.1, the estimates (2.3.2) 
imply the estimates 

T, rj-,y)\< Ck{t - X- r, 0 exp{-c{t - r^^}, 

0 < T < t <T, {x,^,y} C rj eR, 

which, in turn imply the estimates 

\d^Go{t, x; T, i\ y)\ < Ck{t - a-. exp{-c(t - T){D{y)f’^), 

0<r<i<T, {x,^,i/}cR", fcGZ”, (2.3.3) 

where we denoted 

Co(i,ar;r,$;y) := G{t,x\T,^\D{y)-,y). 

Note that the function Co(t, x;r,^; y), 0 < r < t < T, {x,^} C is a FSCP for 
the equation 

LN{t,y,dudx)v{t,x) =Q, (i,x) e II(o,Ti, (2.3.4) 

where Ljv was defined in (2.1.1), y is an arbitrary fixed point in K". 

The following properties of the function Go will be important in the sequel. 

Property 2.9. Suppose that the conditions Ai^ and Aiq are satisfied. Then there 
exist the derivatives d^dyGo, {k,l} C ||/|| < 2b, for which 

Go(f, x; r, y)| < Cki{t - r)-^-(PII+ll'll(i--)/(2*>)) 

X ■£^^°H^.2;;'^.Oexp{-c(t-r)(D(2/))2'’}, 

0 < T <t <T, {x,^,2/}cR". 



(2.3.5) 
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If, in addition, the condition Au is satisfied too, then for any R > 0 there 
exists such a constant Cki > 0 that for all {y,z} C Br, 



0<T <t<T, 



(2.3.6) 



In the estimates (2.3.5) and (2.3.6)^ e and 7 are the numbers from the con- 
ditions Aiq and Aij. 

The proof of this property is similar to that of Property 2.3. The emergence 
of the factor {t — in the estimates (2.3.5) and (2.3.6) is caused 

by the fact that, due to the condition Aiq, derivatives of the coefficients of the 
equation (2.3.4) are estimated via powers of D{y). 

The following property is proved similarly. 

Property 2.10. If the conditions Bis cind B 14 are satisfied, then 

\Ald^Go{t,x;T,^;y)\ 

< Ck{p{y,z)r{t - 

X (exp{-c(t - r){D{y)f»} + exp{-c{t - T){D{z)f>}){{D{y)r + {Diz)^), 
0 < r < t < T, {x,^,y,z} C R^. 



Property 2.11. All the assertions from Property 2.4 are valid for the function Go- 
Let us define the functions 

Zo(t,x;r,0 •= Go(t,x;r,^;x), (2.3.7) 

Zo{t, x; r, 0 := Go{t, x] r, 0, (2.3.8) 

Q <T <t <T, {rr,^} C R'^, 

which will be taken for parametrices, provided the conditions Ai^-Ai^ and Bis~ 
Bis respectively are satisfied. 

The equality 

d^Zo{t,x;T,^) = '^Cld^~''dlGo{t,x;T,^;y)\y^^, 

l<k 

and the estimates (2.3.5) imply the estimates 

\d^Zo{t,x-,T,^)\ < C{t - - T){D{x)f‘’}, 

Q<T<t<T, {a;, c E”, |1A:|| < 26, (2.3.9) 

while the estimates (2.3.3) give the inequalities 

\d%{t,x-,T,0\ <Ck{t~ r)-^-ll''ll/W£(0)(t,a;;r,0exp{-c(6 - r)(D(0)"'}, 

0<r<t<T, {a:,^}cE”, ||fc|| G Z” . (2.3.10) 
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The next statements describe differential properties of the integrals 



u{t,x;T,^) := j dX j Zo{t,x;\,y)Q{\,y,T,^)dy, (2.3.11) 

r 

t 

u{t,r,rA)-.= jdX j Zo{t, X-, X, y)Q{X, y; r, ^)dy, (2.3.12) 

r 

0 <r <t <T, C 

where Q is a continuous function with values from Cnn satisfying certain condi- 
tions. 

Property 2.12. Suppose that the conditions Ai^ and Aie are fulfilled, while the 
function Q satisfies the estimate 

l<5(^,a;;T,^)| < C{t - E^°\t,x;r,^), (2.3.13) 

0<r<t<T, {a;,^}cIR", 

with some constants C > 0, c > 0^ x C (0, 1), and, for any R> 0, the estimate 

\AyQ{t,x;T,^)\<C(p{x;y)r^ + Ei°'>{t,y;T,0), 

Q<r<t<T, {x,y}cBn, ^gK", (2.3.14) 

with constants C > 0, c > 0, e (0, x) and 72 := X~ lij which may depend 
on R. Then the function (2.3.11) possesses the continuous derivatives involved in 
the equation (2.3.4). The derivatives d^u, ||A:|| < 2b, are obtained by the formal 
differentiations under the symbols of the integrals while the leading derivatives can 
be found by the formulas 

to 

d^u(t,x-,T,^) = J dX J dlZo{t,x-,X,y)Q{X,y,T,i)dy 

T 

t 

+ j 9xZoit,x-,X,y)^lQ(X,y,T,^)dy 

to E^ 

J d^Zo{t,x; X,y)dy'^Q{X,x-,T,^)dX, 

to ^E^ 

\\k\\ = 2b, 




(2.3.15) 
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to 

dtu{t,x;T,^) = Q{t,x;r,^) + j j dtZo{t,x-,X,y)Q{X,y,T,^)dy 

T 






+ 



t 

j dxj dtZo{t,x-, X,y)AlQ{X,y; T,^)dy 

to 

dtZo{t, x; X, y)dy j Q{X, y; r, ^)dX, 

to ^ 




0 <T <t <T, {x,^} C 



(2.3.16) 



where to := (t + r)/2. 

Property 2 . 13 . If the conditions B13-B15 are fulfilled, and the function Q satisfies 
the estimates 

|Q(i,:c;T,0| < Q((i-r)-"-i+^/(2'>)exp{-c(t-r)(D(^))2^} 

+ {t - Ty^^^^HD{Or')Ei^Ht,x-,T,0, (2.3.17) 

|A"(^(^,a:;T,^)| < Ci(p(x; 2/))'^i((< - exp{-c(^ - r)(D(0)^'’} 

(2.3.18) 

0 <T <t <T, {x,y,^} C 

with some constants Ci > 0 , c > 0, 71 e (0,7), and 72 := 7 — 71, where I is 
an arbitrary fixed positive number, then the function (2.3.12) has the continuous 
derivatives involved in the equation (2.3.4). The derivatives d^u, ||A:|| < 2b, are 
obtained by the formal differentiations under the symbols of the integrals while the 
leading derivatives are computed by the formulas which differ from (2.3.15) and 
(2.3.16) only by the substitution of u and Zq for u and Zq respectively. 

Properties 2.12 and 2.13 are proved by the method used in the proof of 
Properties 2.6 and 2.7. We show only how the integrals 

/('') := j d^Zo{t,x;X,y)Q{X,y;T,^)dy, 

R" 

0 <T<to<X<t<T, 

{x,C}cM", ||fc|| = 26. 



are estimated. 
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By Property 2.11 and the formula (2.3.8) we may write 

l(k) ^ j d^Zo{t,x;X,y)AlQ{\,y;T,Ody 

+ (/ K9xGo{t,x-, X,y, z)\,=yd'^Q{X,x;T,^) 

=: Ii + I2 Q{X,x;t,^). (2.3.19) 

Using (2.1.46), (2.1.61), (2.1.80), (2.3.10), (2.3.18), and the fact that 
{t — t)/ 2<X — T<t — T and exp{— c(t — A)(D( 2 /))^^} < 1, 

we have 

|/i| < Cl jit- X)-^-^+'^CmEi0){t,x-,X,y) 

X ((A - r)-^-i+T'=/W exp{-c(A - r)(D(0)^^} 

+ ( A - r)^^/(2'>) (D(0)-' (E(°) (A, y; r, 0 + (A, a:; r, ())dy 

< Clit - A)-^+'^^/(2fc)((^ _ ^)-M-1+72/(26) exp{-ci(t - T){Di^)f>} 

+ it-Ty^/(^»){Di0r^)Ei^)it,x;r,0, 

0<T<to<X<t<T, {a;,|}cIR". (2.3.20) 

By (2.1.46), (2.1.61), and Property 2.10, 

I/ 2 I < C(t - A)-i+^/(2*’) Jit- X)-^Ei<^\t,x; X,y)iiDix))^» + iDiy))^^)dy 
= Cit-X)-^+^^^^^jiDix)f^+ f it-X)-^Ei^^^t,x;X,y)iDiy)f>dy 

+ I it-X)-^Ei°\t,x-,X,y)iDiy)f^dy\ 

It follows from the condition B 15 that D{y) < CD{x) if 2 / E For y E 

\ 1) we use the Young inequality and find that 

iDiy))^^ < Cexp|26£y^((t - - yj\)Ht - A)V( 2 U)( 2 A(^)p)| 

I j = l 

< A,?/)exp{26Me(t- A)(il(a:))2'>}. 



(2.3.21) 




2.3. Equations with growing coefficients 



149 



Therefore choosing e in such a way that ci — 2be/q" > 0, we get 

I/ 2 I < C{t - + exp{2bMs{t - A)(P(a;))2''}). (2.3.22) 

The estimates (2.3.13) and (2.3.22) imply the estimate 
\hQ{\,X-,T,0\ < Cl{t - A)-1+^/(26)((j _ ^yM-l+,/(2b) _ T){D{0f^} 

+ (i _ 

+ exp{2bMs{t - T){D(x)f^}), (2.3.23) 

0<T<to<X<t<T, {x, c R", 

while (2.3.19), (2.3.20), and (2.3.23) lead to 

< Ci{t - A)-'+^i/(^'’)((t - r)-^-i+'^"/(2b)gxp{_ci(t - T){D{^)f’ 

+ (f _ rr^n^’’HD{0)-^)Ei^\t,x-,T,0mx)f’^ 

+ exp{26M^(t - r){D{x))‘^^}), 

0<T <to<X<t<T, {x,C} C E^. 

2.3.2. Fundamental solution of the Cauchy problem for dissipative equations. The 

next two theorems deal with the FSCPs for dissipative equations (2.1.1) with 
sufficiently smooth coefficients and with Holder continuous coefficients. 

Theorem 2.12. Suppose that the conditions Ai^~Au are satisfied. Then there exists 
a FSCP Z for the equation (2.1.1), such that 

|a^Z(t,a;;r,0l <C(t-r)-'^-ll'=ll/(2'>)£;W(t,a:;r,0 (2.3.24) 

and 

\d^Z{t,x;T, $)| 

PH 

^ ^ ~ T)“^~(ll'=ll"'^)/(2'’)(£)(x))-^(^“®)£'<°)(t,ar;T,Oexp{g'(a:) - g{^)}, 

j=o 

(2.3.25) 

0<r<t<T, {a:,^}cR", ||A:|| < 26, 

where C and c are certain positive constants, g is an arbitrary function satisfying 
the condition A\s. 

Proof According to Levi’s method, we seek a FSCP for the equation (2.2.1) in the 
form 

t 

Z{t, x\ r, i) = Zo(t, x\ T,i) + J j ^o{t, X] A, y)Q(\, y, r, ^)dy, (2.3.26) 

T R" 

0<r<t<T, {x,e}cR". 
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Assuming that the unknown function Q is continuous and satisfies the estimates 

(2.3.13) and (2.3.14), and using Property 2.12, we obtain the integral equation 
(1.1.47) for Q, in which 

K{t,x\T, (,)■.= ak{t,x)Y^Cidl,dy~'-G(>{t,x-,T,^\y)\y=^. 

0<||fc||<26 Kk 

Due to the condition for the coefficients ||A;|| < 26, and the estimates 
(2.3.5), we have 

0<||fc||<2& Kk 

X x; T, exp{-c(i - T){D(x)f’} 

p|l<26 Kk 

X exp{-ci(t - T){D{x)f'} < C{t - 
0 < r < t < T, {x,^} C M^, 

where ci G ( 0 , c), x 

The last estimate makes it possible, just as in the proof of Theorem 2.2 
for the equation ( 2 . 1 . 1 ) with bounded coefficients, to prove the solvability of the 
integral equation (1.1.47) and the estimate (2.3.13) for Q. The proof of the estimate 

(2.3.14) for Q and the estimates (2.3.24) for Z is carried out like the proof of the 
corresponding estimates in Theorem 2.2. The arguments must be modified to take 
into account the new conditions upon the coefficients. For the detailed proofs see 
[179] 

Note that the estimates (2.3.24) do not contain the dissipation characteristic 
D. Therefore they should be refined. For this purpose we introduce in the equation 
( 2 . 1 . 1 ) a new unknown function v setting 

u{t,x) = {t,x) e 11 ( 0 , T] 5 (2.3.27) 

where the function g satisfies the condition Ais. Then we obtain an equation for v: 

(idt- ak{t,x)d^\v{t,x) = f{t,x), (t,a;) G II(o,t], (2.3.28) 

V ||fc||<26 / 

where 

ak{t,x)-.= f{t,x):=e-<^^^^f{t,x). 

l>k, 

\\l\\<2b 

Let us prove that the coefficients a^, ||A;|| < 26, satisfy the conditions A 15 -A 17 . 




2.3. Equations with growing coefficients 



151 



Let us verify Ai^. The functions 



l>k, 

\\l\\<2b 



(i,a:) € II[o,T], ll^ll < 26 , 



are bounded, since 

\h{t,x)\ <c \bi{t,x)\{D{x))-^^^-'^^^^ < C, Pll < 26, 

l>k, 

\\l\\<2b 

due to the boundedness of the functions 5/, \\l\\ < 26, and the condition Ais. For 
the equation (2.3.28) the characteristic equation from Definition 1.5 has the form 



det I Ip- ^2 x){ia)^ ~ ^ 

\\k\\+kr,+ l=2b ^ 



or 



detf/p- ^ bk{t,x){ia)'"n^"+^ 

^ ||fc||+fc„+i=26 

|jfc|]+fcn + l=26 l>k, 

\\l\\<2b 



= 0 . 

(2.3.29) 



By the condition A 15 for the equation (2.1.1), the equation (2.3.29) without the 
third summand satisfies the 2B-parabolicity condition. Since the terms of the 
sum from the third summand contain at least one differentiation of the function 
e^, by the condition A\s they are estimated via the parameter rj, so that, for a 
sufficiently small ry, p-roots of the equation (2.3.29) maintain their proper location. 
Hence, the equation (2.3.28) is a dissipative 26-paraboiic equation on U[q^t] with 
the dissipation characteristic D. 

Let us verify the condition Aiq. Due to the condition Aiq for a^, \\k\\ < 26, and 
the condition ^ 418 , the coefficients a^, \\k\\ < 26, have the continuous derivatives 
dldk, ||/|| < 26, and 



\^^dk{t,x)\ 



m>k, p<r r<l—p 
\\m\\<2b 



m'>k, P"^l rKl—p 
\\m\\<2b 
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m>k, 

\\m\]<2b 

The functions bk, ||A;|| < 26, are continuous in t uniformly with respect to x E 
since for any ei > 0 

l>k, 

\\l\\<2b 

< Cs' Y < £i, a: € K”, 

l>k, 

\\l\\<2b 

as soon as \t' —t"\ < S, C [ 0 ,T], where s' and 6 are from the condition of 

the uniform, with respect to x, continuity in t of the functions 6 /, ||/|| < 26. 

The condition An holds for the equation (2.3.28), due to the condition An 
for the equation ( 2 . 1 . 1 ), and the condition Ais. 

Since the equation (2.3.28) satisfies the conditions ^ 15 -^ 17 , this equation 
possesses a FSCP Z with the estimates (2.3.24). The equality (2.3.27) implies the 
connection between the FSCPs Z and Z: 

Z(t, x; T, = exp{ 3 (x) - t, C), 

0<r<t<T, {x,^}cR". (2.3.30) 

Using this equality, the estimates (2.3.24) for d^Z, ||/c|| < 26, and the condition 
t4i 8, we obtain the estimates (2.3.25). □ 

Consider a dissipative equation (2.1.1) with Holder continuous coefficients. 

Theorem 2.13. Let the conditions Bis~Bn be satisfied. Then there exists a FSCP 
Z for the equation (2.1.1), such that 

\d^,Z{t,x-,T,0\ < Cl (^(t - r)-^-ll'=ll/(2'') exp{-c(t - r){D{^))^'>} + (D(0)"') 
x4«)(t,x;r,^), |lfc|l<26, (2.3.31) 

\d^,Z{t,x-,T,0\ < Ci(^[t - r)-^-ll'=ll/W exp{-c(t - T){D{0f>} + (D( 0 )-') 

X x; r, ^) ^{D{x)f’' + exp{26eM(t - T){D{x)f’’}^ , 

||fc|| = 26, (2.3.32) 

0 <r<<<T, 



where I is an arbitrary fixed positive number, Ci >0, c > 0. 
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In addition, 



j=o 

0<T<t<T, {x,OcR", \\k\\<2b, (2.3.33) 

where C > 0, c> 0, and g is an arbitrary function satisfying the condition Biq. 

Proof In contrast to the case considered in Theorem 2.12, instead of the formula 
(2.3.26) for a FSCP Z we shall use the formula (2.1.84), with Zq defined in (2.3.8). 
Assuming the conditions (2.3.17) and (2.3.18), we obtain an integral equation 
(1.1.47) for Q, with the kernel 

K{t,x-,r,^) Aiak{t,x)d^Zo{t,x;T,^), 0<r<t<T, {a:,^}cR", 

||fc||<26 

where cq G (0, c). 

If q{x]^) < 1, then this inequality, due to the condition implies 

\K{t, x\ r, ^)| < Co{t - x; r, ^ exp{-co(t - T){D{^)f’}. 

Let q{x;^) > 1. Then we use the inequality (2.3.21), in which x and ^ are 
substituted for y and x respectively, while ^ > 0 is chosen in such a way that 
Cl := Co - max{26c/^", 2bMe} > 0. Now 

\K{t, X\ T, ^)| < Co(t - r)--^-l+T'/( 26 )£;( 0 ) exp{-Ci(t - T){D{^)f^}. 

Hence, we have the estimate 

\K{t, x\ r, I < Cl {t - .r)--^-i+T'/(2f')£'(o) [t, x; t, 0 exp{-ci(i - r)(D(0)^''}, 

0<r<t<T, {a;, C E”. (2.3.34) 

This estimate is the base for solving the equation (1.1.47) for Q by iterations. 
We have to give estimates for the iterated kernels Km^ m > 2. If in the estimate 
(2.3.34) we drop the factor exp{— ci(^ — r){D{^))‘^^}, then we obtain bounds for 
the kernels Km just as in Lemma 1.8, and carry out the whole procedure of the 
Levi method as in Section 2.1.5. The estimates for Z obtained this way are as 
follows: 



\d^,Z{t,x-,T,0\ < C(f-r)-"-ll''ll/(2'>)£;W(t,x;r,0, 
0<r<t<T, {a;,C}cE", ||A:|| < 26. 



(2.3.35) 



It would be good to maintain the dissipation characteristic in the estimates 
of the kernels Km and all the subsequent bounds. That is possible indeed, and we 




154 



Chapter 2. Parabolic Equations of a Quasi-Homogeneous Structure 



explain the technique by the example of the kernel K 2 . Let us write it in the form 

t 

K 2 {t,x\T,^) = j dX j K{t,x;X,y)K{X,y;T,Ody 

t 

+ y^dA j K{t,x-,X,y)K{X,y;T,^)dy =: Ii + h- (2.3.36) 

Using the estimate (2.3.34), the condition .B 15 , and the inequality (2.1.80), 
we find that 

t 

\h\<Cl y'((<-A)(A-r))-i+^/(2'>)rfA j Ei^\t,x;X,y) 

T 

X - T))~^dyexp{-C2{t - t)(£)($))^'’} 

< C2^S(7/(26),7/(26))(t - E^^l_,^{t,x-T,0 

X exp{-C2{t - T){D{^)f’}, 

0 < r < t < T, {x, C K", (2.3.37) 

where C 2 G ( 0 , ci), C 28 > 0 , is an arbitrary fixed number from the interval ( 0 , 1 ). 
In order to obtain a bound for / 2 , we use the estimate 

|^(A,2/;t,0I < CnE^°l_,^{X,y,r,0{D{0)-\ 

0<r<A<T, yGM”\ 5(^,1), ^ € M^, (2.3.38) 

where I is an arbitrary fixed positive number. If A — r > 1 , then the estimate 
(2.3.38) is a direct consequence of (2.3.34): 

l^‘'(A,2/;r,0| < CiEi°\X,y;T,^)exp{-ci(D{^)f^} 
<CiiE^(A,y;r, 0 (iA( 0 )-'. 

For the case where A — t < 1, we get using the estimate (2.3.34) and the fact that 
9 (y;0 > that 

\K{X,y,T,0\ 

< C'i(A 

X exp{-ci5(A - r)^~«"}exp{-ci(A - T){D{^)f'’} 

< Cu{X - r)-^-i+^/(2'')£;<°(\_,)(A,2/;r,C)((A - D{0)-^ 

X exp{— ci<5(A — } 
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= exp{-ci,5(A - r)i-«"}) 

<CnE^^l_,^{X,y,r,0{D{0)-‘. 

Now we use the inequality 

Ei°\t,x-,X,y)Ei°\X,y,T,0 < E(°J(t,x;r,a 

T < A<t, {x,y,^j cW, Co > 0, (2.3.39) 

a consequence of the inequalities (1.3,13) with n = 1, /3 = l/(2bj), j E {1, . . . , n}. 
From the estimates (2.3.34) and (2.3.38), using (2.1.46) and (2.3.39) we find 

that 

t 

\h\ < CiCniOm-^ J{t~ I X,y) 

T 

X E^f^^^_^^{X,y;T,^){t - X)~^ exp{-ci{t - X)[D{y)f^}dy 

t 

X |(t-A)-i+^/(26)^A I Ei%x-X,y){t-X)-^dy 

T 

= C 2 ,B( 7 /( 26 ), l)(^ - 

0 < r < t < T, {a;, C R”. (2.3.40) 

Prom (2.3.36), (2.3.37), and (2.3.40) we get the required estimate 

\K2{t,x-,T,0\ < (C2^S(7/(26),7/(26))(t-r)-"-i+27/(26) 

xexp{-C2(t-r)(D(0)"'’} 

+ C2,5(7/(26), l)(t - r)^/(2'')(D(O)-0<|i_^)(^.^;r,O, 

0<r <t <r, {x,^}cE^. 

The estimates of the kernels Km, m > 3, which imply the estimate (2.3.17) 
for Q, as well as the estimates (2.3.18) and (2.3.31), are given in detail in [116] for 
a more general case of degenerations on the initial hyperplane. 

In order to obtain the estimates (2,3.33), we introduce a new unknown func- 
tion V by the formula (2.3.27), in which the function g satisfies the condition Biq. 
As in the proof of Theorem 2.12, we obtain the equation (2.3.28) and verify, for a 
sufficiently small r/, the conditions provided these conditions are fulfilled 

for the equation (2.1.1). This gives the equality (2.3.30) for Z, in which Z is a 
FSCP for the equation (2.3.28). This equality, the estimates (2.3.35) for Z, and 
the condition B\q imply the estimates (2.3.33). 
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Let us prove the estimates (2.3.32). It is sufficient to consider the integral 
(2.1.85). For ||A;|| = 26, due to Properties 2.11 and 2.13, we have 

*0 

d^,W{t,x-,T,0 = j dxj dtZo{t,x-,\,y)Q{\y,r,i)dy 

T 

t 

^ I I Ody 

to R^ 

+ [i [ ^'"zdxGo{t,x- \,y; z%=ydy\Q{\,x-,T,^)d\ 

to / 

3 

(2.3.41) 

j=i 

Using (2.1.46), (2.1.80), (2.3.10), (2.3.17), (2.3.39), and the method of the 
proof of the estimate (2.3.38), we find that 

( to 

B«,l) 

X y; t, ^){{t - A)(A - t))~^ 

X exp{-c((f - X){D{y)y’’ + (A - T){D{^)f'’)}dy 

to 

+ exp{-c(A - T)(D(0)^''}rfA 

r 

^0 

X j {t->)~^Ef\t,x-,X,y)Ef'\X,y,T,i)dy + j {X - ^ dX 

X f it~X)-^Ei^\t,x-,X,y)E^^\X,y,T,0dy{D{0)A 

R^ ^ 

<Ci{t- r)“^ ({t- T)~^Ef^{t, x\ T, 0 exp{-ci(i - r)(£)(0)^''} 



to to 

j {X - t)~'^+'^^^^'’UX + Ei°\t,x;r,^) j dX j {t - X)~ 



xEi%(t,x-X,y)dy{D{0)-^ 
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X exp{-ci(t - r)(£»(0)"'’} + (2.3.42) 

It follows from (2.3.20) that 

|J 2 |<a((i-T)-^-l+^/( 26 ) 

X exp{-cy{t-r){D{Of’^} + {D{0r^)Ei°\t,x-,T,0, (2.3.43) 

while (2.3.23) implies the estimate 

I J 3 I < Qiit - r)-^-i+ 27 /( 26 ) exp{-ci(i - r)(Z)(0)'n + {D{0)-‘) 

X X-, r, ^){{D{x)f’ + exp{2bMs{D{x)f>}). (2.3.44) 

Using the equalities (2.1.84) and (2.3.41), the estimates (2.3.10) and (2.3.42)- 
(2.3.44), we obtain the estimate (2.3.32). □ 

2.3.3. Fundamental solution of the Cauchy problem for some equations reducible to 
dissipative ones. Let us consider the equation (2.1.1) with unbounded coefficients 
under some assumptions, different from those of Section 2.3.2. 

Let 6' := max bj, 6o G (0, 1), and the function rjo G (7^^ (M) be such that 

77o(r) |r| for |r| > 1 + ^o, ^o(r’) 1 for |r| < 1 - So, 

and \rjQ^\r)\<C, r G M, A; G {1, . . . , 46'}. 

Consider the functions 

/ n \ (l-^o)/( 26 ) 

i^o(a:) := (^^(%(x^))''^ j , xeR^, (2.3.45) 



and 



go{t,x) := a(l - (^a)2*>-4)-V(20-D ( f](%(x^))’^ 

\i=i 

{t,x) G n[o,T], (2.3.46) 

where the number so G (0, 1) is chosen in a special way for each specific situation, 
A is a sufficiently large positive number, and a > 0 is such a number that T < 
[Aaf-^^/2. 

We shall use the following set of conditions containing the function D = Dq 
defined in (2.3.45): 





158 



Chapter 2. Parabolic Equations of a Quasi-Homogeneous Structure 



(Cii) The functions bk{t,x) := ak(t,x){Do{x)y^'^^^~^^ , (t,x) € n[o,T], ll^ll < 26, 
are bounded, and the equation (2.1.1) is uniformly 25-parabolic on n[o,T]; 
(Cl 2) The conditions Aiq and yli7 are satisfied; 

(C13) The equation (2.1.1) possesses the adjoint equation (2.1.3) whose coeffi- 
cients satisfy Cl 2- 

Let us consider the FSCPs for the equation (2.1.1) and the adjoint equation (2.1.3). 

Theorem 2.14. Suppose that the conditions Cu and C12 are fulfilled for the equation 
(2.1.1). Then there exists a FSCP Z for this equation, and 

m\ 

\d^Z{t, x;t,0\<C ^Do{x)Y^^-^^ { t, x~, r, 0 

j=0 

X exp{fifo(f,a;) -go(r,0}, 

0<T<t<T, {a;,C}cIR”, ||fc|| < 26, (2.3.47) 

where C > 0, c > 0, Dq and go are the functions from (2.3.45) and (2.3.46) 
respectively. 

If, in addition to the conditions Cu and C\ 2 , the condition C13 is fulfilled, 
then there exists a FSCP Z*{r,^]t,x), 0 < t < t < T, {^, x} C for the adjoint 
equation (2.1.3), and Z* , Z satisfy the equalities (2.1.111) and (2.1.112). 

Proof Let us make in the equation (2.1.1) a change of variables by the formula 
u{t, x) = x), {t, x) e 11(0, T], 

in which go is the function from (2.3.46). As a result we obtain the equation 

(idt- ^ ak{t,x)d^ 

V \\k\\<2b 

|| fc ||<26 i > fc , / 

P ||<26 

= e-3°^^’^^f{t,x), (f,x) en(o,T]. (2.3.48) 

The equation (2.3.48) is a dissipative 25-parabolic equation satisfying the 
conditions A15-A17 with the function Do defined in (2.3.45). The properties of 
coefficients of this equation involved in the conditions A15-A17 are consequences 
of the conditions Cu and C12, and the inequalities 

\d%{t,x)\ < Ci(i?o(a;))ll'''l('-^\ 0 < ||fc|| < 46, 

< {Do{x))~^^dtgo{t, x) < C3A^’’~^a^^, 

\dtd%it,x)\ < 0 < ||/|| < 26, 

(f, x) € njo,^]. 



(2.3.49) 

(2.3.50) 

(2.3.51) 




2.3. Equations with growing coefficients 



159 



These inequalities are valid under the appropriate choice of the number from 
the equality (2.3.45). 

In order to show that the equation (2.3.48) is dissipative, we consider its 
characteristic equation 



detl 7(p+ (Do(a:)) '^^dtgQ{t,x)i?^) - ^ bk{t,x){icr)^ 

V ||fe||+fc„+i=26 

|lfc||+/c7i-|.i =26 ) 

\\l\\<2b 



By the inequalities (2.3.49)-(2.3.51) and the condition Cn, the coefficients of this 
equation are bounded, and for /i = 0 its p-roots are located properly. Therefore, 
in order to prove the inequality 



Rep{t, X, 0 -, //) < -5 , 

it suffices to verify that Rep(t, x, <j, //) ^ 0 for all {t,x) € n[o,T]? ^ ^nd 

/i G E. That can be done, using the inequality (2.3.50) and choosing A large 
enough. 

Hence, by Theorem 2.12 there exists a FSCP Z for the equation (2.3.48), it 
satisfies the estimates (2.3.24), and it is connected with the FSCP Z for the equa- 
tion (2.1.1) by the formula (2.3.30), in which go{t^x) and goi^^O substituted 
for g{x) and g{^) respectively. Using the estimates (2.3.24) and (2.3.49), we obtain 
the estimates (2.3.47). 

The existence of the FSCP Z* and the equalities (2.1.111), (2.1.112) for Z 
and Z* are proved just as in Remark 5 from Section 2.1.5. □ 

2.3.4. Theorems about the solvability of the Cauchy problem. The results regarding 
the FSCP expounded in Sections 2.3.2 and 2.3.3 make it possible to study, just 
as in Section 2.2, properties of the corresponding Poisson integrals and volume 
potentials, and to investigate on this basis the solvability of the Cauchy problem. 
Since the above FSCP estimates for equations with growing coefficients are not as 
exact as those for the case of bounded coefficients (Section 2.1), the subsequent 
results regarding the Cauchy problem are more unpretentious than the ones from 
Section 2.2. Below we give only two theorems about the solvability of the Cauchy 
problem. We do not present here the properties of the Poisson integrals and volume 
potentials needed there, since that would require essentially a repetition of the 
proofs from Sections 2.2.2 and 2.2.4. 

In order to formulate the theorems, we need norms and spaces similar to 
those used in Section 2.2. There we employed the weight functions defined in 
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(2.2.1). Here we use the following weight functions: 

<P,{t,x) := <^l{t,x) := 

(t, x) G II[o,T]! a; € K”, t'Gj— 1,1}, 

where the function is the same as before, while g and are the functions from 
the estimates (2.3.25) and (2.3.47) respectively. 

The definitions of the spaces used below, 

ia,g{-) ^ j^S,gC) ^ L-kT,S), -g{ ) ^-k(T,a),-g{-) ^ 

with the norms 

respectively, and also the norms |lu(t, are the same as the definition 

of the corresponding spaces without the index g{') in Section 2.1.2, only with the 
weight functions substituted for If instead of the functions we take the 
functions then we obtain another series of spaces 

ra,go{0,-) T^a,go{0,-) r —k(T,a),—go{T,-) ^—k{T,a),—go{T,-) 

ijp , IVl ^ IJi , Oq , 

and norms 

For the inhomogeneous part / of the equation (2.1.1) we use the following 
conditions: 

(T^iSp) The function / : H(o,t] ^ni is continuous, locally Holder continuous in 
X uniformly with respect to t, and for any t E (0, T] the expressions 

t 

0 



are finite. 

(Diep) The function / : H(o,t] ^ ^ni is continuous, locally Holder continuous in 
X uniformly with respect to and for any t E {0,T] the expressions 

t 

0 



where p E [1, oo], are finite. 
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The following theorem holds for dissipative equations with smooth coefficients. 
Theorem 2.15. Suppose that the conditions are satisfied. Then: 

1 ) If (f ^ and the function f satisfies the condition Di^p, p G [l,oo]^ 

then the function (2.2.92) is a solution of the equation (2.1.1), such that for 
all t G (0, T] 

with a certain constant C > 0, where the function Fp is the one from the 
condition Di^p, and the relation 

holds if p E [l,oo), whereas for p = oo the relation ( 2 . 2 . 22 ) holds for any 
G £,-fc(r,a) 

2 ) If n £ and the condition Z?i 5 i is satisfied for f, then the function 

(2.2.103) is a solution of the equation (2.1.1), and there exists such a constant 
C > 0 that for all t G (0,T], 

and the relation (2.2.47) holds for an arbitrary function 'ip G 

A similar theorem is valid for the equations from Section 2.3.3, reducible to 
dissipative ones. 

Theorem 2.16. Let the conditions Cn cb^d Cu be satisfied. Then: 

1) If (f E \ and the function f satisfies the condition DiQp, p G [l,oo], 

then the formula (2.2.92) defines a solution of the equation (2.1.1), for which 

|mi^.)||fc(t.3),so(t,-) < ) +-F°(i)), t€{0,T]-, 

if p E [I 7 O 0 ), the relation 

lim \\u{T •) - (^(.)||J('’«)’^o(^’-) = 0 holds, 

while forp = 00 the relation ( 2 . 2 . 22 ) holds for each 'll; e . 

2 ) If li £ and the function f satisfies the condition Diqi, then the 

formula (2.2.103) defines a solution of the equation (2.1.1), for which 

\\u{t, .)||f + F?{t)), t e (0,T], 

and the relation (2.2.47) holds for any 'll; G 
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2 A Equations with degenerations on the initial hyperplane 

2.4.1. Fundamental solution of the Cauchy problem. In this section we give a brief 
exposition of the results regarding equations from the classes E13 and E14, that is 
the equations of the form (1.1.11), for which the coefficients ak with \\k\\ — 2 b are 
bounded, while those with ||A;|| < 2 b are either bounded or may grow as |x| 00. 

The degenerations at t = 0 in these equations are caused by the presence of the 
functions a and (3 with the properties indicated in Section 1.1.1. 

Below we use the following additional notation: 



t 




E^{t^r) := exp{d^(t, r)}, 

Ec{t,x-,T,^) :=exp|-c^(B(i,r))^“«^ \xj 

t j = l J 

:= Ec{t,x\T,i)E‘^{t,T), 

0 < T < t < T, {x, C 

where c > 0 and d G E. 

First we consider the equation (1.1.11) for the case where the correspond- 
ing equation (2.1.1) without degenerations satisfies the condition An, and the 
coefficients ak, |1A;|| < 26, satisfy A12 and possibly also the condition A^. 

The degenerations will be classified by T(T, 0) and B(T, 0). In the case 
A{T, 0 ) < 00 we say that the equation (1.1.11) is weakly degenerate. In the case 
A(T, 0) = 00 it is called strongly degenerate, and very strongly degenerate, if 
A(T,0) = 00 and B{T, 0 ) = 00. 

It is not always possible to consider the Cauchy problem for the equation 
(1.1.11) with the initial data at t = 0 in the usual sense. However we can define 
a FSCP as such a function 0 < r < t < T, {x,^} C that the 

formula 

u{t,x) = j Z{t, X\ T, (t,x) e ri(^,T] , 

determines a solution of the homogeneous equation (1.1.11) satisfying the condi- 
tion u\t=r = ^ for any r G (0, T) and an arbitrary continuous bounded function (p. 

A FSCP for the equation (1,1.11) under the above conditions is constructed 
and investigated by the Levi method just as it was done in Sections 2. 1.1-2. 1.5 for 
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an equation without degenerations. As a parametrix we take the function (1.1.43) 
where Go(* ; * ^ • 5 * ; 2 /) is a FSCP for the equation (1.1.48). Note that this equation 
contains a term without degenerations, the one with the coefficient ao at the 
unknown function. This term belongs actually to the group of leading terms of the 
equation. Its presence in (1.1.48) facilitates the estimation procedures of the Levi 
method and makes it possible to obtain exact results regarding the FSCP for the 
equation (1.1.11). The parametrix Zq satisfies the following estimates: 

0<T<t<T, {cc,e}cIR”,A:eZ:;:, 

where > 0, c > 0 and d G M. 

The main theorem of this section about the FSCP for the equation (1.1.11) 
is as follows. 

Theorem 2.17. Suppose that the coefficients Ok, ||A:|| < 2b, of the equation (1.1.11) 
satisfy the conditions An and A 12 . Then there exists a FSCP Z for this equation, 
such that 

\d^Z{t,x-,T,0\ < (2.4.1) 

\A^Jd^Z{t,x-,T,0\ < 

X {Et{t,x-r,i) + Ei{t,x'-r,i)), (2.4.2) 

0<r<t<T, C |1A:|| < 26, 

where C > 0, c > 0 and d G R. 

Proof. We proceed as in the proof of Theorem 2.2. Therefore we only indicate some 
differences from the case considered in that theorem. 

The second summand from the formula (2.1.84) is taken as 

t 

VF(i,o:;r,0 = y j Zo{t,x;\,y)Q{\,y;T,^)dy, 

T 

0<r<t<T, {x,^} CR". 

Instead of the integral equation (1.1.47) we have the equation 

t 

Q{t,x-,T,^)=K{t,x;T,^) + j J K{t,x; X,y)Q{X,y;T,^)dy, 

T 

0<r<t<T, {a;,^}cE”, 

in which 

K{t,x]T,^) := (l3{t) ^ Aiak{t,x)d^+P{t) ^ ak(t,x)d^ + Alao{t,x) 

V p||=2i Pll<26 

X Zo(t,x;r,^). 
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The a priori assumptions regarding the function Q are as follows: 

\Al'Q(t,x;T,0\ < C/3(t)(p(x;x'))^‘(B(t,r))-"-i+^^/(26) 

x{E^it,x-,T,0+E^{t,x'-,T,0), 

0 < r < t < T, {x, x', C M”, 

where the numbers 71 and 72 are the same as in (2.1.87). 

For the kernel K we obtain the estimate 

|X(t,a:;r,OI < E^^{t,x',T,^), 

0 <T <t<T, {a;,^}cE". 

Instead of the inequalities (2.1.61) and (2.1.80) used in the proof of Theorem 
2.2, here we use the inequalities 

{p{x-, y))'^Ec{t, X\ T, y) < C{B{t, E^ {t, x; r, y), 

j Ec{t, x; T, ^)Ec{t,^; to, y)(B{t, t)B{t, to))~’^)d^ 

< C^{B{t, to))~^Ec(i-e) {t, X] to,y), 

0<to<T<t<T, {x,y} C R”. 

We use the following inequalities for the functions A, B, and E‘^: 

iB{t,T)rE^{t,r) < imnMt,r)rE%T) < {piT)rE^^{t,r), 

0 < T <t <T, p > 0, di > d. □ 

Remark 1. If, in addition to the assumptions of Theorem 2.17, the coefficients ak, 
||A:|| < 26, for every {t^f} C (0,T], t < t', and x G satisfy the condition 

then, apart from the estimates (2.4.1) and (2.4.2), 

\^i'x 9^E{t,x-,T,^)\ < C{p{t',x';t,x)y 

X ((B(t, x; r, 0 

+ {B{t', x'; T, o) , 



m\ < 2b, 



(2.4.3) 
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j dlZ{t,x-,T,y)dy 

0 < ||fc|| < 2b, (2.4.4) 

K,x j 9^Z{t, X- T, y)dy < C{p(t', x'\ t, x)y r) + r)^ , 

0 < ||A:|| < 25, (2.4.5) 

where 0 < r < t < t' < T , {x, x\ C 

Remark 2. The constant d in the estimates (2.4.3)-(2.4.5) may have any sign or be 
equal to 0. For example, if for the equation (1.1.11) the estimates (2.4.3)-(2.4.5) 
hold with d = do > 0 , then the corresponding estimates for the equation 



(a{t)Idt~l3{t) ^ ak{t,x)d^ - ao{t,x) +plju{t,x) = f{t,x), 

(t,x) e n(o,T], (2.4.6) 

with the parameter p € C, Rep > do, are valid with d = do — Rep < 0 . 

This follows from the formula 

Zp{t, x; T, ^) = exp{-pi(t, r)}Z{t, x; r, 0, 

0 < r < ^ < r, {x,^} C R"", 

where Z and Zp are the FSCP for the equations ( 1 . 1 . 11 ) and (2.4.6) respectively. 

Remark 3. In the case of the weak degeneration of the equation (1.1.11) we may 
set r = 0 and d = 0 in the estimates (2.4.3)-(2.4.5) 

Remark 4. A FSCP for the equation (1.1.11) has some properties similar to the 
case of an equation without degenerations. 

In particular, let to be an arbitrary number from the interval (0,T) 
, Z{t,x^T^^)^ 0 < r < t < T, {x,^} C R’^, be a FSCP for the equation (1.1.11). 
Then the function Z(t,x;r, f), to <t < T, {x,^} C R’^, is a FSCP with the 
initial condition at t = to for the uniformly 26-parabolic equation 




0<||fcll<26 



ak{t,x)d^ 



Qo(t,x) 

a{t) 



u{t, x) 



a(t) 



(t,x) e 



If we assume, apart from the conditions An and A 12 , also the condition A 14 , 
then by Remark 5 from Section 2.1.5, for the adjoint equation 



-drv{r,0 - -7^ - 



Kt,0=9{t-,0, 
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there exists a FSCP Z*, and the equalities (2.1.111) and (2.1.112) hold, in which 
to <r<X<t<T. Since to is an arbitrary fixed number from (0,T), the 
equalities (2.1.111) and (2.1.112) hold for any r G (0,t), t G (0,T]. This is the 
meaning of the normality property and the convolution formula for the FSCP for 
the equation (1.1.11). 

Results on the FSCP similar to those for equations with growing coefficients 
(Sections 2.3.2 and 2.3.3) are valid for such equations also in the presence of 
degenerations at the initial hyperplane. Below we formulate such theorems for the 
equations 



f a{t)Idt - /3{t) ak{t, x)d^ j u{t, x) ^ f{t, x), 

^ P||<26 ^ 

{t,x) e 11(^0, T], (2.4.7) 

and 

(a{t)Idt - P{t) ^ ak{t, x)d^ - b{t, x)"! u{t, x) = f{t, x), 

(t,x) G n(o,T]- (2.4.8) 

Note that in the equation (2.4.7) we can pass from the variable t G (0,T] to 
a new variable r using the change of variables r = —B{T,t). Here r will belong to 
the interval 0), 0] which, in the case of a very strong degeneration, that is 

B{T,0) = oo, is unbounded. Hence the equation (2.4.7) is reduced to an equation 
without degeneration which should in general be considered on an unbounded time 
interval. Since that would require a specific additional investigation, we do not use 
the above change of variables. 

Theorem 2 . 18 . Suppose that the coefficients ||A:|| < 2b, of the equation (2.4.7) 
satisfy the conditions Then there exists a FSCP Z for the equation 

(2.4.7), such that 

\d^Z(t, X-, T, 01 < cm, r, 0 exp{dB(i, r)}, 



and 



\d^,Z{t,x-,T,0\ < 

J=0 

X Ec(t, X\ T, 0 exp{dB{t, r) + g{x) - g( 0 |, (2.4.9) 

0 <T<t<T, {a;,Oc]R'*, ||fc|| < 26, 

where C > 0, c > 0, d G M, and g is an arbitrary function satisfying the condi- 
tion Ais. 




2.4. Equations with degenerations on the initial hyperplane 



167 



Theorem 2,19, If the coefficients Ok, 0 < \\k\\ < 2h, and the dissipation character- 
istic D satisfy the conditions while the function b is bounded, continuous 

in t, and Holder continuous in x, with the exponent on there exists 

a FSCP Z for the equation (2.4.8), such that 

+ {D{0)-^)E^{t,x-,r,0, (2.4.10) 

IIMI 

\d^,Z{t, x-,T,0\<C {D{x)yEi{t, x~, r, 0 

j=o 

xexp{g{x) - g{i)}, (2.4.11) 

if II A; II < 2b, and 

\d^^Z{t,x-,T,0\ < Cym,r))-^~^exp{-cB{t,T){D{Of<>} 

+m))-‘mt,x-,r,omx)r 

-f exp{2beMB{t, r){D{x))^^}), (2.4.12) 

if\\k\\ = 2b. 

In the estimates (2.4.10) -(2.4. 12), 0 < r < t < T, {x,^} C , I is an 
arbitrary positive number, g is an arbitrary function satisfying the condition Biq, 
Cl > 0, C > 0, c> 0, d eR. 

Let us consider also the equation (2.4.7) satisfying the conditions C 11 -C 13 , 
and the condition 

(C 14 ) The degeneration is weak, that is B(T,0) < 00. 

If the condition Cu is fulfilled, we consider the function 

go{t,x) a(l - {Aaf^~^B{t,0))~'^^^^^~^\Do{x)f^, 

{t,x) e (2.4.13) 

where Dq is a function from (2.3.45), is a sufficiently big positive number, the 
number a > 0 is such that B{T,0) < (^a)^~^^/ 2 . 

Theorem 2.20. If the equation (2.4.7) satisfies the conditions Cu, C 12 and Cu, 
then it has a FSCP Z, such that 

Pll 

\d^,Z{t, X-,T,0\<C r))-M-(IIMI-l)/(26) (Doix)y^^-^^E,{t, x; r, ^ 

j=0 

X exp{go(t,x) - go{T,0}: 

0<T <t<T, {x,e}cK", ||fc||<26, 



(2.4.14) 
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where C > 0; c > 0; the functions Dq and qq are the ones from (2.3.45) and 
(2.4.13) respectively. 

If, in addition, the condition C13 is fulfilled, then the FSCP Z has the nor- 
mality property, and a convolution property is valid for it. 

The proofs of Theorems 2.16-2.18 are given in [115, 116]. 

2.4.2. The Cauchy problem and the problem without initial conditions. The re- 
sults regarding the FSCP for equations from the classes E13 and E14 described 
in Section 2.4.1 make it possible to investigate the correct solvability of problems 
with or without initial conditions, depending on the character of degeneration. 

Instead of the functions which are defined by the equalities (2.2.1) and 
describe the behaviour at |x| ^ 00 of the functions from the spaces used in Sec- 
tions 2.2 and 2.3, for equations with degenerations we consider the functions 

:= |, (t, x) G IIio,t] > !^g{-1,1}, 



where 

kj{t,aj) := coajicf^-^ - (T - S(T, 

for t e (0, T] and kj (0, aj) := 0, if B{T, 0) = 00. Here cq is a fixed number from the 
interval (0, c), c is the constant from the estimates of the FSCP, and the numbers 
Oj are such that 0 < . 

Note that each function kj{-,aj), j G {1, ... ,n}, increases and 

0<T<t<T, {a;,4}cK". (2.4.15) 



For equations (1.1.11) with the weak degeneration, it is possible to formulate 
the Cauchy problem with the usual initial condition at t = 0. The case of such 
equations is not essentially different from the case of non-degenerate equations. 
For weakly degenerate equations (1.1.11) the results are similar to those from 
Sections 2. 2. 2-2. 2. 7 and 2.3.4. 

Instead of the spaces 






— 5(') 

^0 ’ 




and 



^~k{T,a) ,-go{T,-) 
^0 



we use similar spaces with the weight functions instead of Instead of the 
spaces of continuous. Holder continuous, and differentiable functions defined in 
Section 2.2.1, we use similar spaces of functions with a specified behaviour at 
t — » 0. That behaviour is described by the function 

iS{t)r{A{t,0)rE’^{T,t), te{0,T], 
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where /i is a non-negative integer, {r, (i} C R, ^ : [0, T] ^ [0, oo) is a continuous 
non-decreasing function, such that for any t G (0,T], 

t 

0 < 5{t) < /3(t), A(t,0) < oo. 

J o^{X) 

0 

Definitions of some of these spaces can be found in [112] where lemmas similar to 
Lemmas 2.7-2.10 are proved. 

In order to obtain more precise results regarding the solvability of the Cauchy 
problem for a weakly degenerate equation, one has to take into account the relation 
between the functions a and (3. The condition 

t 

J o;(r) 

0 

with some 70 G (0, 1), was used for this purpose in [168]. 

If the equation (1.1.11) is strongly degenerate, then it is generally impossible 
to fulfil the initial condition (2.2.108). The next simple theorem gives conditions 
of the correct solvability of a strongly degenerate equation (1.1.11) without initial 
conditions. 

Theorem 2 . 21 . Suppose that the coefficients Ok, ||A;|| < 2b, of the equation (1.1.11) 
satisfy the conditions Au-Ais, and A{T,0) — 00. Let a function f : II(o,t] ^ni 
be continuous and satisfy the following conditions with the constant d from the 
estimate (2.4.1); 

1) For any R> there exist such constants C > 0 and 7 G (0, 1] that for all 
t G (0,T] and {x,^} C Br, 

\Aif{t,x)\ < CS{t)E-‘^{T,t)(p{x-,Or, 

where 8 : (0,T] ^ [0,oo) is a function satisfying the condition 

T 

J {8{t)/a{t))dt < 00; 

0 

2) There exists such a constant C > 0, that for all t G (0,T], 

t 

F{t) := [ < C, 

J ot{r) 

0 

l|/(T-^.)||fc(T,3) _ sup(|/(T,x)|^_i(r,a:)). 



where 
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Then the formula 

t 

u{t,x) = j j Z{t,x;T,^)f{T,^)d^, e II( 0 ,T|, (2.4.16) 

0 

determines the unique solution of the equation (1.1.11) satisfying the estimate 

\HT Of < CE-^{T,t)F{t), t G (0,T]. (2.4.17) 

Proof. The fact that the function (2.4.16) is a solution of the equation (1.1.11) 
and satisfies the estimate (2.4.17) is a consequence of properties of the volume 
potentials established just as for non-degenerate equations. We have only to prove 
the uniqueness of this solution. It is sufficient to show that a solution of the 
homogeneous equation satisfying the inequality 

<CE-‘^{T,t)s{t), <e(0,T], (2.4.18) 

is identical to 0. Here the function e : (0, T] (0, oo) is such that £{t) 

Let (t, x) be an arbitrary fixed point from H(o,t] > to be a fixed number 
from the interval (0, t/2). Evidently, our solution u satisfies the condition 

u{t, x)\t=to = u{to, x), X 

thus, by virtue of the results known for non-degenerate equations, we have the 
representation 

u{t,x) = j Z{t,x-,to,0'^{to,0di- (2.4.19) 

R" 

Since this is true for any to G (0, t/2), we can pass to the limit as to 0. The 
limit of the right-hand side of (2.4.19) equals zero. Indeed, using the inequalities 
(2.4.1), (2.4.15) and (2.4.18) we find that 

j Z(t,x;to,0’>^{to,0<^^ 

R" 

< Ce{to) j 41,„(t,a;;lo,0(4o(<,a;;lo,0^i(to,a)^“''(7’,io)(B(t,to))-'^d$ 
<Cs{to)4>i{t,x)E-‘^{T,t) J E,^,,{t,x-,to,Om,to))-^d^ 

R" 

= Ce{to)^i{t,x)E~'^{T,t) -* 0. 

^0— ♦O 

Therefore after passing to the limit in (2.4.19) for to — > 0 we obtain that u{t, x) = 0. 
It remains to recall that (t, x) is an arbitrary point from n(o,r]- D 
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Remark 1. The homogeneous equation (1.1.11) may have non-trivial solutions from 
a class wider than the one determined by the inequality (2.4.18). 

For example, consider the equation 

{a{t)dt - l3{t)dl + l)u{t,x) = 0, (t,x) e (0,T] x E =: Et, 

assuming that A{T,0) = oo and .B(T, 0) = oo. Its FSCP is 

Z{t,x;T,^) := 0<T<t<T, 

The functions Ui{t,x) := E^{T,t), {t,x) G E^^, and also 

U2{t,x) := E^^‘^{T,t)exp{x/y/2}, {t,x) G Et (if P{t) = I, t e [0,T]) 

are its solutions. The functions ui and U 2 do not belong to the class determined 
by the inequality (2.4.18). 

Remark 2. If the equation (1.1.11) is not very strongly degenerate, that is A{T, 0) = 
00 while B{T^ 0) < oo, the initial condition can be formulated as follows: 

{u{t, x)E\T, i))|t=o = ^{x), e E", (2.4.20) 

where d is the number from the estimates (2.4.1). A solution of the problem 
(1.1.11), (2.4.20) is represented as 

t 

u{t,x) = j Zo{t,x;^)ip{^)d^ + j j Z{t,x\T,i)f{T,i)d^, 

0 

(t, x) G E(o^ 7 ^], 



where 

Zo{t,x\i) := \\miZ{t,x]T,^)E~'^{T,T)). 

r -^0 

As an example, consider the equation 

{a{t)dt - d)u = 0 , 

in which n = 2, d G E, and the functions a and (3 correspond to the case of a not 
very strong degeneration. The FSCP for this equation is given by the formula 

Z(t, x; r, ^) = ( 27 t)“^ J exp{i(x — cr) — B{t, r){al + a^) + dA{t, T)}dcr, 



0 < T < t < T, {x, C E^, 
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whence (see Section 6 . 1.2 in [76]) 

Z{t,x-,T,Cj = (27rV^)“^(S(i,T))“^/^exp{di(<,r) - (4B{t,T))~^{xi 

OO 

X j exp{-r'^}J_i/2ir{B{t,T))~^^‘^\x2 - ^2\)r^^‘^dr, 

0 

0 <T <t <T, {a;,^}cR^ 

where J- 1/2 is the Bessel function of the first kind and the order — 1 / 2 . It is easy 
to see that 

Zo(t,x-,0 = i2TTV2)-\B{t,Q))-^/^exp{-dA{T,t) - i4B{t,0)rAx, - 

00 

X j exp{-r‘^}J_i/2{r{B{t,0))~^^^\x2 
0 

0<t<T, 



2.5 Comments 

26-parabolic equations (systems of equations) constitute one of the possible gener- 
alizations of equations (systems of equations) introduced by Petrovsky [180] (the 
equations from the class Eq). We begin with a brief survey of the results on the 
Cauchy problem for equations from the class Eq. Keeping in mind the contents 
of this book, we describe mainly those works where FSCPs were studied or used. 
As in the majority of the publications, we shall use the term “an equation” only 
dealing with the scalar case, while vector equations will be referred to as “systems 
of equations” . 

A FSCP for second order parabolic equations with bounded variable coeffi- 
cients (depending on all the variables) was constructed by Dressel [28] for the case 
of smooth coefficients, and by Pogorzelski [184] and Aronson [5] for the Holder 
continuous coefficients. FSCPs for systems of equations of arbitrary orders were 
constructed by Bruk [21], Eidelman [47, 48, 49, 52, 45], Pogorzelski [185, 186], 
Slobodeckij [213], and Aronson [5, 6 , 7]. Conditions upon the coefficients were 
weakened considerably by Eidelman and Matiychuk [67]. All the constructions 
were based on the classical Levi method [152], a universal tool found applicable 
even for non- Archimedean parabolic equations [131, 132]. 

The FSCPs constructed and investigated in the above papers found a va- 
riety of applications in the studies of properties of parabolic systems, correct 
solvability of the Cauchy problem in various classes of functions, integral rep- 
resentations of solutions of the Cauchy problem, as well as solutions defined on 
the open layer H(o,t] 5 local solvability of the Cauchy problem for quasilinear and 
nonlinear parabolic (in the sense of Petrovsky) systems, extension of solutions of 
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such systems onto larger time intervals, etc. These results are expounded in detail 
in the monographs [45, 83, 146] and the survey papers [102, 24, 46]. 

In 1960 Eidelman [51] defined and began to study a new class of systems, the 
class of 25-parabolic systems. As we have mentioned, such systems generalize the 
systems parabolic in the sense of Petrovsky, to the case where each spatial variable 
may have its own weight with respect to the time variable, so that a system from 
the new class has a vector parabolic weight 2b := (26i, . . . , 25^). For such systems, 
Eidelman constructed FSCPs and studied solvability of the Cauchy problem, under 
the assumption that the coefficients are bounded continuous functions satisfying, 
with respect to the spatial variables, the Holder condition with respect to the 
so-called 25-parabolic distance. 

For the case where, instead of the Holder condition, the coefficients satisfy 
the Dini condition, the existence of a FSCP and correct solvability of the Cauchy 
problem were established by Matiychuk [165], and Eidelman and Matiychuk [66]. 

An important work for the theory of 25-parabolic systems was published in 
1968 by Eidelman and Ivasyshen [53]. It contained a sufficiently complete and 
precise investigation of the FSCP Z and potentials generated by Z, correctness 
classes of the Cauchy problem for linear systems under various assumptions regard- 
ing right-hand sides and initial functions, local solvability of the Cauchy problem 
for nonlinear systems and extension of their solutions to larger time intervals. In- 
ner estimates of solutions were obtained, and the hypoellipticity of 25-parabolic 
systems was proved. These results generalize the facts known for parabolic systems 
in the sense of Petrovsky [45], complement them and make them more exact. 

Note that in the studies of integral representations of solutions of the Petrov- 
sky- and 25-parabolic systems in [45, 24, 53] the sufficient conditions imposed on 
solutions not always were necessary. Ivasyshen [105, 108] was the first to find nec- 
essary and sufficient conditions for solutions of homogeneous 25-parabolic systems 
(in particular the ones parabolic in the sense of Petrovsky) defined on the open 
layer H(o,t] ? fc) be represented by the Poisson integrals of functions or generalized 
measures from special weighted spaces. The sets of such functions or generalized 
measures are the sets of initial values of the solutions. It was also clarified in 
[105, 108], in what sense the solutions satisfy those initial conditions. 

It is natural to try to obtain analogs of the above results for parabolic systems 
with some kinds of degenerations. Let us review the papers devoted to Petrovsky- 
and 25-parabolic equations and systems with degenerations on the initial hyper- 
plane. 

Kalashnikov [124, 125] found correctness classes containing increasing func- 
tions for second order parabolic equations degenerate with respect to the time 
variable. His techniques did not use a FSCP. Glushak and Shmulevich [90] con- 
structed FSCPs for parabolic equations of arbitrary orders degenerate on the initial 
hyperplane, and used them to find a correctness class for a problem without initial 
conditions. The class contains functions increasing both for |x| ^ oo and f — > 0. 
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Glushko [91] showed the impossibility to consider a classical Cauchy problem with 
initial data at t = 0 for a strongly degenerate equation. Thus it is natural to im- 
pose an initial condition with a certain weight. Just such solutions, satisfying a 
special weighted initial conditions, were found in [90]. 

Gorodetsky and Zhitaryuk [93, 94] studied properties of solutions of the 
Cauchy problem for parabolic equations with a weak degeneration on the initial 
hyperplane, and the initial data from special spaces of distributions. 

Several papers by Ivasyshen, Voznyak, and Medynsky [118, 110, 111, 112, 166, 
167, 168] were devoted to the construction and study of FSCPs for the Petrovsky 
parabolic systems degenerate on the initial hyperplane. Using properties of the 
FSCPs they investigated the correct solvability of systems with a usual initial 
condition, for the case of a weak degeneration, and without an initial condition, if a 
degeneration is strong. For a weak degeneration, necessary and sufficient conditions 
were found for the representation of solutions as sums of the Poisson integrals and 
volume potentials. It was also investigated, in what sense the solutions satisfy the 
initial conditions , and a description of the set of initial values of solutions is given. 
This generalizes the corresponding results from [45, 53, 108] to the case of the 
Petrovsky parabolic systems with bounded Holder continuous coefficients and the 
degeneracy on the initial hyperplane. Similar results for 26-parabolic systems with 
degeneracy on the initial hyperplane were obtained in [13, 14, 15, 16, 112, 113]; 
the most important of them are given in Section 2.4. 

Simultaneously with the study of the case of bounded coefficients considered 
above, the problem of correct solvability of the Cauchy problem and boundary 
value problems was considered for parabolic systems with increasing coefficients, 
that is those which may tend to infinity, as |x| ^ oo. This is important both for the 
theory of partial differential equations, and for applications, since such equations 
appear in many mathematical models of processes of the real world. 

Our survey of results regarding the Cauchy problem for parabolic systems 
with increasing coefficients begins with the papers by Zhitomirsky [233, 234]. In 
[233] methods of functional analysis were used to prove the existence and unique- 
ness of a generalized solution of the Cauchy problem for a second order parabolic 
equation with increasing coefficients. In [234] he considered systems parabolic in 
the sense of Petrovsky whose lower term coefficients may have a power-like growth 
at infinity. Its order depends on the orders of the system and the derivative, at 
which the coefficient stands. The existence and estimates of a FSCP were proved, 
which led to the existence and uniqueness theorem for a solution of the Cauchy 
problem in spaces of rapidly increasing functions. The above power growth order 
cannot in general be essentially increased without violating the uniqueness of a 
solution of the Cauchy problem. 

Almost simultaneously, similar results were obtained by Eidelman [50, 52] 
who used a different method. Assuming that the leading coefficients are bounded 
and smooth while lower coefficients grow in an appropriate way (depending on 
some positive continuous function D), under an additional assumption of parabol- 
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icity of a certain auxiliary system, he constructed a FSCP using the method from 
[47], proved a theorem on the correct solvability of the Cauchy problem, and 
showed that his results are close to those by Zhitomirsky. The above condition of 
parabolicity of an auxiliary system defines a class of dissipative systems (with the 
dissipation characteristic D) [45]. 

The study of FSCPs for dissipative parabolic systems in the sense of Petro- 
vsky initiated in [50, 52] was continued in [45, 68, 69] (see also [46, 76, 8, 17, 127]). 
In these works two sets of conditions upon coefficients of a dissipative system and 
the characteristic of dissipation are used. One of them includes strong requirements 
for smoothness of coefficients, without additional assumptions regarding the char- 
acteristic of dissipation. The second set of conditions deals with coefficients of 
minimal smoothness, but imposes some additional assumptions on the character- 
istic of dissipation. If a parabolic system with bounded leading coefficients is not 
dissipative, but the (unbounded, as \x\ — > oo) lower coefficients satisfy some spe- 
cific growth conditions, then, as it was shown in the above papers, the system can 
be reduced to a dissipative one, so that the system possesses a FSCP. 

The above results by Eidelman were essentially developed and extended to 
26-parabolic systems with increasing coefficients in the papers by Ivasyshen and 
Pasichnyk [114, 115, 116, 117, 178, 179]. Their results are presented in Section 2.4. 

The results of Section 2.1 were obtained by Eidelman and Ivasyshen in 1960- 
1963, prepared for publication in 1964, and published for the first time in 1968 
[53]. 

Note that there are many results on the theory of hypoelliptic equations with 
different properties with respect to different independent variables. Such a class 
of equations whose construction is similar to that of 26-parabolic systems is called 
the class of quasi-elliptic, or semi-elliptic equations or systems [98]. 

Volevich [225] obtained general results about inner properties of solutions 
of quasi-elliptic systems (including 2fyparabolic systems as a particular case). A 
big work by Friberg [82] was devoted to inner properties of solutions of partially 
hypoelliptic equations. Properties of solutions (infinite differentiability, analytic- 
ity) of hypoelliptic equations up to a flat part of the boundary were studied by 
Hdrmander [97]. The paper by Cavalluci [23] dealt with assumptions regarding 
the coefficients and boundary functions of boundary value problems for quasi- 
elliptic equations with variable coefficients, under which the solutions belong to 
the Gevrey classes. Mosolov [173] and Mikhailov [171] studied a Dirichlet type 
problem for a wide class of equations including quasi-elliptic ones. 




Chapter 3 

Degenerate Equations 
of the Kolmogorov Type 



3.1 Fundamental solution of the Cauchy problem 

3.1.1. Equations from the class E 21 with coefficients independent of spatial vari- 
ables. We shall consider the equation (1.1.14) and use the notation from Sec- 
tions 1.1.1, 1.1.4, and 1.3.4 for this equation. Let us study the case where the 
coefficients \ki \ < 26, can depend only on the variable t or a parametric point 

{(3,y) e n[o,T]- 

For an arbitrary fixed number r G [0, T) consider the Cauchy problem with 
the initial condition (2.1.6) for the equation 

{S - A)u{t,x) = 0, {t,x) e (3.1.1) 

Here 

ri2 ns 

S:=dt- 

j=l J = 1 

while A is a differential expression coinciding either with 

^ (3.1.2) 

| fci |<26 

or with 

A{p,y,d,,):= (3.1.3) 

| fci |<26 

In this chapter we shall use the distances 

i=i 

d{t, x; T, 0 := \t - r y + d{x- ^ (3.1.4) 
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between points x and (t,x) and (r, respectively, where {^,r} C R, {x := 
{xi,X 2 ,Xs),^ := (Cl, ^ 2 , ^ 3 )} C We also use the points 

X{t):={X,{t),X 2 {t),Xs{t)), Xi{t):^xi, X 2 {t) X 2 + tx,, 

Xs{t) := xs + tx 2 + 2~^t^Xi, t eR, (3.1.5) 

constructed from a point x e R^. Similarly we construct the points Y{t), H(t), 
starting from y, C- 

We shall use the following conditions upon the coefficients of the expressions 
(3.1.2) and (3.1.3): 

(^ 21 ) the coefficients afci(t), ^ € [0, T], |A:i| < 25, are continuous, and there exists 
such a constant ^ > 0 that for any t E [0, T] and <Ji E , 

Re ^ (3.1.6) 

|fci|=2b 

{B 22 ) the coefficients ak-^{(5^y)^ {P^v) C n[o,r]) |^i| ^ 26, are bounded, and there 
exists such a constant (^ > 0 that for any (/3, y) E n[o,T] C E’^^ , 

Re ^ afci(^, 2 /)(io'i)''^ < -<5 |(TiP''; 

|fci|=2b 

{B 23 ) the coefficients of the expression (3.1.3) are Holder continuous in /3, y in 
the following sense - there exist such constants H > 0 and a E (0, 1] that 
for any {{f3,y), (A, 2 ;)} C H[o,r] and A)i E Z+S |A)i| < 26, 

I iP, y)\ < H{d{p, Y(p - A); A, ^))“; (3.1.7) 

{B 24 ) there exist bounded derivatives 

d‘/sd^yaki{P,y), (/3,2z) G n[o,T], |^i| < 26, lo<ro, \l\<r, 

where ro and r are certain numbers from N U {0}; 

{B 23 ) the derivatives from the condition B 24 are Holder continuous in /3, y in 
the sense of (3.1.7). 

First we consider the Cauchy problem (2.1.6), (3.1.1) with A = A{t,dxi)- 
in Section 2.1.2, we seek a solution of the form (2.1.10). Since 






X3j 









712 ns 

+ XI + XI ^3jd„2j 

i=i j=i 



F[u], 



for the function v we obtain the Cauchy problem with the initial condition (2.1.12) 
for the equation (1.1.37). 
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We solve the problem (1.1.37), (2.1.12) by the method of characteristics. The 
system of ordinary differential equations 



dt — daiila 2 i — * • * — da\n^j 0271^2, ~ da 2 il(J^i 

= • • • = G^CT2n3/o-3n3 = dv / {A{t,i(Ji)v) 

corresponding to (1.1.37) contains 722 + 713 + 1 equations. Let us find its ri 2 + 
723 + 1 independent first integrals. Prom the equations da\jja 2 j = da 2 jlcr^j^ j G 
723 }, we get 

2aij(j3j - alj = Cj, j na}; (3.1.8) 

the equations da\j/a 2 j = dt, j G {723 + 1, ... , 722 }, give that 

(Tij -t(j 2 j = Cj, j e {n3 + l,...,n 2 }, (3.1.9) 

while the equations da 2 j /crsj = dt,j € {1, . . ■ , ns}, and dv/{A{t, ia\ )v) = dt imply 
<T 2 j - tcT 3 j = c'- , i e {l,...,ns}, (3.1.10) 

t> = C'"exp/ f j4(0,i<Ti)d0l (3.1.11) 



respectively. Now it follows from the equalities (3.1.8) and (3.1.10) that 



/ ^ It 



— {Cj + {Cj + tCT^j) )/ ( 2 <J 3 j), j G {1, . . . , 723 }, 

while (3.1.9) and (3.1.10) give 

d\j = Cj + ta2j, j e {ns + 1, . . . , n2>, 
d 2 j = C'j + ta3j, i € {1, . . . , ns}. 

By the equalities (3.1.11)-(3.1.13) we find that 



n - C" expj / ^ au, (0)i''=^ ' fj (— 

1 ;. | fei |<26 



+ (C- +^CT3j)^ 



2a: 



’3i 



ri2 



ni 



(3.1.12) 

(3.1.13) 

(3.1.14) 



X f] {C'j+ea2jf^^ J] a\yd0y (3.1.15) 

j=n3 + l j=Ti2 + l ) 



Let dij, d 2 j, and v be the values for t = r of aij, a 2 j, and v respectively. 
Due to the equalities (3.1.12)-(3.1.15), we have: aij = {Cj + {C'- +r<j 3 j)^)/( 2 < 73 j), 
j G {1, . . . , 723 }; aij = c'j + r<j 2 j, j G {723 + 1, . . . , 712 }; = C'- + ra^j, j G 

{ 1 ,..., 723 }; V = C'", and since i) = 'll;, we get C'" = ^(di, + 2 , ^- 3 ) == '^((C^ + 
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{Cl +TCr3i)^)/(2cT3i), . . . , (C „3 + (C ^3 +rcr3^3)^)/p(J3n3), ^^3 + 1 +T(J2n3 + l, . . . , 

^ri2 '^^2 u 2 ? ^I(n 2 + 1 ) ’ * • • ? ^Ini 7 “h '^^31 5 • • • 7 '^^Sns 7 ^ 2 (n 3 + l) 7 • • • 7 ^ 2 ri 2 ? 

< 73 ). Using the expressions for , , and C"", which follow from the equalities 

(3.1.8)-(3.1.10) and (3.1.15), we get 



{t,a) = explf ^ - ( 9)^72 + 2 - 6 >)^ct 3 )^ 



X (cTi -{t- <9)ct2)^i (cTi d6>| 

X - (t - r)(j2 + 2~^{t - rfcrs^a'i 

-{t- t)(J2,(Ji ,02 -{t- r)as,(T2,(Ts), {t,(T) e %,T]- 

Substituting this expression into the formula (2.1.10) we come to the equality 



u{t,x) = {27r) J exp|i(a:,(j) + j ^ ak^{0)i 



Rn K r |fcil<2& 

X {o'l - {t- 0)o2 + 2~^{t - 0)‘^as)^^ 

X (aj -{t- 6)^2 ((Ti f\ d9 - (i - 'r)(^2 

+ 2 (t-T) as, (Ti -{t- T)a2 ,<^i ,(^2 

- {t- T)az,a 2 ,az)da, (t,x) £ 

In the last integral we perform the change of variables 

t)ct 2 + 2~^{t - rfas = ri[, 

<^i =Vi, 

/// /// 

=Vi , 

// // 

^2 “^25 



^^3 = ^3, 



as a result we come to the equality 



(t,x) = (27r) ^ / exp<i(xi,77i + (t-r)r/2 + 2 ^{t-rfrjs) 



(3.1.16) 



(3.1.17) 



+ i{x'^ , rj'l + {t- r)7?2 ) + i{x'i , Vi) + % + (^ - 't)%) 
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t 

-j- i(x2 , T/ 2 ) -h i(x3,7]3) -h I tt/ci 

i |fci|<26 

' n // " /// I 

+ 2"^(6» - r)^7?3)''i (??i + (6» - t)t? 2 (J?i )*' <^6* 



Using the expression (2.1.9) (with rj and ^ instead of a and x respectively) 
and changing the order of integration, we obtain the formula (2.1.14), in which 

0<r<t<T, {x, $} C K", (3.1.18) 

where 

V"(i,T,a) := expj ^ f akd^)i<^'i + ~ T)a 2 +2~\6 - 

l|fci|<26 i 

x((Ti + (61 - T)<T2yi (yy^ M 

0<r<t<T, o- € K", (3.1.19) 

while X{t) was defined in (3.1.5). 

In the integrals from (3.1.18) and (3.1.19) we change the variables by rjj = 
{t — j G {1, 2, 3}, 0 — T = (t — r)l3. Then we get a formula for the 

function G: 

G(6,x;r,0 = {t - t)~^ {F-},^[V{ t,T,a)]){t,T, z)\^=^x{t-r)-Ot-r^ 

0<T<t<T, {x,OcE", (3.1.20) 



in which 



3 

M := J2(j - 1 + l/(26))n^, 

Xt (t-l/(2i>)^j,J-l-l/(26)^2^^^2-l/(2b)^g)^ (3_1_21) 

for X = (xi,X2,X3) € R", and 

V {t, T, <7) := V {t, T, at-r) = T, a)Vi {t, r, a), 

0 < T <t <T, a e M”, 



(3.1.22) 
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where 



Vo{t,T,a) := expi ^ f afc^(r + {t- r)/3) 
l|fci|=2b 0 

X {( t [ + 13(72 + ((Tj + ( 3^2 



Vi{t,T,a) ;= exp 

I | fci |<26 

1 

X j Qk^ {r+{t- r)(3){a[ + /?a2 + 
0 



x(.;'+/?.;yr(cr;")C,4. 



By the equality (3.1.20), an investigation of the function G is reduced now 
to the study of the function V. 

Let us obtain an estimate for Vq. We use the condition (3.1.6) which implies 
the inequality 

_ — ^ HI/ / 'ft II " m 

Re ^ ak, {T + {t- + /3<T2 + {a^ + (3<J2 )'*' ((Tj )''i 

| fci |=26 

— ~^iWl + (^^2 + 2 + \^l + + I<^1 1^^)) ^ [0, 1], C . 

Using this inequality we find that 

\Vo{t,T,a)\ <exp| J \{a[/\a'\) + 0 {(T 2 /\(t'\) + 2~^/3'^{(73/\(7'\)\^’’dp 

- S\aTj \{<y';/W"\)+P{a;/\a"\)\^»dp - 

0<T <t<T, 

a' := (<Ti,CT 2,CT3) e M®"" \ {0}, 
a" := (<T",cr2)€R2("=-”^)\{0}. 

Note that there exist such constants c' > 0 and c" > 0 that 
1 

j \{<^'i/W\) + /5(<^2/k'l) + 2“ V^(fT3/k'|)P'’rf/3 > c', a' G \ {0}, 

0 
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/ \{all\a"\)+(3{a;i\a"\)\^'>dl3 > c", cr" € ]R2(n.-n3) \ {q}. 

0 

Now we get the estimate 

\Vo{t,r,a)\ < exp{-5o\af^}y 0 < r < t < T, <j G (3.1.23) 



where Jo > 0- 

Let us give also an estimate for \Vo{t,r^a 0 < r < t < T, {< 7 , 7 } C 
where 



Vo{t,r,a =Vo{t,T,a)exp 



Po{t,r,P,a,'y)dP 



(3.1.24) 



(fci,pi) 

X (7I + HI 2 + 2- {cr'i + 

X + 13^2 (Ti')^' ■ 



Here the summation is performed over all the multi-indices {ki = {k[jki 
Pi — {PiiPi 7 Pi )} ^ such that \ki \ = 2b and 0 < pi < ki. 

Taking into account the fact that the coefficients |A;i| = 26, are bounded, 
we find that 



\Po{t,T,(3,cT,'f)\<c ^ |<Ti +/3 <t2 + (/3^/2 )ct3|I'‘iI '^''|7i+/372 

(^l,Pl) 



+ 2 ^(0^73 1 'l7i' +(^72 1 '^" Vri'*'" ' 'l7ri'^' ' 



<c 1 ] (k;i + |a;i + |a3i)i'='^Hp;i(|^;i + i^;i + i^3i)ip;i(i^ 

(fci,Pi) 



<C Y, 0<T<t<T, 0</?<l, {(t,7 }cR”. 



Let s be a sufficiently small positive number (it will be specified below). Let us 
consider the following two cases: 

1 ) l 7 l<eH, 2 ) I<r|<e~^| 7 |. 

In the case 1) we have 



\Po{t,T,P,a,'y)\ < c£|<Tp*’ 
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and by (3.1.23) and (3.1.24) we come to the inequality 

\Vo{t,T,cT + 17)1 < exp{-(Jo - C£)|crp''}. 

Assume that e is such that 5q — ce 5\ >0. Then for the case 1 ) we have 

\Vo{t,T,a + ij)\ < exp{-^i|CT|2'’}. (3.1.25) 

In the case 2) there exists such a constant Ci > 0 that 

\Po{t,T,p,a,j)\ < C 1 I 7 P'' 

SO that for this case 

\Vo{t,T,a + ij)\ < exp{-<5o|<r|^^ + C 1 I 7 P''}. (3.1.26) 

The inequalities (3.1.25) and (3.1.26) imply the estimate 

\Vo{t,T,(T + i‘y)\ < exp{-(Si|(j|^'' + ci| 7 |^'’}, 

0<T<t<T, {<T, 7 } C K”. (3.1.27) 

Let us give an estimate of the function V\. Since the functions |A:i| < 26, 
are bounded, we find for 0 < r < t < T and {^r, 7 } C that 

|Vi(t,r,o- + i 7 )| < exp< c / ^ (|a'i + / 3 <T 2 + + |7i + /?72 

I { |fci|<26 

+ 2“^/3273|)I'=iI(|(Ti +/lo-2| + l7i +/ 572 I)'*'* KWi\ + K"!)'''* 



< exp 



C (I<^ll + l'^2l + k3| + |7ll + l72l + l73|)'*'''(kll + k2l 

| fei |<26 



+ l7i I + 172 + bi'l)'"'^"' < exp c(|ap^-^ + 



<C.exp s(|ar + |7n , 



(3.1.28) 



where s is an arbitrary positive number. Let us choose e in such a way that 
(^1 — e =: ^2 > 0 where 61 is the constant from the estimate (3.1.27). 

Using (3.1.22), (3.1.27), and (3.1.28), we find that 



\V{t,T,a + i'y)\ < Cexp|-(52kP^ + C2|7p^) 
0 < T < t < T, {cr, 7 } C 



(3.1.29) 



where C 2 := ci + e. 
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For the multi-indices k = (ki,k2,ks) = {{k[,k'i ,ki)^ (/C2, /c2 ), fe) G and 
^ = {11^2^3) C Z^, set 

Pkiicr) := {i(Ji + 1 (T 2 ia 2 )^^ (z<j2 +^<73)^2 

X {-iaiY^ {-i(T2y^ {-iasY^ , ^ ^ 

It follows immediately from (3.1.29) that for any {kJ}cZ'^, 



\Pki{(T + ij)V{t,T,a + ij)\ < C/c/ exp| -(Jalaps + C3|7p^) 

0 < r < t < T, {a, 7} C (3.1.30) 

where 0 < ^3 < 62 , C3 > C2. 

Note that the equality (3.1.22) and the estimate (3.1.29) imply the estimate 
\V{t,T,a + i'r)\ < Cexp|^(-J4|(Tjp'' + C4|7jp'’)(i 

0<T<t<T, {o-, 7 }cE", (3.1.31) 

in which 0 < (^4 < (S2 and C4 > C2. 

The estimates (3.1.29) and (3.1.30) constitute the basis of a complete analytic 
description of the function G from (3.1.20) and the proof of the fact that G is a 
FSCP for the equation (3.1.1). 

Using the equality (3.1.20), and also its consequences, that is 
d^d‘^G{t,x;T,^) = {t - {F~},^[Pki{(T)V{t,T,a)]){t,T, z) 

Z={X(t-T)-Ot-r 

0<T<t<T, {x,^}cK”, {k,l} CZI, 

where Mki := (|fci| + |/i|)/(26) + (1 + 1/(26))(|A:2| + I/2I) + (2 + 1/(26))(|A;3| + {hi), 
the estimates (3.1.29), (3.1.30), and Lemma 1.1 with pj = qj = 25, j G {1, . . . ,n}, 
we can prove the following theorem in the same way as Theorem 2.2. 

Theorem 3.1. If the condition B 21 is satisfied, then: 

1) there exists a unique FSCP G for the equation (3.1.1) with A = A{t,dxi); 

2) the function G and its derivatives can be extended onto C^, and these exten- 
sions are such that 

dx9^^G{t,x + iy,T,^ + ir]) 

0<r<t<T, {x,y,^,rj} CM”, {A;,/}cZ”, 
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where Qki{t, r, z), z e ^ for fixed t and r, are entire functions of z with the 
growth order q := 2b/ {2b— 1 ) and the same order of decrease for z = x G 

3) G satisfies the estimates 

\d^d^^G{t, x + iy;T,^ + ir])\ < Cki{t - x; t, t, t ?), 

0<r<t<T, {x, y, rj} CR^, {fc,/}cZ”, (3.1.32) 

where 

Ei^Ht,x\T,^) :=exp|-c^(i-r)i“J«|Xj(t-r) (3.1.33) 



Cki, c and d are positive constants depending only on the numbers ni, U 2 , 
n^, b, T, max \ak.{t)\, and the constant S from the condition (3.1.6); 

te[0,T], \ki\<2b 

4) the formula 



j G{t, X] T, = exp| (i - r) j ao{T + (i - T)p)dp | , 



0<r<t<T, xG 



(3.1.34) 



holds; 

5) for all 0 < T < t <T and x G 

dx f G{t,x-T,^)di = 0, 

dxld^.l f G{t,x-,T,Od^2d^3^0, 

j G{t,x; T, ms =0, 

M^3 



fc€Z” \{0}; 

(/c2,fc3)Gz;^+”n{0}; 

k3 e Zf \ {0}. (3.1.35) 



Proof In view of the remarks given before the formulation of this theorem, we 
have still to prove only the equalities (3.1.34). Using the formula (3.1.20) we make 
the changes of the variables ^ 2 , and ^3 by the formulas {X{t — r) — ^)t-r — Vj 

Xj{t - r) - = {t - j G {2, 3}. Then we obtain respectively that 




3.1. Fundamental solution of the Cauchy problem 



187 



I G{t, x; T, = {t- 

£ri2 + n3 

J^n2+n3 \ / 

= {t- ^(..,.3)^(0, 

= {t- r)-"i/( 2 f>) [V (t, T, (ai, 0, 0))]) {t, r, zi), 



/ 



G{t,X\T,^)d43 = {t-T) 



= (f- _')-M+(2+1/(26))™3 



< / 

M^3 \ 



(*’ ’ ^2,V3)dm 



where 2:1 = (t - — ^ 1 ) and Z 2 = {t — 4- (^ - r)xi - ^ 2 )- 

These equalities imply the desired equalities (3.1.34) and (3.1.35). □ 

Remark 1. If the change of variables (3.1.17) in the integral (3.1.16) is not per- 
formed, then we obtain another formula for the function G, namely 



G(t, x;r,^) = {t-r) ^ [V {t, r, a)]j (t, r, z) 

0 < T < t <T, {x, C 



z={x-E{r-t))t 



(3.1.36) 



where 



V{t^T^a) := exp 1 

l|fci|<26 

X j ttkiit -{t- T)p){a[ - 0a2 + 



Set 



^^\t,x-T,^) :=exp 



J=i > 



(3.1.37) 




188 



Chapter 3. Degenerate Equations of the Kolmogorov Type 



Using the formula (3.1.36) and the above method, we obtain estimates for 
derivatives of G differing from (3.1.32) only by the substitution of for 
By the way, these estimates can be obtained directly from the estimates (3.1.32), 
if we use the inequalities 

0<T<t, {a;,^}clR”, (3.1.38) 

in which ci and C 2 are such constants that C2 < c < ci . 

The inequalities (3.1.38) can be proved easily with the use of the equalities 
(3.1.33), (3.1.37) and the inequalities (1.3.9), (1.3.10). 

Example 3.1. The FSCP for the equation from Example 1.10 is given by the 
formula 

G(t,x;r,^) = (47ra)-"/2i2"2/2720"3/2(i _T-)-(ni+3n2+5n3)/2 
X exp|-a“^((4(t - 

+ - r)~^\x2 + - t){xi + | i ) - (,2? 

+ 180(t - ry^\x2, + 2~^{t - t){x2 + 4) 

+ 12-1(4 el) 

t>T, {a;,^}cK”. (3.1.39) 

This formula is a direct consequence of (3.1.20) and (3.1.22). 

Similarly we get an expression for the FSCP in the case 7^3 = 0, that is for 
the equation 

U2 ni 

j=l j=l 

This expression has the form 

G(4,x;r,0 = (47ra)-("i+”"^/2i2"2/2(t_r)-(”i+3"2)/2 

xexp{-a-i((4(4-r))-i|a;i -6P + 3(4-r)-^|x2 + 2“i(4-r)(:ri +|i) “61^)}- 
t>T, {x={xi,X2),^={^l,^2)}CR^^+^\ (3.1.40) 

Analyzing the formulas (3.1.39) and (3.1.40) we see that the FSCP for the 
equation from Example 1.10 is given by the formula 

G{t, x; T, ^) = Gi {t, x'; r, ^0^2(4, ar"; t, C")G3(4, x'^' ; r, ), 

4 > T , C M", 



ju{t,x) — Q, t > 0, a:; = (xi, (T2) G 
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where x' := {x-^,x< 2 ,,xz), f := (^1,^2. 6), ~ {x^x^), := (^ 1 ,^ 2 ). while Gi, 

G 2 , and Gs are the FSCPs for the equations 



+ adl^.) ] - 0 , 



j=i 



( - Y1 ) I M = 0 

\ j=ri3 + l / 

and (dt-a ^ = 0 

V j=n2-\-l / 



respectively. 

Remark 2. The FSCP for the equation (3.1.1) of the second order {b — 1) can be 
estimated in terms of the FSCP for the model equation from Example 1.10, that 
is in terms of the expression (3.1.39). 

Set 



E^^'>{t,x;T,^) := exp{-c((4(i - r))~ Vi “61^ 

+ 3{t - t)~^\x2 + - t){xi + li) - ^ 2 !^ 

+ 180(t - t)~^\x 3 + 2~^{t - t){x2 + ^ 2 ) 

t>T, {a;,^}cR”, cgR. (3.1.41) 

Using the equalities (3.1.33), (3.1.41), and the inequalities (3.1.9), (3.1.10), 
we find that 

t>T, {a:,OcR", (3.1.42) 

where C 2 < c < C\, 

Due to these inequalities, for the derivatives of the FSCP G in the caise h = 1 
we obtain the estimates differing from (3.1.32) only by the substitution of 
for e\^\ 

Note that the above FSCPs G have the normality property and satisfy the 
convolution formula, that is the following property similar to Property 2.8. 

Property 3.1. Let G be the FSCP for the equation 

{Lu){t,x) := {S - A{t,dx^))u{t,x) = 0, (t,x) £ll^o,T]- (3.1.43) 

Then the function 

G*{T,^-,t,x) :=G{t,x-T,0, 0<T<t<T, {o:,C}cR”, 



(3.1.44) 
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is a FSCP for the adjoint equation 



where 



and 



(L*v)(r,0 := ( 5'* - ^ afci(r)(-%)'=Mv(r,0 =0, 

V \ki\<2b / 

T,^)en[ 0 ,T), ( 3 . 1 . 45 ) 

ri2 ns 

S* -dr + ^ ^ > 

j=i j=i 

G{t, x; r, 0 = y G{t, x; A, y)G{\, y\ r, i)dy, 

R" 

0 <T <\<t<T, {a;,^}cK". ( 3 . 1 . 46 ) 



Proof. Let t G (0,T]. Consider the problem 

(L*^)(r,0=0, (r,^)en[o,t); v{T,^)\r=t = ^iO. ^ ^ K"- 

Solving it by the same method as the Cauchy problem (2.1.6), (3.1.43), we obtain 
a formula for the solution 

'v{t,0 = j G*{T,^-,t,x)(p{x)dx, (r,0 € 



where 

G*{T,^;t,x) := {t - t)-^ {F- i^[V{t,T,a)]){t,T,z)\^=(^^_x(t-T)),-r- (3-1-47) 



Here the function V is the same as in (3.1.22), and the bar, as usual, means the 
complex conjugation. Comparing the formulas (3.1.20) and (3.1.47) we get the 
equality (3.1.44). 

In order to prove the equality (3.1.46), we use the following Green-Ostro- 
gradsky formula, similar to (2.1.110): 



t2 

J J {vLu — {L*v)u){6,y)dy 

tl Br 

= / {vu){0,y) dy- dO i + '^y2jy-3j Uvu){e,y)dSy 

Bn ^=*1 ti ri V=i ^=1 7 



+ j 00 j ^B^[v,u]{ 0 ,y)yijdSy, 



(3.1.48) 
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where ti < t 2 , Br is the ball {y G | \y\ < R}, Tr is its boundary, (//n, . . . , 
fJ'ini, M 21 , •••, M2ti2 5 A^3i5 •••? Msns) IS the Unit vector of the outer normal to 
Tr^ L and L* are the differential expressions from (3.1.43) and (3.1.45), B^[v,u]^ 
j G {1, . . . ,ni}, are bilinear forms containing derivatives in yi of v and u of the 
orders not exceeding 26-1. Setting in (3.1.48) ti — X, t 2 = t - e, where e > 0 is 
such that X <t — e, u{6,y) = Z{6,y\r,^), v[6,y) = Z*{X,y]t,x), and passing to 
the limit first as R ^ 00 , and then as e ^ 0, we come to (3.1.46). Here we have 
to use the equality (3.1.44). □ 

Let us consider now the equation (3.1.1) with A = A{P,y,dx^)> If the condi- 
tion B 22 is satisfied, then, just as in the preceding case, we construct the FSCP 
G(*, y) and give its complete analytic description implying, in particular, 

the estimates 

\d^d^^G{t, x-,T,^;^,y)\< Cki {t - E^^'> {t, x; r, 0, 

0<T<t<T, {x,C}cK", iP,y)eU[ox], {fc,0cZ”, (3.1.49) 

where the constants Cki and c depend only on ni, n 2 , ns, 6, T, S (from the condition 

B 22 ), and max sup \ak^{(3,y)\. 

\ki\< 2 b (/3,2/)Gnfo,T] 

Properties of the function G are similar to Properties 2. 1-2.4 of the FSCP 
for a 26-parabolic equation with parameters. 

Property 3.2. Let the conditions B 22 cind B 23 be satisfied. Then 

< CHH{d{l3, Y{P - A); A, z)r(t - x-, r, 0, 

0 <T<t<T, {a;,acK”, {(/?, y), (A, z)} c n[o,T), {k,l}cZl. 

Proof. It follows from the above results that it suffices to obtain, for the equation 
(3.1.1) without parameters, an estimate of the difference 

^0%^ (^> 'T, s; y), 0<T <t< T, 

s z=z a A i'y e y {(^, y), (A, z)} C H[o,t]5 

of the function V, defined as in (3.1.19): 

V{t,T,s\p,y) :=expl ^ afcj(/3,y) / - T,s)d6> i, (3.1.50) 

l|fei|<26 { } 




where 
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The function (3.1.50) is, obviously, a solution of the problem 

(1- E akA^,y)QkAt-r,s)\v = o, V\t=. = l. 

\ |fci|<26 / 

Therefore 

1 ^- E akAP,y)QkAi-'r,s)\i^^Al^it,T,s\li,y) 

\ \ki\<2h / 

= E ^l'l°'kAl^^y)Qki{t-T,s)V{t,T,S\\,z), 

\ki\<2h 

SO that 

^ 0 %V{t,T,s;P, y) 

t 

= j V{t,9,s;(3,y) ^ A^’yakAP,y)QkA^ ~ '^^s)V{e,X,s;X,z)de. 

i |fcl|<26 



Using the inequality (3.1.7) and the estimate (3.1.31) for U(*, *, •; j3, y) we find 

that 

^ / 3 

|A^f^K(t,r,s;/3,j/)| < CH{d{/3,Y{p - A); A,z))“ / expi ^(-<54Kf " + C4|7,f ") 

i U=i 

X {{t - 0)2Hj-i)+i + (6» _ ^)2Kj-D+i)|^5i 

X E (i^'ii + i4i + N^(k;i + i5;'i^i/;K^ 

\ki\<2b 

< CH{d{A, Y{l3- A); A, z))°‘ exp|^(-(55|<7j P'’ + cs| 7 jf '’)(i - |. □ 

Property 3.3. If the conditions B 22 cind B 24 are satisfied, then 
\d^d^dj^dlG{t,x;TA;P,y)\ < CkmioiA - EAAt,x\TA), 

0<T<t<T, {a:,^}cR”, (A 2/) e n[o,r] , 

{fc,m}cZ", lo<ro, \l\<r. 
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If, in addition, the condition B 25 is satisfied, then 

< CkmioiW, Y(P- A); A, x; t, ^), 

0<T<^<T, {ar.^jcR", {(^,1/), (A,^)} c II[o,t], 

{/e,m}cZ", lo<ro, |Z| < r. 

This property is proved just as Property 2.2, using the method of proof of 
Property 3.2. 

Property 3.4. The equalities (3.1.34) and (3.1.35) hold, with G{-, fi,y) and 
ao{l3, y) substituted for G(-, •; •, •) and ao(*) respectively. 

This is proved just as the assertions 4) and 5) of Theorem 3.1. 

Next we consider properties of the function Zi from (1.1.44), which will be 



used as a parametrix for an equation from the class E 21 . 

Property 3.5. Let the conditions B 22 and B 23 be satisfied. Then 

\d^Zi{t,x-T,^)\ (3.1.51) 

x; r, 01 < Ck{d{x-, 0)“« {t - r)-"-^--«o/( 26 )^a)(i, 

{d{x\ z)f^ <t-T, fc G Z” ; (3.1.52) 

I d^,Z,(t,x-,T,y)dy < Ck{t - keZlX {0}; (3.1.53) 

\SZi{t,x-,T,^)\ < C{t - E^^\t,x;r,^), (3.1.54) 

J SZi{t,x-,r,y)dy < C{t - (3.1.55) 



where 0 < r < t < T, {x,z,^} C M.'^, ao an arbitrary fixed number from the 
interval (0, 1 ], a is the number from the condition B 23 . 

The proof is similar to that of Property 2.5. The estimates (3.1.51) follow 
from the estimates (3.1.49), the estimates (3.1.52) are deduced from (3.1.51) with 
the use of the mean value theorem and the inequality 

Cl G (0,c), 

where ^ is a point from the line connecting x and z. 

In order to prove (3.1.53), we use the representation 

J d^Zi{t,x;T,y)dy ^ - j A[f5^Go(i, a:; r, y; z)|^=^dj/, 
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valid due to the formula (1.1.44) and Property 3.4. Using Property 3.3, the in- 
equality 



{d{t,X{t - r); r, y))°^Ei^\t, x; r, y) < C(t - x; r, y), 

T <t, {x, ciG(0,c), (3.1.56) 

and the fact that 

J{t-r)~^E^^l\t,x;T,y)dy = C, r<t, (3.1.57) 

we obtain the estimates (3.1.53). 

The estimates (3.1.54) and (3.1.55) follow from the estimates (3.1.51), 
(3.1.53), and the equality 

SZi{t,x]T,^) = ^ ak,{r,^)d^lZi(t,x]T,^), 

\ki\=2b 

0 < r < t < T, {x,^}cR^. (3.1.58) 

□ 

The next property deals with the integral 

t 

Wi{t,x-T,^) := j dl3 j Zi{t,x;P,y)Q{l3,y;T,^)dy, 

T 

0 < r < t < T, {x,^}c (3.1.59) 

Having in mind the use of this property to substantiate the Levi method (on the 
bcLsis of Lemma 1.9 and Lemma 1.10), we assume certain special properties of 
the function Q, in particular the estimates similar to the estimates (1.3.49) and 
(1.3.58) for the function R from Lemma 1.9 and Lemma 1.10. 

Let and E^^ be the functions defined in (3.1.33) and (3.1.41), and 

Ef\t,Xi\T,^i) := exp{-c{t - t)^~“\xi -61'^}, 

t>T, {xi,6}cR"\ (3.1.60) 

Let us introduce the function Fc, which will be employed in estimates of the 
function Q. Set 

Fc{t,x;T,^) 

OO 

j=o 



t>T, {x,^} C 



(3.1.61) 
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where C and are certain positive constants, (5 q < 1 , F is Euler ^s Gamma function, 
a is the number from the condition B 23 . For the case of an equation (3.1.1) of the 
second order {b = 1) the estimates of the function Q contain the function Ec ^ 
instead of Fc. 

Note that the integral 

:=/ E^c^\t,x-p,y)Fc{P,y;T,^){{t - I3){f3 - T))-’^dy 

R" 

satisfies the inequality 

_ r)~^Fc^ (t, x; r, ^), r < (3 <t, {x, C (3.1.62) 

where ci < c, while for the integral 

j(2) _ j Ei^\t,x-p,y)Ei^H0,y,T,mt-P){f3-r))-^dy 
we have the inequality 

/(2) — (j(j^ _ r)“^£’P^(t,x;r,^), t < (3 <t, {x,^} C (3.1.63) 

Indeed, by the inequalities (1.3.50), (1.3.53), and (1.3.54) we get 

00 

J=0 

^ j Ei^/ 2 {t,x;P,y)E^^liP,y;T,^){{t- P){0 -t))~’^ dy<C{t-T)~’^ Fc,{t,x-,T,^). 

R” 

The equality (3.1.63) is a consequence of (1.3.59). 

Property 3.6. Let the conditions B 22 , -623 be satisfied, and a continuous function 
Q satisfy the conditions 

|(3(t,a;;r,0| < C{t - Fc(t,x;T,^), (3.1.64) 

\AyQ{t,x-,r,0\ < C(d(x;y))“^(l-r)-^-i+“^/(2'>) 

X (Fc{t,x;T,^) + Fc{t,y;T,^)), (3.1.65) 

where 0 < t < t < T, {x,y, z} c oi c (0,o) and 02 = o — oi. Then the 
function (3.1.59) has the continuous derivatives \ki\ < 2b, and SWi, such 

that 

t 

dxl {t, x\T,i) = j dl3 j d^l Zi {t, x; 13, y)Q{p, y, t, ^)dy, 

T R" 

\ki\<2b, 



(3.1.66) 
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= j j 9xlZi{t,x;l3,y)Q{/3,y;T,^)dy 

T 

t 

+ j dl3 j d^lZi{t,x;l3,y)A^^*~^'^Q{P,y;T, ^)dy 

ti R-^ 

+ j(j d^"Zi{t,x;(i,y)dy\Q{P,X{t- l3);T,^)dp, 



\ki\ = 2b, 



(3.1.67) 



t-l 

SWi{t,x-,T,^) = Q{t,x;T,^) + j dp j SZi{t,x\P,y)Q{P,y\T,i)dy 

T 

t 

j dp j SZi{t,x-p,y)Ay^^~^^Q{P,y,T,^)dy 
+ j( j SZ,{t,x-,p,y)dy\Q{p,X{t- p)-T,Odp, (3.1.68) 



0<r<t<T, ti :=t- {t-r)/2. 

Proof. The fact that the integrals from (3.1.66)-(3.1.68) are convergent is estab- 
lished easily, with the use of the estimates (3.1.51), (3.1.53)-(3.1.55), (3.1.62), 
(3.1.64), (3.1.65), the inequality (3.1.56), and the inequality 

Fc{p,X{t- < Fc,{t,x;r,^), 

r<f3<t, {x,$}cM^, ciG(0,c). (3.1.69) 

The proof of the formulas (3.1.66) and (3.1.67) is similar to that of the 
corresponding formulas from Properties 2.6 and 2.7. In order to prove (3.1.68), we 
consider the set of functions 



t — h 

Wih{t,x]T,^) := j dp j Zi{t,x;p,y)Q{P,y;T,^)dy, {t,x) eU(^r,T], 

T 

where /i is a parameter. Applying to Wih the differential expression S we come to 
the formula 



SWihit, 




Zi{t, x; t 



- h,y)Q{t- h,y,T,^)dy 




3.1. Fundamental solution of the Cauchy problem 



197 



t—h 

T R-^ 



+ 




SZi{t,x;f3,y)dy 



Q{/3,X{t-(3);r,Odl3. 



The existence of the uniform limits, as ^ 0, for summands from this formula is 
proved just as a similar result in the proof of the formula for the derivative in t of 
the volume potential in Property 2.6. □ 

3 . 1 . 2 . Equations from the classes E21 and E22 with coefficients depending on all 
the variables. Here we present theorems about the FSCPs for the equation (1.1.14) 
and, in particular, for the equation (1.1.15) for the general case. 

Thus, we consider the equation 



I 5 - ^ ak,{t,x)d^l]u{t,x) = f{t,x), € II(o,T], ( 3 . 1 . 70 ) 

V |fci|<25 / 

and the equation 

( ni ni \ 

H -'^aj{t,x)do;^^ -ao{t,x) \u{t,x) = f{t,x), 

il=i i=i / 

(f,x) e n(o,T]- ( 3 . 1 . 71 ) 

For their coefficients we use the following conditions: 

{A 21 ) there exists such a constant (5 > 0 that for any (t, x) G H[o,t] C 

the inequality (1.1.17) is valid; 

(yl 22 ) the coefficients \ki\ < 25, are bounded and Holder continuous in t, x 
in the sense of (3.1.7) on H[o,t ]5 

{A 23 ) there exist bounded and Holder continuous in t, x in the sense of (3.1.7) 
derivatives |A:i| < 25, on H[o,t]; 

{A 24 ) there exists such a constant 5 > 0 that for any (t, x) G H[o,t] ^iid cti G 
the inequality (1.1.18) is valid; 

( 2 I 25 ) the coefficients a^/, a^, {j, /} C {1, . . . , ni}, and ao are bounded and Holder 
continuous in t, x on H[o,t]; 

{A 26 ) there exist bounded and Holder continuous in t, x in the sense of (3.1.7) 
derivatives dx^jdxu^ji and dx^^aj, {j,l} C {1, . . . ,ni} on H[o,r]- 
If the conditions A 23 and A 26 are satisfied, then there exist adjoint equations 
for the equations (3.1.70) and (3.1.71) , of the form 

S* v ( t , ?) - X! (“^€1 = 9 { t , 0. 

\ki\<2b 



(r,^) G H[o,t)7 



(3.1.72) 
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and 

j.i=i 

ni 

+ -«o(r,0^'(n^) =5('T,0. 

j=i 

(r,Oen[0,T) (3.1.73) 

respectively. Their coefficients satisfy respectively the conditions A 22 and A 25 . 

Theorem 3.2. Let the conditions A 21 and A 22 be satisfied. Then there exists a 
FSCP Z for the equation (3.1.70)^ and 

\ki\<2b, (3.1.74) 

\SZit,x;T,0\<C{t-ry^-^F,{t,x-,T,0, (3.1.75) 

0 < r < t < T, {x,^} C 

If in addition, the condition A 23 is satisfied, then there exists a FSCP Z* for 
the adjoint equation {3.1.72), which is connected with the FSCP Z by the relation 

= Z{t,x]T,^), Q <r <t <T, {rr, C (3.1.76) 

and the convolution formula (2.1.112) holds for Z. 

Proof. In accordance with Section 1.1.4, the FSCP Z for the equation (3.1.70) is 
sought in the form 



Z{t,x-,T,^) = Zi{t,x;T,^) + Wi{t,x;T,^), 

0<T<t<T, {x,^}c K”, (3.1.77) 

where Zi is a parametrix with Properties 3.5 and 3.6, while the function Wi is 
defined by the formula (3.1.59), in which Q is an unknown function. We assume 
that Q is continuous and satisfies the estimates (3.1.64) and (3.1.65). 

If we apply the differential expression 

S- 

\ki\<2b 



to the function (3.1.77) and use Property 3.6, then we obtain for Q an integral 
equation (1.1.47), in which 



K{t,x',r,^) 



|fci|=2b 



| fcl |<26 



Zi{t,X] T, 0 . 
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By the estimates (3.1.51), the condition A 22 , and the inequality (3.1.56) we have 

<cf (d(t,X(t - r);T,Or{t -r)-^-^+ ^ {t- 1/(26) j {t,x-T,0 

V |fci|<26 / 

< at - ^)-M-l+a/(2b)^(l) 

0<T<t<T, {a;,^}cK". (3.1.78) 

This means that the kernel K satisfies the conditions of Lemma 1.9 with /3 = 1/(26) 
and X = a/ {2b). Due to that lemma, the solution Q of the equation (1.1.47) has 
the estimate (3.1.64). 

The function Q satisfies also the estimate (3.1.65). Indeed, for {d{x;z))‘^^ > 
{t — r)/2 this estimate follows directly from (3.1.64). For {d{x]z))‘^^ ^ (^ ~ '^)/2 
its proof is similar to that of the estimate (2.1.87). First, using the condition Au, 
the inequalities (3.1.51), (3.1.52), and (3.1.56) we get 

\AlK{t,x;T,^)\ 

< (I {t, x)\\d^l Zi {t, z; r, 01 + I (f , z)\\A^^d^l Zi {t, x; r, 0I) 

|fci|=26 

+ Y (*’ ^)i + z)\\Aid^,iza, x; r, 01) 

|fci|<26 

< at - t)-^-i {d(x; z)r ( 1 + {d{t,X{t - r); r, 0)“ {t - 



| fci |<26 / 

< C{d{x;z))°^{t - T)~'^~'^Eimt,x;T,0 

< C{d{x-, z)a {t - r)-^-i+“^/(2*')£:(|)(<, x; r, 0, 

0<T<t<T, {a;, ^;,0 K”) {d{x]z)Y^ <t — t, ci G (0, c). (3.1.79) 

Next, on the basis of the equality (1.1.47) we write the representation 

AlQ{t,x-,T,^) = AlK{t,x-,T,^) + j d\j AlK{t,x;\,y)Q{X,y,T,^)dy 

T 



t 

+ fdX I K{t,x-,X,y)Q{X,y,T,^)dy 

T ] 



K{t,z;X,y)Q{X,y;T,^dy=:Ylj, 

77 R'^ 



in which rj :=t — {d{x; 2 :))^^, and find bounds for the summands Ij, j G {1, 2, 3, 4}. 
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I\ satisfies the estimate (3.1.79). Using (3.1.62), (3.1.64), (3.1.78), and 
(3.1.79) we have 



I/2I < C{d{x-, 2))“' j{t- a)-i+“ 2 /( 26 )(a _ 

T 

< C{d{x-, 2))“' {t - ^)-M-l+(a+a2)/(26)^^^(^^ 

t 

I/3I <cj{{t- A)(A - r))-i+“/(26)^A 

r 

X J E^^Wt,x-,X,y)Fc{X,y;T,^){{t- \){X-T))~^dy 

R'^ 

< C{d{x-z)r{t - 

where C 2 G (0, ci). The estimate for I 4 is similar to the one for /s. 

Hence, we have proved the estimate (3.1.65), so that we have shown the 
existence of the FSCP Z. Let us prove its estimates (3.1.74). The estimate (3.1.75) 
is their consequence, since 

SZ{t,x\T,i)= ^ akAt,x)d'^{Z{t,x\T,i), 

\ki\<2h 

0<r <T, {x,^}cR^. 

By the formula (3.1.77) and the estimates (3.1.51), in order to obtain the es- 
timates (3.1.74), it suffices to find estimates of the function W\ and its derivatives. 
Here we use the inequalities (3.1.51), (3.1.53), (3.1.56), (3.1.62), (3.1.64), (3.1.65), 
(3.1.69), and the equalities (3.1.57), (3.1.66), (3.1.67). 

For \ki \ < 26, we have 

t 

T 

X J 2 ;; 13, y)Fc{(3, y\ r, ^){{t - P){P - 
< C{t - 



(3.1.80) 
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while for \ki \ = 2b, 



< C 



+ 



r 

j d /3 j{t-/ 3r^-^Ei^\t,x-,p,y){d{X{t-py,y)r^ 



tl 



X (/3 - ^)-M- 1 +«./( 26 ) y. ^ X{t-py,T, 0)dy 

t \ 

tl / 

/ tl 

<ci{t- r)-i J{/3- r)-i+“/( 26 )rf^ 

X j Ei^\t,x;P,y)FciP,y,T,Oi{t- P){(3-T))~^dy 

R^ 

t 

+ (t- r)-i+“2/(2i) J(^t- 

tl 

X j Ey^J{t,x;/3,y)Fcifi,y;T,0{(t - P){p - r)y^ dy 

R^ 

t 

+ {t- ,r)--W-l+a2/(26) _ pyl+ai/{2b)^p 

tl 

X f {t - P)~’^ Eil'>{t,x; P,y)dyFc^{t,x;r,^) 

R" 

t \ 

+ (i - t)-"-^+“/( 26 ) j (t - p)-^+°‘/^‘^’’UpFc^{t,x-,T,m 



(3.1.81) 



The estimates (3.1.51), (3.1.80), and (3.1.81) imply the required estimates 
(3.1.74). 

The proof of the existence of the FSCP Z* for the adjoint equation (3.1.72) 
is similar to that for the FSCP Z, since this equation becomes an equation of the 
same type as (3.1.70), if — r is taken as the new time variable. 
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The equality (3.1.76) and the convolution formula for the FSCP Z are proved 
just as Properties 2.8 and 3.1, with the use of the Green- Ostrogradsky formula 
(3.1.48), in which L and L* are the differential expressions from the equations 
(3.1.70) and (3.1.72). □ 

Let us formulate separately a theorem about the FSCP for the second order 
equation (3.1.71). The assertions of Theorem 3.2 are valid for this particular case 
of the equation (3.1.70). Since for the equation (3.1.71) instead of the function Fc 
we can take the function defined by (3.1.41), and the latter function satisfies 
the equality (3.1.63) and Lemma 1.10, the results of Theorem 3.2 can be improved 
significantly for this equation. Namely, we have the following theorem. 

Theorem 3.3. If the conditions A24 and A25 are satisfied, then there exists a FSCP 
Z for the equation (3.1.71), with the estimates 

|fci| <2, 

0<r<t<T, {a;,^}cK". 

Under the additional assumption A2Q, there exists the FSCP Z* for the adjoint 
equation (3.1.73) connected with Z by the relation (3.1.76), and the convolution 
formula (2.1.112) holds for Z. 

Remark. Due to the inequalities (3.1.42), in the estimates (3.1.82) and (3.1.83) 
the function can be substituted by the function Ec^^ with q — 2, that is by 
the function 

3.1.3. Equations from the class E23. For equations of the form (1.1.16) the results 
are similar to those of Sections 3.1.1 and 3.1.2. Here we only formulate them for a 
general equation (1.1.16), and, in order to make special features of such equations 
understood, give a more detailed exposition for the case where the coefficients do 
not depend on spatial variables. 

For convenience, we recall some notation already used above, and introduce 
new ones taking into account special features of equations from the class £23- 
Let b be the least common multiple of the numbers 61 , ... , 6 ^; mj = b/bj, 

Qj = 2bj/{2bj-l),j € { 1 ,. .. ,ni}; ||fci|| = rnjkij, if fci = (fcn, . . . , fcinj € 

Instead of the expressions (3.1.4), (3.1.5), (3.1.21), and (3.1.61) for M, Mkh 
d(x;^), d{t,x\T,ff), and Fc, used in Sections 3.1.1 and 3.1.2, here we use the 



(3.1.82) 

(3.1.83) 
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following expressions: 

M = Y.Y.^2h{8-l) + m^)l{2h), 

S = 1 j = l 

3 Tts 

“ 1) + + lsj)/( 2 b), 

S = 1 j = l 

3 Tig 

S = 1 j = l 

d(t, a;; r, 0 = \t~ + d(a;; $), 

X{t) = {Xnit), ..., Xi„,(t), X 2 l{t), ..., X2nAt),X3,{t), ..., X3„3(i)), 

s-l ^ 

(0 “ ^ ^ ^(s~r)j i J ^ {Ij • • • ) ^s}) ^ ^ {1)2,3}, 

r—0 



Fc{t,x]T,^) =expi -c^(t-r)^ - ^i. 



.\Qj 






x^(CT(a/( 26 ))(f-T)“/( 26 )y(r(ja/( 26 )))-iE 2 ](t,a:;r, 0 , 

J=0 

(3.1.84) 



where 



E^^\t,x-T,^) := exp{-cp{t - r,a;,^)}. 



3 Tig 



S = 1 j = l 



A^j 



(3.1.85) 



Consider an equation 



{Lu){t,x) := is - ^ ak^{t,x)d^l\u{t,x) = f{t,x), 

\ ||A:i||<26 / 

{tjx) G n(o,T]7 (3.1.86) 



assuming that: 

{A 27 ) there exists such a constant (^ > 0 that for any {t, x) G ^[o,t] s^nd cri G 
the inequality (1.1.19) holds; 

(yl 28 ) the coefficients ||A:i|| < 26, are bounded on ^[o,t] ^nd Holder continu- 
ous in t, X, in the sense similar to (3.1.7), that is there exist such constants 
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H > 0 and a G (0,1] that for any {(i, a:), (r, ^)} C II[o t] C , 

||fci||<26, 

\Aliak,{t,x)\ < H{d{t,X{t-T)-,T,Or- (3.1.87) 

(A29) there exist bounded and Holder continuous in in the sense of (3.1.87), 
derivatives ||A;i|| < 26, on H[o,t]- 

Here the counterpart of Theorem 3.2 is the following result. 

Theorem 3.4. If the conditions A27 and A2S are satisfied, then there exists a FSCP 
Z for the equation (3.1.86), such that 

\\h\\<2b, 

\SZ{t, X- r, 01 < C{t - X-, T, 0, 

0<r<t<T, {x, C M^. (3.1.88) 

Under an additional assumption A29, there exists a FSCP Z* for the equation 
adjoint to (3.1.86), and Z, Z* satisfy the equalities (3.1.76) and (3.1.112). 

The proof of this theorem, similar to the one of Theorem 3.2, is based on 
a detailed investigation of properties of the FSCP for an equation with only the 
leading terms, with coefficients depending only on the parameters j3,y. Below we 
study the FSCP G for the equation (3.1.86) whose coefficients ||A:i|| < 26, may 
depend only on the variable t. 

Consider the equation 

y] ak^{t)d^lju{t,x) =0, (i,a;) e ri(^_T], (3.1.89) 

\ ||fci||<26 / 

where r is an arbitrary fixed number from [0,T), assuming that the coefficients 
akii 11^1 II < 26, are continuous on [0,T], and for each t G [0,T], G the 
inequality 

ni 

Re (3-1-90) 

Ilfci 11=26 j=l 

holds with some constant (5 > 0. 

Just as in Section 3.1.1, we solve the problem (2.1.6), (3.1.89). For its solution 
we obtain the formula (2.1.14), in which G is given by the formula (3.1.20) where 

V{t,T,cr) :=expl ^ /afci(T + (i - r)/3)(cr'i + /?ct 2 + 

lpi||<2f> { 

X {a'y + dP(t - (3.1.91) 

while M, X{t — T), and Xt-r were defined in (3.1.84). 
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Investigating the function V just as in Section 3.1.1, we obtain the following 
estimates similar to (3.1.29) and (3.1.30): 

\V{t,T,a -\-i'y)\ < C'exp{-52/-((T) +C2r(7)}, 

\Pki{(J -\- + i'^)\ < C'Hexp{-^3r(cr) +C3r(7)}, 

0 < r < i < T, {cr, 7 } C K", 

where r{(r) := - 

S=1 j=l 

Using these estimates and Lemma 1.1 just as in the proofs of Theorems 2.1 
and 3.1, we prove their analogue for the equation (3.1.89). 

Theorem 3.5. If the coefficients ||A;i|| < 2b, of the equation (3.1.89) are con- 
tinuous on [0,T], and the condition (3.1.90) is satisfied, then there exists a FSCP 
G for this equation, such that: 

1) the function G and its derivatives can be extended to , and for these ex- 
tensions we have 

+ iy, r,^ + ir?) 

0<T<t<T, {x,y,^,T]} cM'^, {fc,/}cZ+, 

where Qki{ii ^ - ^ ,Zn) G for fixed t and t, are entire functions 

of Z\, ... ,Zn of the respective growth orders pi, ... ,pn and the same decrease 
orders for z = x ^ andpj = qj forj G {1, . . . , ni}, pj = qr, if j = Ui-\-r, 
r e {l,...,ri 2 }, Pj = qs, if j = ni+n 2 + s, s e {l,...,n 3 }; 

2) the estimates 

\d^d‘^G{t, x + iy;T,^ + ir])\ < Gki{t - E^^'> {t,x; y, r, rf), 

0 <T <t <T, {rc,2/,^,7/} C K”, {fc,/}cZ", (3.1.92) 

hold, with Gki, c, and c' being positive constants, while E^^ is defined in 

(3.1.85); 

3) the equalities (3.1.34) and (3.1.35) hold; 

4) the function (3.1.44) is a FSCP for the adjoint equation 

{L*v){T,i) := ( 5 * - ^ )v(^,0 = 0, 

V ||fci|i<26 / 

(r,0^n[o,T), (3.1.93) 

where *9* is the same as in (3.1.45); 

5) the convolution formula (3.1.46) is valid. 
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Note that the assertions 4) and 5) of the above theorems are proved just as 
the similar statements from Property 3.1. The formula (3.1.48) is used, in which 
the differential expressions L and L* are defined in (3.1.86) and (3.1.93), the 
bilinear forms B^v,u] contain only the derivatives of the form dy^v and dy^u 
with ||A:i|| < 26. 

Example 3.2. A FSCP for the equation 

( - ^21^X3 - “ “3^*13 )« = 

V j=l 3=1 / 

from the class E23, where rti = 3, 722 = 2, ns = 1, 61 = 62 = 1, 63 = 2, and ai, a2, 
and as are positive constants, is given by the formula 

G{t, x; T, 0 = Gi [t, x'\ T, ^')G 2 {t, x"; t, ^Gzit, 0:13; r, ^13), 

t>T, {a;,e}cIR®, (3.1.94) 

with x' := (a:ii,a:2i,X3), := (6i>6i>6)> ■= {xi 2 ,X 22 ), i" ■= (62,62)- 

Here 



Gi(t,a;';r,6) := exp{-ai^{( 4 :{t - t))~^{xu -61)^ 

+ 3 (t - t)~^{x2i + - t){xii + 61) - 61)^ 

+ 180 (t - T)“'^(a:3 + 2 ~\t - t){x2i + 61) 

+ 12“^(t - rfixn - 61) - 6)^)}, 

G 2 (t,a;";r, 6 ') := A/3(2fl2(^ - t))“^ expj-a^ H(4(i - 'r))“^(a;i 2 - 62 )^ 

+ 3 (t - t)~^{x22 + 2 ~^{t - r)(xi2 + 62) - 62)^)}, 
G3(t,xi3;r,63) ;= (47T^a3(t - t))“^/"‘ 

00 

X J ex.p{—a‘^}a^^^cos{{as{t — r))~^^^{xis — ^is)oi)da. 

0 

( 3 . 1 . 95 ) 



The formulas (3.1.94), (3.1.95) are obtained by a straightforward calculation 
from the formulas (3.1.20) and (3.1.91) (see also Examples 2.1 and 3.1). 

In conclusion of this subsection we give some results regarding the FSCP for 
equations of the form (3.1.89) with degenerations on the initial hyperplane, of the 
same kind as in the equation (1.1.11). 

Let us consider an equation of the form 



a{t)dt - P{t) 



s=2 j-l 0<||fci||<26 



(L ^) C H(o,t]5 



ao(f) 



u{t, x) = 0, 



(3.1.96) 




3.1. Fundamental solution of the Cauchy problem 



207 



assuming that the functions a and (3 are such as in the equation (1.1.11), the 
coefficients ||A:i|| < 26, are continuous on [0,T], and the condition (3.1.90) is 
satisfied. 

Let the functions A and B be the same as in Section 2.4.1, 



X{t,T) := (Xll(^,r),...,yl„,(^,T),X2l(^,T), 

• • • ) -X2T12 1 .^31 j ? • • • > ^ 3 ns ^)) ) 

1 

Xsj{t,T) :^'^-{B{t,T)Yx^s-r)j,j e « e {1,2,3}, 

r=0 



EY\t,x\T,i) := exp 






s=i 



The following theorem is an analogue of Theorem 3.5 for the equation (3.1.96). 

Theorem 3.6. The following assertions are valid: 

1) there exists a FSCP G{t, x; r, ^), 0 < r < t < T, {x, C for the equation 
(3.1.96); 

2 ) dld\G{t,x-{-iy,T,^-{-i7i) 

0<T<t<T, {a:,2/,^,77} C R”, {fc,/}cZ”, 



where Q,ki{t,T,z), z = (^:n, . . . , Z 21 , ■ • • , 22n2> ^3i, • • • , ^Sns) e C", are, 

for fixed t and r, entire functions of Zgj with the growth orders Psj = Qj CL^d 
the same decrease orders for real values of the independent variables; 

3) the estimates 



\d^d‘^G{t,x + iy;T,^ + ir])\ 

< Gki{B{t,T))~’^~^>“ eyiT£,{dA{t,T)]EY\t,x\T,Y)E^-lYt,V\T,ri), 
Q<r<t<T, {a;,j/,,f,r 7 } C R", {k,l)<zZ\, (3.1.97) 



are valid, with Cki > 0, c > 0, c' > 0, and d € M; 

4) the FSCP G has the normality property, and the convolution formula (3.1.46) 
with r > 0 holds; 

5) in the case of weak degeneration, that is A(0, T) < oo, the estimates (3.1.97) 
are valid with r = 0 and d — 0. 

The proof (sketched in [120]) is similar to that of Theorems 3.1 and 3.5. 




208 



Chapter 3. Degenerate Equations of the Kolmogorov Type 



3.2 Cauchy problem 

3.2.1. Correct solvability of the Cauchy problem for equations from the class E 23 . 

In this section and the next one we study the Cauchy problem for equations from 
the class E23. This class consists of equations from E23 whose coefficients do not 
depend on spatial variables. The results obtained in Sections 3.2.1 and 3.2.2 are 
similar to Theorems 2.6, 2.7, and 2.11 for homogeneous 26-parabolic equations 
from the class En. 

Below we define the families of Banach spaces t e [0,T], p G [l,oo], 

of functions with a rapid growth in spatial variables at infinity. The fact that a 
solution belongs to such a space is interpreted as a characterization of its evolution 
in T A technique of obtaining special estimates is developed in order to take into 
account a complicated anisotropy of the problem. Section 3.2.1 is devoted to the 
solvability of the Cauchy problem. In Section 3.2.2 we prove the uniqueness of a 

solution of the Cauchy problem in the spaces t G [0,T], and a representa- 

tion theorem for solutions defined on the layer II(o,t] 5 via their special limit values 
on the initial hyperplane. Hence, for equations from the class E23 we determine 
the spaces $ and U, with which the meta-theorems A and B from Section 1.1.3 
are valid for this situation. 

In Sections 3.2.1 and 3.2.2 we use the notation from Section 3.1.3, the nota- 
tion q' and q" for the largest and smallest of the numbers j G {1, . . . , rzi}, and 
also the following analogue of the distance q from (2.1.2): 



9(2:; 0 



3 Tls 



.S=l j — 1 




{a:,e} CE". 



In addition, for ^ G E" and i? > 0 we set B{^,R) := {x G E" |9(a;;^) < -R}, 
Bn:= B{0,R). 

Consider an equation 



(Lw)(t,a:) := I 5- ^ Ofci (^)^x; ) 2 :) = 0, (t, a;) G II(o,t] , (3.2.1) 

V || fei ||<26 / 

assuming that the coefficients : [0, T] ^ C, ||A;i|| < 26, are continuous, and the 
condition (3.1.90) is satisfied. 

By Theorem 3.5 there exists a FSCP G for the equation (3.2.1) with the 
properties described in that theorem. In particular, 

\d^dlG(t,x]T,^)\ < Cki{t - E^^'>{t,x;T,^), 

0<T<t<T, {a;,^}cE", (3.2.2) 

Let us define necessary norms and spaces. 
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We introduce the following sets of functions: 



k{t,a) := (fell (t, an) ) • * * 5 ^Ini 

• • • 5 ^2ri2 (^5 ^2712)5 ^31 (^5 ^31)5 • • • 5 ^ 3 ns (^5 ^3713)) 5 

s(t) := (511 (t), , Sini (0, 521 (t), ... 5 52112(^)5 -531 (^) 5 ... 5 53ns (^)); 

kij{t,aij) := Coaij(cf^~^ _ a26,-i^26i(/-i)+i)i-gj ^ j g I € {1,2,3}; 

sij(l) := fcij(t,ay) + 2‘‘^^^d(n2 - j)t^^ k2j{t,a2j) 

+ 2'’’^^0{n3- j)t^‘’^k3j{t,a3j), j G {l,...,m}; 

S2j(t) := 2«^“^fc2j(t,a2j) +4«^“^6»(n3 - k3j{t,a3j), j G {l,...,n2}; 

S3j(i) :=4'’^“^fc3j(i,a3j), j e (1, . . . ,ns}, t<T, 

where cq € (0,c), c is the constant from the estimates (3.2.2), a := (an, . . . , aim, 
ct2i5 ... 5 «2 ti 25 <^315 ... 5 ^3713) a collection of such non-negative numbers that 

/ K (26,-l)/(2b,0-l)+l) 

T < min ( “ ) 5 

ie{i,2,3} ^ ^ 

6{t) = 1 for r > 0, and ^(r) 0 for r < 0. 

Note that ^(0,a) = a and kij{t,aij) > aij, t € [0,T], j E {!,..., n/}, I E 
{1,2,3}; in addition, 

-cop{t,x,^) + [a,^] < [%,a),X(t)], t E (0,T], {x,^} C (3.2.3) 

where p{t^x^^) was defined in (3.1.85). We used the notation 

3 ni 



[«>ci ~ 

l=l j=l 



(3.2.4) 



Note also the relations 

kij{t - T,kij{r,aij)) = fcij(f,ay), kij{t - T,kij{T,aij)) < kij{t,aij), 
0<r<t<T, j G{l,...,ni}, Ig{2,3}. 

Let p G [1, 00], and u{t, x), {t, x) G n[o,r] > be a given complex-valued function, 
measurable in x for any t G [0, T]. For every t G [0, T] we define the norms 



IKL-)llp*-*’“^ := ||u(t,a:)exp{-[fc(t,a),X(t)]}|| 



Lp(K")> 



ll«(^.-)||p^‘^ ••= l|w(t,x)exp{-[stt),a:]}||x,^(Rn). 
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We shall use the following spaces: 

- t E [0, T], p G [ 1 , oo], the spaces of measurable functions (p :MT' C 

with finite norms := 

- M^, the space of complex- valued generalized Borel measures /i on satis- 
fying the condition 

ll^ir := j ^w{~[a,x]}d\^J.\{x) < oo; 

- the space of measurable functions ^ C with a finite norm 

llV’lir^^^ := llV'Wexp{[s(T),ar]}|li,,(Rn); 

- the space of continuous functions ip : ^ C, such that 

|'0(x)| exp{[s(T),x]} — » 0 as \x\ — > cx). 

For -0 G we set 

— sup(|V^(x)|exp{[s(T),x]}). 

Using the inequalities (1.3.9) and (1.3.10) we have 

|V3,(t)|«^ < \X2J\'‘^ + |a;i,rO, (3-2.5) 

so that 

exp{-[s(t),x]} < exp{-[k{t,a),X{t)]}, 

hence 

te[0,T], pG[l,oo]. (3.2.6) 

Note that sij{t) > aij, sij{t) > aij^ I G {2,3}, t G [0,T], therefore for (/? G 
we find that 

te[0,T], pe[l,oo]. (3.2.7) 

Now we shall formulate and prove the main theorem on the correct solvability 
of the Cauchy problem for equations from the class E 23 . 

Theorem 3.7. For any function (p G L^, p G [l,oo], and a generalized measure 
pi G the formulas 

u{t,x) = {Pip){t,x) := J G{t,x;0,^)ip{^)d^, (t,x) € II(o,t], (3.2.8) 

R" 

uo{t,x) = [Pii){t,x) := f G{t,x;0,^)dfi{^), (t,x) € II(o,t], 

R" 



(3.2.9) 
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determine the unique solutions of the equation (3.2.1) on the layer possess- 

ing the following properties: there exists a constant C > 0, independent of ip and 
p, and such that for any t G (0, T], 

(3.2.10) 

lko(f,-)||f’"^<C||/z|l«; (3.2.11) 

if p G [1, oo), then 

limJMt,.)-^(-)llf^=0, (3.2.12) 

while forp = oo and the function (3.2.9) u{t, •) ^ (p, uo{t, •) ^ p, that is for all 

t-^o t^o 

if from the spaces and respectively 

lim J 'if{x)u{t,x)dx = j if{x)ip{x)dx (3.2.13) 

and 

lim J if {x)uo{t,x)dx = j if[x)dp{x). (3.2.14) 

R"" R"" 

Remark. It follows from Theorem 3.7 that the solutions (3.2.8) and (3.2.9) belong, 
for each fixed t G (0,T], to the spaces and respectively. 

Let us study the Poisson integrals (3.2.8) of the function p and (3.2.9) of 
the generalized measure p and show that they represent solutions of the equation 
(3.2.1) and have the properties listed in Theorem 3.7. Here we use the technique 
resembling that of Section 2.2.2. 

Lemma 3.1. If p £ L^, p G [l,oo], then the function (3.2.8) satisfies the estimate 

te{Q,T]. (3.2.15) 

Proof. Consider first the case p = oo. By the estimates (3.2.2), for {t,x) G H(o,t] 
we have 

|w(t,a;)| < ^“^exp{-c/9(^,a;,0}(|(^(0|exp{-[a,C]})exp{[a,^]}(^^ 

R^ 

<C||¥>||1 j r^exp{-(c- co)p(i,a:,0}exp{-cop(<,a;,0 + 
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Using the inequality (3.2.3) and the fact that for any t > 0, x , and (^ > 0, 

J exp{-5p{t,x,^)}d^ = C, (3.2.16) 

we find that 

\u{t,x)\ < C\\(p\\^exp{[k{t,a),X{t)]}, (t,x) cn(o,T], 

which implies the estimate (3.2.15) for p = oo. 

Let us consider the case p e (l,oo). Using the estimates (3.2.2) and (3.2.3), 
and the Holder inequality, we have 

\u{t,x)\ <C y'(|v?(0|exp{-[a,^]})exp{-((c-co)/2)p(t,a;,0} 

X exp{-((c + co)/2)p{t, X, + [a, 

lv’(0rexp{-p[a,^]}exp{-p((c-co)/2)p(t,x,0}c(^j 



^ i/p 



y/p' 

J exp{-p'{{c + co)/2)p{t,x,^)+p'[a,^]}dU t ^ 



< C 



j MOrexp{-p[a,^]}exp{-p((c-co)/2)p(t,x,0}i " 






1/p 



X ex' 



:p{\k{t, a),X{t)]} f j exp{-p'((c - Co)/2)p{t, x, 



1/p' 



M 



d^ 



(t,x) e H(o,t]) 



where the number p' is such that Ijp+ljp' — 1. It follows, by the equality (3.2.16), 
that 






<c{ 



c 



f( j b(Orexp{-p[a,^]}exp{-p((c-co)/2)p(f,x,^)}t ^dAdx 

\^n / 

j \p{^)\Pexp{-p[a,(\}( J exp{-p((c- co)/2)p(i,x,0}i“^c(a:'jrf^ j 



i/p 



^ i/p 



= cm;, 



te{o,T]. 




3.2. Cauchy problem 



213 



li p = 1, then using the inequalities (3.2.2) and (3.2.3), we get 
\u(t,x)\<C j |y?(0|exp{-[a,^]}exp{-(c-co)/9(i,x,0} 

X exp{-cop(t,x,0 + 

< C'exp{[fc(t,a),X(i)]} j \<f{^)\exp{-[a,^]} 

R" 

xexp{-(c-co)p(«,x,0}<^c?^, (t,x) en(o,T], 

whence, by (3.1.16) we obtain for t G (0,T] that 

< C f |<^(0|exp{-[5,^]}| f exp{-(c-co)p(f,x,OK“^c(a;|c(^ 

R^ Vj^n / 

= cii^iif □ 

Let us find out in which sense the function (3.2.8) satisfies the initial condition. 

Lemma 3.2. Suppose that (f G L^, p G [l,oo]. Then the function (3.2.8) satisfies 
(3.2.12) and (3.2.13). 

Proof. Let p G [l,oo). We have to prove that for any £ > 0 there exists such 
5 G (0, T) that for all t G (0, <5), 

(3.2.17) 

Let be the function determined by the equalities (2.2.24). We have 

< \m<p - oiif ) + \\ip<p^^^){t, •) - ) + ii<P - 

i€(0,T]. (3.2.18) 

By Lemma 3.1, 

||(P(^-y)(«)))(t,0||f’“)<q|V5-V?('')||“; te(0,T]. (3.2.19) 

Using the inequalities (3.2.6), (3.2.7), (3.2.18), and (3.2.19), we find that 

\\{Pip){t , .) - ^(.)||f ) <{c + i)||v^ - + ||(P^(«))(«, •) - \ 

te{o,T]. 

Given 6 > 0, we choose > 0 in such a way that 






|<p(x)|Pexp{-p[a,x]}dx 1 < e/(2(C + 1)). 



ii(p^(«))(i, •) - v^(«)(-)iif ) < ii(p^(«))(t, •) - </’^«H-)IIl,(r") =: 
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in order to prove ( 3 . 2 . 17 ), it suffices to prove the existence of such G ( 0 ,T) that 
for any t G ( 0 , S), 

< e/ 2 . ( 3 . 2 . 20 ) 

Let us write / as / = 7 i + /2 where 

p 

h := j J dx, 

R^\B2R Br 

P 

h -.= j I G{t, x; 0 , im - (a;) dx. 

B2R Br 

If p = 1 , we get 

h<C ( I f \ip^^\^)\exp{-cp{t,x,^)}t~‘^dndx 

R’*\B2R ‘ 

= G j j exp{-cp{t,x, 0 }t~‘^dxjdC ( 3 . 2 . 21 ) 

Br \’^\B2R ' 

Note the existence of such < 5 q C ( 0 , 1 ) that for every t G ( 0 , Sq), x eR^\ B 2 R, 
and ^ G Br we have the inequality 

p{t,x,^) > ( 3 . 2 . 22 ) 

Indeed, for ^ G ( 0 , 1 ), 

p{t^x,() >t^-^\q{X{t); 0 y' ( 3 . 2 . 23 ) 

Next, using the notation 

Y{t) := ( 0 ,.^. , 0 , -tXii,...,-tXin 2 ,-tX 21 - 2 “ 4 ^Xii,...,-tX 2 n 3 - 2 ~^yxin^), 

ni 

we obtain for t G ( 0 , 1 ) that 




( 3 . 2 . 25 ) 
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Let the number > 0 be such that c\5l < 1/4. Then (3.2.24) and (3.2.25) for 
any t G (0, 5o) and x G \ B 2 R imply the inequality q{X{t)‘, 0) > (3/4)g(x; 0) > 
3i^/2, and then (3.2.22) follows from (3.2.23). 

From the inequality (3.2.21), using the estimate (3.2.22), we obtain that 



Ii < C'exp{-(c- co)t^ ‘>"(R/2y’} j j exp{-cop(t,x,^)}t ^ dx 






= C'l|v?^^'||Li(B")exp{-(c-co)i^ «"(il/2)«'}, ie(0,<^o) 



(3.2.26) 



Here we used the fact that 

J exp{-cop{t,x^^)}t~^ dx = C, t > 0,^ G (3.2.27) 



If p > 1, using (3.2.2), (3.2.16), (3.2.22), and the Holder inequality we find, 
for t G (0, 60 ) and x G \ B 2 r^ that 



< C 



\ i/p' 



j G{t,x-0,O‘P^^\Od^ 

Br 

Br 

/ \ 1/P 

J l</5^^^(Ol^exp{-p((c-co)/2)p(f,x,4)}i ^d^j 

j exp{-p'((c + co)/2)p(i, X, 0}t~^dn 
Br ' 

< Cexp{-((c- co)/2)t^'^”(/?/2)'''} 

X ( / \^^^HOf^^P{-Pi{c-co)/2)p{t,x,^)}t-^d4 

^Br 

X ^ j exp{-p' Co p{t,x,^)}r^d^ 

E^ 

= (7exp{-((c- co)/2)ti“^''(i?/2)«'} 

( j \(p^^\^)\Pexp{-p{{c- co)/2)p{t,x,^)}r^dA 



\ i/p' 

9 



X 
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whence 

7i < Cexp{-p((c - co)/2)t^"’"(i?/2)«'} 

R”\B2B ^Br ' 

< C||v^(«)|U^(Rn) exp{-(p(c - co)/2)i'-''"(i?/2)'?'}, t € (0,6o). (3.2.28) 

Let us give an estimate for I 2 . Let be the averaging for ip^^\ It satisfies 
the relation (2.2.31) and, just as in the proof of Lemma 2.5, for a fixed h > 0, 
uniformly with respect to a; G B 2 r-> 



j G{t, X-, 0, ^ - <fh^^ (a;) 



> 0 . 

•0 



(3.2.29) 



Now 



ji/p < 
^2 - 



^B2R M 

+ 



p \ 1/p 

dx I 



j j G{t,x;0,Oi‘P^^\O-‘pl!^\O)d^ 

n 

j j G{t,x-,0,^)ip[^\^)d^-ip\l^\x) da;j 
j -<P^^\x)\^dx\ 



p ^ 1/p 



\ 1/p 



Repeating the estimates for the first summand, similar to the ones carried out in 
the proof of Lemma 3.1, and using the relations (2.2.31) and (3.2.29), we find that 
there exists such a constant <52 > 0 that for any t G ( 0 ,(^ 2 ), 



I 2 < (1/2)(b/2)p. 



(3.2.30) 



The inequalities (3.2.26) and (3.2.28) imply the existence of such 5i > 0 that 
for all t e (0, Ji), 

7i < (l/2)(e/2)^. 

Together with (3.2.30) this implies the inequality (3.2.20) for all t G (0, 5) where 
S is the smaller of the numbers and 62 - 

Let us prove the relation (3.2.13). First we note that the integrals from 
(3.2.13) make sense for all (p G '0 G and t G (0,T] since, by the 

inequality (3.2.6) and Lemma 3.1 NL-)llS*^ < 00 for any ^ G (0,T], if G L^. 
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Indeed, for any t G (0,T] aij < sij{t) < j G I G {1,2,3}, so 

that 



J 'ip{x)u{t,x)dx < J {\'ip{x)\exp{[s{T),x]}){\u{t,x)\exp{-[s{t),x]})(h 









< 00 , 



jij{xMx)dx < J (IV’(a:)| exp{[s(T),x]})(|y?(a;)| exp{-[a, x]})d 2 



< < 00- 

Due to (3.2.8), in order to prove (3.2.13), it suffices to show that 

where v{t,^) := j G{t,x;0,^)ip{x)dx. 



Since cp G L^, we have 

-ip{^))(p{^)di < I|(^||^ j \v{t,^)-ip{^)\exp{[a,^]}di 

and (3.2.13) will be proved, if we show that 

j -V’(0|exp{[a,C]}dC^^jjO. (3.2.31) 

E^ 

Since aij < hj{T^ aij), j G m}, I G (1, 2, 3}, there exists such 7 > 0 



that 



^ij {T) > kij (T, aij ) > gij {t) 

:= cokij{T,aij){cf^-^ + > aij, 

j e . ,n^}, I G {1,2,3}, for all t G [ 0 , 7 ]. Therefore 

exp{[g{t),(\} > exp{[o,^]}, t G [ 0 , 7 ], ^ G E”, 

and for proving (3.2.31) it is sufficient to prove, for any e > 0, the existence of 
such 5 G ( 0 , 7 ) that for all t G (0,<J), 

lh(i,-)-V'(-)ll7^‘^ := \\{vit,-)-i’{-))eM{mr]}\\L,iu^)<e (3.2.32) 

where 



9{t) ■■= . . . , 9lni {t),921 (t),-.-, 92 u 2 (t), 931 {*),■■■, 93ns (t))- 
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The proof of (3.2.32) is similar to that of (3.2.17). As it was done there, we 
introduce for > 0 a function ^^^^(a;), x G by the equalities (2.2.24), in 
which '0 is substituted for ip. For t G (0, 7) we have 






-9(t) 



J G{t,x-0, Oii’ - 



-m 



(3.2.33) 



j = l 



Let us give an estimate for Ji. Using the estimate (3.2.2) we obtain 

J G(t, x; O,^)('0 - 0^^^)(x)dx 

<G j exp{-c/3(f,x,^) - [fc(T,a),X(i)]}|(V>- 
X exp{[k{T,a),X{t)]}t~^dx 

< C J exp{-{c-co)p{t,x,0}exp{-cop(t,x,^) - [k{T,a),X{t)]} 

E” 

X (KV’ - '>p^^^){x)\)exp{[s{T),x]}t~^dx 

< C’exp{-[g(i),^]} J exp{-(c- co)p(i,a:,C)}(|(V' - 

X exp{[s(T),x]})t“^dx. (3.2.34) 

Here we used the inequality 

[k{T,d),X{t)] < [5(T),x], t > 0, X G (3.2.35) 

valid by virtue of (3.2.5) and the definition of s(T), and the inequality 

-cop(t,x,0-[M^,a),A(t)]<-[p(t),^], t>0, {x,^}cE^ (3.2.36) 

which is proved just as (3.2.3). 

It follows from (3.2.34) and the equality (3.2.16) that 

te(0,7). (3.2.37) 

Since gij{t) < gij(T), t e (0,7), j e {1, . ...n;}, I € {1,2,3}, we have 

ie(0,7). 
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thus 

Ji+Js<iC + i)\\ip- t e ( 0 , 7 ). 

Since 

= / IV'(a:)|exp{[^r),a;]}da: 0, 

J R~^oo 

M-\Br 

we get 

J1+J3 ^ 0 , te{Q,j). (3.2.38) 

R^oo 

Consider the expression J 2 . We write it as 




Just as for (3.2.37), we prove the inequality 

m 

^€(0,7), 

1 

whence 

j '2 0, te(0,7). (3.2.39) 

R—*oo 

For J 2 we have 

j '2 < j f G{t,x-,0,^)tp^^'>{x)dx d^. 

S2H K” 

// 

The last integral is considered like I 2 above, so that J 2 ^^^0? i? > 0. Together 
with the relations (3.2.33), (3.2.38), (3.2.39) this yields (3.2.32). □ 

Lemma 3.3. Let fx G M“. Then the function (3.2.9) satisfies the estimate (3.2.11) 
and the relation (3.2.14). 
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Proof. Using the inequalities (3.2.2) and (3.2.3) we find that 

\uo{t,x)\<C j exp{-(c- co)p(^,a:, 4 )}exp{-co/ 9 (^,a;,^) + [a,^]} 

R" 

X exp{-[a,^]}t“^d|p |(0 

<Cexp{[k{t,a),X{t)]} j exp{-(c - co)p(f,a:,0}exp{-[a,^]}dlp|(^), 
{t,x) € II( 0 ^T], 

which implies the estimate (3.2.11) if we take into account the equality (3.2.27) 
with c — Co substituted for cq. 

Let us prove the relation (3.2.14). By the definition of the functions 5 /^, 
j € {1, . . . I G {1, 2, 3}, and the estimate (3.2.11), the integrals from (3.2.14) 
make sense for any ijj G fi G M®, and t G (0,T]. Using the formula (3.2.9) 

we obtain that 

j ip{x)uo{t,x)dx - j ip{x)dii{x) < ||u(t,-) - V’(-)ll^“llMir 

where 

v{t,^) := j G{t,x;0,$)ip{x)dx. 

Therefore it is sufficient to prove that 

(3-2.40) 

where the function g is the same as in Lemma 3.2. 

Let i? > 0, and let the function Or be the same as in the proof of Lemma 
2.6. Set 6r(p. For t G ( 0 , 7 ) we have 

-9{t) 

G{t,x;Q,^){(f - (f‘'^^){x)dx 

00 

11-9(0 

G{t,x-,0,Oip^^'>{x)dx - 

1=1 





(3.2.41) 
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As in the proof of the inequalities (3.2.34), using the equality (3.2.27) with 
c — Co instead of cq we get 

j G{t,x; 0 , ^){(f - (f^^'^){x)dx 

< Cy - J exp{-(c - co)p{t,x,^)}t~’^dxexp{-[g{t),^]}, 



whence 

i^i i€(o,7). 

By the inequalities gij{t) < sij{T), t S [ 0 , 7 ), j € {1, . . .,ni}, I G {1,2,3}, we 

have 

K 3 < \W - i € [ 0 , 7 ), 

SO that 

Ki + K 3 <{c + i)y - t € [ 0 , 7 ). 

Since 

< sup (|(/ 5 (i;)lexp{[s(T),a;]}) ^ 0, 
x€R"\Bb/2 

we get 

K 1 +K 3 ^ 0 , tG( 0 , 7 ). (3.2.42) 

R^oo 

Next, 



K 2 < sup 

^ER'^\B2r 



[ {x)d2 



exp([ff(t),^]} 



+ exp{max^ij(T)(2i?)^ } sup 
ieB2E 

=:K'+kL 






(3.2.43) 



In order to find an estimate for K 2 , we use the inequality (3.2.22), for any 
t G ( 0 ,^ 0 ), ^ C Br, and ^ \ B 2 R. This inequality, for such points, is proved 

like in the case considered in the proof of Lemma 3.2. Instead of the inequalities 
(3.2.23) and (3.2.24), we use the inequalities 

p{t,x,^) > - q{X{t);0)\'^' , 

and 

qiXity,0)<q{x-,0)+q{Y{ty,0), 
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respectively; then we use (3,2.25) choosing in such a way that ciSq < 1/2. 
As a result, we get 

g(A(t);0)<(3/2)g(x;0)<3i?/2, 

p{t,x,0>t^-^"{2R-3R/2y' ^t^-^"{R/2y\ 

Using the estimate (3.2.2), the inequalities (3.2.22), (3.2.35), and (3.2.36), 
the equality (3.2.27), we have 

K 2 < sup ic exp{-{c-co)p{t,x,^)}exp{-cop{t,x,^) ~[k{t,a),X{t)]} 

Br 

X {\ip^^\x)\exp{[s{T),x]})r^dxexp{[g{t),^]} 

< Cexp{-((c- 

X j exp{-{{c- co)/2)p{t,x,^)}t~^dx 

-f^llv^lli*'^^exp{-((c-co)/2)ti-«"(i?/2)«'}^^^0, R>Q. (3.2.44) 

Since is a continuous and bounded function, by a property of the FSCP 
for the equation adjoint to (3.2.1), we obtain that 

7^2 i^>0. (3.2.45) 

The relations (3.2.41)-(3.2.45) imply the required relation (3.2.40). □ 

It follows from Lemmas 3. 1-3.3 that the functions (3.2.8) and (3.2.9) satisfy 
the estimates (3.2.10), (3.2.11) and the relations (3.2.12)-(3.2.14). Since the FSCP 
G is a solution of the equation (3.2.1), the estimates (3.2.2) show that the functions 

(3.2.8) and (3.2.9) are solutions of this equation. Thus the formulas (3.2.8) and 

(3.2.9) indeed determine solutions of the equation (3.2.1) on the layer II(o,t ]7 
these solutions have the properties listed in Theorem 3.7. The uniqueness of these 
solutions is a consequence of Theorem 3.8 on the representation of solutions of the 
Cauchy problem by Poisson integrals, which will be proved in the next subsection. 

3.2.2. Integral representations of solutions for equations from the class E 23 . Here 
we give some theorems on the Poisson integral representation of solutions of the 
Cauchy problem and solutions defined on an open layer, for equations from the 
class E 23 . The proofs are similar to those for the corresponding assertions from 
Lemmas 2.17, 2.18 and Theorem 2.11 for equations from the class En. 
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Theorem 3.8. Let (p e L^, p e [1, 00 ]^ and p, e M®. Then: 

1) a solution u of the equation (3.2.1) satisfying the condition 

<C, i€(0,T], (3.2.46p) 

with some constant C > Q, and the conditions (3.2.12) and (3.2.13) forp G 
[ 1 , 00 ) and p = 00 respectively, can he represented in the form (3.2.8); 

2) a solution u of the equation (3.2.1) satisfying the condition (3.2.46i) and the 
relation (3.2. 14) , can he represented in the form (3.2.9). 

Proof. 1) Let n be a solution satisfying the above conditions. As in the proof 
of Lemma 2.16, using the Green- Ostrogradsky formula (3.1.48) we obtain the 
following formula for the solution u: 

u{t,x) = j G{t,x\h,^)CR{^)u{h,^)d^ 




~ I / L*{G*{T,^;t,x)(R{^))u{T,^)d4 

^ B3R/4\Br/2 

=: (3.2.47) 

where the function (r is the same as in the proof of Lemma 2.16, {t, x) is a fixed 
point from I 1 (o,t ]7 ^ is a sufficiently big positive number, 0 < h < t/2. 

Let us pass in (3.2.47) to the limit, as R ^ 00 . We shall prove that 
tends to the integral 

h := j G{t,x;h, 0 u{h, 0 d(. 

Using the estimate (3.2.2) we get 




<C{t-h) ^ J exp{-{c- Co)p{t - h,x,^)}exp{-cop{t - h,x,^) 
R"\Bk/2 

+ [k{h, a), S(/i)] }(| m(/i, | exp{-[k{h, a), E{h)]})d^ 

3 ni 

[k{h,a),E{h)] = 

i=i j=i 
1 

^ j e {1,. . . ,Tii}, Ze {1,2,3}. 

r=0 



where 



(3.2.48) 
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Now we use the inequalities 

-CQp{t - h,x,^) + [k{h,a),E{h)] < -cop(t - h,x,^) + [s(h),^] 

< [k(t - h,s(h)),X{t - h)] < ci; (3.2.49) 



here /i is a sufficiently small number, such that 



0<t — h<T< H{h) := min 



cq 

sij{h) 



(26,-l)/(26,(;-l) + l) 



^ ^ € K; 

p{t -h,x,i)>{t- hy {R/ 4)«' , 

0 <t — h <T, X £ Bflo/4) ^ € K" \ Bh/2, 



(3.2.50) 



where ci > 0, r = 1 - g" for 0 < t - /i < 1, and r = 1 - 3g' for ^ > 1, is a 

sufficiently large number, Rq is a fixed number, such that 0 < Rq < R. 

The second inequality from (3.2.49) is proved in the same way as the inequal- 
ity (3.2.3), while the first and third ones are obvious due to the inequalities (3.2.5) 
and the definition of the functions sij, j G {1, . . . , I G {1, 2, 3}. The proof of 
the inequality (3.2.50) is similar to that of (3.2.22). Just as we saw there, in the 
present case we obtain that 

Pit -h,x,0>{t-hy\q{^-,0)- q{X{t - ft); 0) , 

q{X{t - ft);0) < q{x;0) + q{Y{t - ft);0) 

/ «2 "3 \ l/<? 

<9(o:;0)+ 

\j=i j=i } 

< (1 + C2)q{x\ 0) < (1 + C2)Eo/4, 

C 2 := max{(2T)«\ j € {1, . . ., 712 }}, 



SO that 



p{t - h,x,o >{t- hy\R/2 - {i + c2)Ro/m^' >{t- hY{R/^y' 
for all jR > (1 T C 2 )-Rq- 

It follows from the inequalities (3.2.48)-(3.2.50) that 

|/i - < Cexp{-((c- co)/2)(i - hYiR/iy'Kt - h)-^ 

X J exp{-((c-Co)/2)p(t-ft,a;,0}(|M(ft,OI 

X exp{ — [fc(/i, a), H(h)]})d^. 



(3.2.51) 
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If p = 1, it follows immediately that for a fixed /i, 

|/i - < C(t - h)-^ exp{-((c - co)/2)(t - hr{RlAY')\\u{K - 0. 

R^oo 

If p G (1, oo), then by the Holder inequality 

X I /" exp{-p'{{c-co)/2)p{t-h,x,^)}{t-h)~^dn 

Vl^n / 

= C{t - h)-^/^u{h, •)||?'*’“) exp{-((c - co)/2){t - hYiR/Ay'} 0 

^ /C— >-00 

for a fixed fi. If p = oo, for a fixed h we have 

|/i - < C\\u{h, •)||^'*’“) exp{-((c - co)/2){t - hYiR/AY'} 0. 

R^oo 
( R) 

Now we shall prove that I 2 -^0. Note that 

R—^00 



3 ni 
1=2 j=l 

- E E Cl[{-d^,yXRiOi-diY'^^-^^G*{r,Y,t,x). (3.2.52) 

||fci||<26 0<h<ki 

Since L*G*{r^^;t,x) = 0 for r < the first summand from (3.2.52) vanishes, and 
by the properties of the function (r the whole expression (3.2.52) equals zero on 
\ (B^r /4 \ Br/ 2 )- Using the fact that for ^ G B^R /4 \ Br /2 we have 

3 ni 

EE^o- 

1=2 j=l 

m 

l^ih=E'y’ 

the normality of the FSCP, and the estimates (3.2.2), for i? > 1 we find that 
l^*(C*(r,4;i,a;)Cij(0)l < C{t - exp{-cp{t ~ t,x,^)}, a > Q. 

Using this estimate we prove, just as for R — above, that 

I L*(G*iT,$-,t,x)CRiOHr,Od^ 

^3R/4\Br/2 

< C||n(r, exp{-((c - co)/2)(t - r)’-(i?/4)«'}(t - 
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where /3 = M-\-l-aioTp=l, P = {M/p) + 1 - a for 1 < p < oo, and P = 1- a 
for p = 00 . Now, taking into account the inequality 

exp{-((c - co)/2)(t - r)^(i?/4)^'}(t - r)~^ < Cexp{-e{t - 
0 < T < t, R>1, £ > 0, 

and the condition (3.2.46p), we get 

< Cexp{— ^ 0. 

R—^oo 

Thus, after passing to the limit in (3.2.47), as R oo, we find that 

u{t,x) = j G{t,x;h,^)u{h,^)d^. (3.2.53) 

Let us pass to the limit in (3.2.53), as /i 0, and prove that 

lim j G{t,x;h,^)u{h,^)d^ = j (3.2.54) 

E^ 

This will imply the representation (3.2.8). 

Let us write the difference 

A;, := j G{t,x-,h,0u{h,i)di- J G(t,x;0,O‘p{m 

E^ E"^ 

as 

Ah = j['"^+4^\ (3.2.55) 

where 

jf^ := j AlG{t,x-,h,0u{h,0d^, (3.2.56) 

E" 

while 

4^^ ■= j G{t,x;0,^{u{h,0 - ^p(0)d4, 

E^ 

if p C [1, oo), and 

:= J G{t,x-,0,0u{h,0d^- I G{t,x-, O,0^i0d^ 

if p = 1. 

We obtain directly, if p G {1, oc}, or using the Holder inequality, if p G (1, oc), 

that 

(3.2.57) 

Jip^ ■= l|A)(G(t,a;;/i,0exp{[fc(/i,a),S(/i)]}|lL^,(Rn), 
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where p' = oo for p = 1, p' = p/{p — 1) for p G (1, oo), and p' = 1 for p = oo. 
Similarly, for p G [1, oo) we get 

\4^^\ (3.2.58) 

4p ■= l|G(t,a;;0,.)exp{[s(/i),.]}l|£,^,(Rn). 

Let us prove that 

^e{l,2}. (3.2.59) 

Due to the condition (3.2.46p), the relation (3.2.59) for / = 1 will be proved 
if we show that 

4t^ ^ 0. (3.2.60) 

h^O 

The proof of this relation will be based on the following fact: for arbitrary fixed 
t G (0,T] and x G there exist such constants C\ > 0, ci G (cq,c) (c is the 
constant from the estimate (3.2.2)), and ho > 0, that for any h G (0, ho) and 

\G{t,x-,h,^)\ < Cir'^ exp{-cip{t,x,^)}, (3.2.61) 

Let us prove that. By the estimate (3.2.2), we have 

{ S ni \ 

E E it -h)- i . 
j=i J 

Since for c > 0 there exist such constants C\ > 0 and ci G (cq,c) that for each 
{u,v} C R, |^^| < 1, 



exp{— c|ix — v\^} < Cl exp{— cijr^l^}, 
where ^ G (1, 2], we get 

-h)- ^2j\‘‘^} 

= exp{-c|«“^+^/^^(X2j(0 - ^2j) - 

< Cl exp{-cif~^‘^^\X2j{t) - 

if h is taken such that |a;ij| < 1, and 

exp{-ct^“®«^|X3j(t - h) - 

= exp{-c|t“^+^/®^(X3j(t) - ^3^) - _l_ htxij - h‘^xij/2)\'^^} 

< Cl exp{-Cit^“^'5'^ l^3j(<) - 

if h is taken such that {h{t\xij \ + \x 2 j\) + h?\xij\/ 2 )t~^'^^tn < i 




228 



Chapter 3. Degenerate Equations of the Kolmogorov Type 



By the estimates (3.2.2), (3.2.61) and the estimates (3.2.49) with t substituted 
for ^ — /i, we have 

\AlG{t, X-, h, 0 exp{[fc(fe, a), E{h)]}\ 

< Ct~^ exp{-cip{t,x,^) + [k{h,d),E{h)]} 

< Cr’^ exp{ - (ci - co)p{t, X, 0} exp{ -cop{t, x, ^) + [s{h),^] } 

< Ct~’^ exp{-{ci - co)p(t,x,,f)}exp{[fc(<,s(/i)), V(i)]} 

< Cexp{-(ci - co)p{t,x,^)} 



where h is an arbitrary number from (0, /iq), such that T < H{h) {H{h) is taken 
from (3.2.49)). Using this inequality and the fact that, by the continuity of the 
function G, A^G{t,x;h,^) exp{[k{h,a),E{h)]} 0, from the dominated conver- 

/ i — >0 

gence theorem we obtain the relation (3.2.60) for p e [l,oo]. 

The relation (3.2.59) for / = 2 and p C [l,oo) follows from the equality 
(3.2.12) and the fact that the inequalities (3.2.2), (3.2.49) and the equality (3.2.16) 
imply the following inequalities valid for any sufficiently small h: 



<ci j exp{-p'{c-CQ)p{t,x,i)+p'{-cop{t,x,i) + [s{h),i])}t 

<Cexp{[k{t,s{h)),X{t)]}t~^^^ 

pG(l,oo); 

< C sup (r ^exp{-(c- co)p(i,x,^) + {-Cop{t,x,^) + [s(/i),$])}) 

< Ct~^exp{ [k{t, s{h ) ) , X (t)] } 

<Ct~^, p=l. 



i/p' 



For 0 < t < To < H(T), Tq < T, the function G(t, a:;0,^), ^ G 

due to the estimate (3.2.2) and the inequality 

-cop{t,x,0 + < [k{t,s{T)),X{t)l 

satisfies the inequality 

l'^^(0|exp{[s(r),^]} < Ct~^ exp{-{c- co)p{t,x,0 + [k{t,s{T)),X{t)]}, 

^ e R", (3.2.62) 



so that Ip € Li Therefore, by the condition (3.2.13), we obtain for 0 < t < To 
and p = oo the equality 



lim = 0. 



(3.2.63) 
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The relations (3.2.55), (3.2.59), (3.2.63) imply (3.2.54), so that we come to 
the formula (3.2.8) for each point (t, x) of the layer ? for the case p G [1, oo), 
and the layer II(o,To] , if p = oo. In order to verify this formula for p = oo, for every 
point {t^x) G 11(0, T] 7 we have to use the formula (3.2.53) for h < To, the formula 
(3.2.8) with t = and the convolution formula (3.1.46). 

2) If a solution of the equation (3.2.1) satisfies the condition (3.2.46i), then, as 
we showed in the proof of the first part of the theorem, it satisfies the formula 
(3.2.53). Let us pass in it to the limit, as h ^ 0. For this purpose we consider the 
difference 

j G{t, X-, h, ^)u{h, - J G{t, X] 0, (3.2.64) 

where was defined in (3.2.56), and 

jf) := J G{t,x;0,Ou{h,Od^- j G(t,a:;0,O«. 

R^ 

For we have the equality (3.2.59). It follows from the inequality (3.2.62) 
that for each t G (0,Tq] the function -0(^) := G(t,x;0,^), ^ G R^, belongs to the 
space Therefore, by the condition (3.2.14), lim = 0 which, together 

with (3.2.53), (3.2.62), and (3.2.64) implies the formula (3.2.9) for (t,x) G ri(o,To]- 
This formula is valid for any (t, x) G II(o,t]* This follows from the formulas (3.2.53) 
with h < To, (3.2.9) with t = h, and (3.1.46). □ 

Theorem 3.8 implies the uniqueness of a solution of the Cauchy problem, 
which completes the proof of Theorem 3.7. The next result is, in a certain sense, 
converse to this theorem and similar to Theorem 2.11 for the homogeneous equa- 
tion (2.1.1). 

Theorem 3.9. Let u be a solution of the equation (3.2.1) satisfying the condition 
(3.2.46p) with some C > 0 and p G [l,oo]. Then, forp G (l,oc], there exists the 
unique function G whereas for p = 1 there exists the unique generalized 
measure /i G such that the solution u can be represented in the form (3.2.8) 
and (3.2.9) respectively. 

Proof. Let p G (l,oo]. It follows from the condition (3.2.46^) that the sequence of 
functions 



{7i(l/z/,a:)exp{-[^(l/i/, a),X(l/i/)]},x G R^ : > 1} (3.2.65) 

is bounded in the space Lp(R^). Therefore, as in the proof of Theorem 2.11, there 
exists its subsequence 

{ii(l/z/(r), x) exp{ — [^(l/z^(r), a), X(l/z/(r))]}, X G R^ : r > 1} (3.2.66) 
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and a function x C Lp{R^), such that for any -0 G 

lim f exp{-[k{l/u{r), a),E{l/iy{r))]}u{l/i/{r),^)d^ 

r—^oo / 

= I i’iOx{i)d^- (3.2.67) 

Set ip{^) := x(0 C ^ Then (p G L", and the relation (3.2.67) is 

written as 

lim f ip{^) exp{-[fc(l/i/(r), a),E{l/iy{r))]}u{l/i'(r),^)d^ 

r^ooj 

= y^(^)exp{-[a,C]}(p(0<i^. (3.2.68) 

Let (t, x) be a fixed point of the layer 

HO ■= <5(i,a:;0,^)exp{[a,^]}, ^ € K". (3.2.69) 

It follows from the estimate 

\H0\<Ct~'^ exp{-{c-co)p{t,x,^) + [k{t,a),X{t)]}, ^ € K”, (3.2.70) 

obtained from the inequalities (3.2.2) and (3.2.3) that G Lpf(R^). Therefore, 
due to the equality (3.2.68), we have 

lim f G{t,x',0,^)exp{-[k{l/u{r),d),E{l/i/{r))] + [o,^]}u(l/i/(r),0cJ^ 

T^COJ 

= j G{t,x-,0,OHOd^- (3.2.71) 

Suppose that l/i/(r) < t/2, r > 1. By (3.2.53), 

u{t,x) = j G{t,x; l/iy{r),^)u{l/v{r),^)d^. (3.2.72) 

This means that 

u{t,x)~ j G{t,x;0,^)(p{^)d^ 

R'^ 

= j A)(G(t,a:;/i,^)|ft=i/^(r)u(l/i/(r),0<iC 
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+ j G(t, x;0,^){l - exp{-[k{l/p{r), a), E{l/u{r))] + [a,4]})u(l/i^(r),0d^ 

+ [ [ G(t,x;0,Oexp{-[fc(l/i/(r),o),E:(l/i/(r))] + [a,^]}u(l/j/(r),Orf^ 

- j G{t,x;0,O‘PiOdA 

3 

r>l. (3.2.73) 

j = l 

In order to obtain the representation (3.2.8), it suffices to show that 

lira kP = 0 (3.2.74) 

r—*oo 

forye {1,2,3}. 

The relation (3.2.71) implies (3.2.74) for j = 3. Let us prove (3.2.74) for 
j = 2. Using the Holder inequality and the condition (3.2.46p) we get 

R^ R^ 

(3.2.75) 

where 

p' 

Fr(0 := |G'(t,a;;0,^)lP' exp{ [fc(l/i/(r),a),H(l/i/(r))] } - exp{ [a,^] } , 

^ G E”, r > 1. 

Let us study properties of the functions r > 1. The estimate (3.2.2) and 
the inequality (3.2.3) imply the inequalities 

{Fr{E)f/^' < Ct~^ exp{-{c-co)p{t,x,^)} 

X ^exp{-Cop(i,a;,^) + [s(l/i/(r)),^] } +exp{-Cop(«,a;,^) + [a,^] }) 

<Gt~^ exp{-{c- co)p{t,x,^)} 

X (exp{[%,s(l/i/(r))),X(t)]}+exp{[fc(i,a),X(<)]}). 

Here r >ro where ro is taken in such a way that t < LT(l/^'(ro)). Since 
kij{t,sij{l/u{r))) < kij{t,sij{l/u{ro))), 
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for any r > ro, j C {1, . . . , n/} and I G {1, 2, 3}, we have 

{Fr{E)Y^p' < Ct~'^ exp{-{c - co)p{t,x,^)} 

X ^exp{[fc(t, s{l/ iy{ro))),X{t)]} + exp{[fc(i, a), X(i)]}^ , 

^ e R", r > ro, 

SO that the sequence {Fr,r >ro} has an integrable majorant. For each ^ G we 
have lim FV(0 — t>y the dominated convergence theorem 

r^oo 

lim [ FriOd^ = 0. 

r^oo J 

Together with (3.2.75) this implies (3.2.74) for j = 2. 

The equality (3.2.74) for j = 1 follows from the relation (3.2.59) for / = 1, 
because = j['''*\h=i/u{r)- 

Let us consider the caise p — 1. Just as in the proof of Theorem 2.11, in this 
case we prove the existence of such a generalized measure /i G that for any 
function G Co(E^) 

lim [ ip(^)exp{-[k{l/u{r),a),E{l/iy{r))]}u{l/i^{r),^)d^ 

1 — >oo J 

= j ^(Oexp{-[a,^]}dp(0- (3.2.76) 

It follows from the estimate (3.2.70) that the function (3.2.69) belongs to the 
space Co(E^) for every fixed point {t,x) G I1(o,t]- Therefore we obtain by (3.2.76) 
that 

lim [ G{t,x;0,O exp{-[k{l/p{r),a),E{l/iy{r))] + [a,S]}u(l/i/(r),0d^ 
r^co J 

= j G{t,x-Q,0dpi0- ( 3 . 2 . 77 ) 

The subsequent reasoning is the same as in the case p > 1. Using the formula 
(3.2.72) we write the equality 

u{t, x)- ( G{t, x; 0, OdpiO = 

R^ 
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where and are the same as in (3.2.73), while 

:= I G{t,x;0,$)exp{-[k{l/p{r),a),E{l/i>{r))] + [a,^]}u{l/u{r),^)dC 

- j G{t,x-,0,^)diJ,{^). 



Taking into account the equalities (3.2.74) for j G {1,2} and the fact that 
lim ^ 3 ^^ = 0, due to (3.2.77), we deduce the representation (3.2.9) from (3.2.78). 

r—^oo 

Hence, we have proved the existence of a function (p G L", for p G (l,oo], 
and a generalized measure fi G M“, for p == 1 such that the given solution of 
the equation (3.2.1) satisfying the condition (3.2.46p) is a Poisson integral of the 
function <p or the generalized measure ji respectively. The uniqueness of Lp and fi 
follows immediately from Theorem 3.7. □ 

Corollary. It follows from Theorems 3.7 and 3.9 that the spaces L®, p G (1, oo], and 
are the sets of initial values of solutions of the equation (3.2.1), if and only if 
the solutions satisfy the condition (3.2.46p) with p G (1, oo] and p = 1 respectively. 
This condition is necessary and sufficient for the solutions to be represented in the 
forms (3.2.8) and (3.2.9). 

Remark. The problem about conditions upon solutions on a domain to guaran- 
tee the existence of their limit values at the boundary, is an important classical 
problem in the theory of analytic or harmonic functions. For solutions defined on 

k(t d) 

the layer H(o,t] ^nd belonging, for each t, to the weight spaces Lp^ ’ , was solved 
in Chapter 2 for equations from the class En. For equations from the class E23 
(in particular, those from the class E 21 , with coefficients which do not depend on 
spatial variables), its solution was given above in this section. Note that similar 
results have been proved also for the equation (3.1.96) with a weak degeneration 
on the initial hyperplane. They can be found in the paper [120] by Ivasyshen and 
Voznyak. 

3.2.3. Correct solvability of the Cauchy problem and integral representations of 
solutions for equations from the class E 22 * Very precise results of the previous 
sections were based on such properties of a FSCP as its exact estimates, normality, 
convolution formulas, and also on a good choice of functional spaces. By Theorem 
3.3 the FSCP for a general second order equation (3.1,71) has all these properties. 
Therefore results like Theorems 3. 7-3. 9 are true for this equation too, and their 
proofs are identical to the ones for Theorems 3. 7-3. 9. Below we present such 
theorems for a more general case, namely for an inhomogeneous equation (3.1.71). 
Here an additional investigation of the corresponding volume potential is needed. 

Let us consider the equation (3.1.71) assuming the conditions ^ 24 -^ 26 - By 
Theorem 3.3 and the remark after it, under these assumptions there exists a FSCP 
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Z for the equation (3.1.71), such that 

exp{-cp{t - T,x,^)}, |fci| <2, 
\SZ{t,x-,T,^)\ < C{t - exp{-cp(t - r,a:,^)}, 

0<r<t<T,{x,^}cR^, (3.2.78) 



where 



3 

M := (m + 3n2 + 5n3)/2, p{t,x,^) := 

1=1 



The FSCP Z is normal, that is the function (3.1.76) is a FSCP for the adjoint 
equation (3.1.73), and the convolution formula (2.1.112) holds for Z. 

Using the equality (3.1.77), the estimates (3.1.53), (3.1.55) and the estimates 
of the derivatives d^^Wi similar to (3.1.80), (3.1.81), we obtain also the following 
estimates for the equation (3.1.71): 







0< Ifcil <2, 



I SZ{t,x-,T,0d^ 






0 <T <t <T, re e IR". 



(3.2.79) 



The appropriate norms and spaces are special cases of the norms and spaces 
defined in Section 3.2.1. Here the collections k{tyO) and s(t), t G [0, T], consist 
respectively of the functions 



ki{t, ai) ;= coai(co - I € {1, 2, 3}; 

si(i) := ki{t,ai) + 2t^k2{t,a2) + t‘^kz{t,az), 

S2{t) := 2k2{t, 02 ) + it'^ks^t, as), 
ss{t) ■- ik 3 {t,a 3 ), te[0,T], 

where co G (0, c), c is the constant from the estimates (3.2.78), and the form 
(3.2.4) is 

[«>^1 := 

;=i 

Note that the functions ki, just as the functions kij from Section 3.2.1, satisfy the 
inequalities 

ki{t - T,ki{r,ai)) < ki{t,ai), 0 <r <t <T, / G {1,2,3}. (3.2.80) 
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Let us consider properties of the volume potential 

t 

u(t,x) := j dr I Z{t,x;T,^)f{T,^)d^, {t,x) (3.2.81) 

0 

generated by a FSCP Z for the equation (3.1.71). For a function / : r[(o,r] ^ C! 
we use the following conditions: 

(D 21 ) a function / is continuous and locally Holder continuous in x with respect 
to the distance 

3 

d{x-,0 := C E", (3.2.82) 

1 = 1 

uniformly with respect to t, and for any t G (0,T] the expressions 

11/(1, := sup(|M(f,a;)|exp{-[%a),a:]}) 

xeR'^ 

t 

and Fo{t) := j ||/(r, •)||o^'^’“^dr 
0 



are finite; 

(L> 22 p) a function / is continuous and locally Holder continuous in x with respect 
to the distance (3.2.82), uniformly with respect to t, and for any t G (0,T] 
the expressions 



11/(1, and Fp(l):=|||/(r,.)||^>’“)dr, 

0 



where p G [1, 00 ], are finite. 

Lemma 3.4. If a function f satisfies the condition D 21 or D 22 P, then the function 
(3.2.81) has continuous derivatives d^lu, \ki\ < 2, and Su, for which 



^ j j ^x(-^(i.a:;T,^)/(r,^)d^, |fci| = 1, 

0 E’^ 

t 

dx'Mt,x) = j dr j d^\Z{t,x;T,^)Af^*~'"^f{T,^)d^ 

0 E"^ 



+ 




f{T,X{t-T))dT, 



|fci| = 2, 
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Su{t,x) = f{t,x) + j dr j SZ{t,x;T,^)A^‘'* 

0 B" 

SZ{t,x;T,^)d4jf{T,X{t-T))dT, {t,x) e II(o,t]- 
0 ' 

The proof is carried out using the estimates (3.2.78) and (3.2.79) by a stan- 
dard method employed in the proofs of Properties 2.6, 2.7, 3.6, and Lemma 2.11. 

Lemma 3.5. Let a function f satisfy the condition T> 2 i- Then the function (3.2.81) 
is a solution of the equation (3.1.71), for which 

<CFo(<), iG(0,T], (3.2.83) 

and for any compact set K 

u{t, x) 0 uniformly w.r.t. x £ K. (3.2.84) 

Proof The fact that the function (3.2.81) is a solution of the equation (3.1.71) 
follows from Lemma 3.4 and the fact that Z is a solution of the corresponding 
homogeneous equation. 

Using the estimates (3.2.3), (3.2.79), (3.2.80), and the equality (3.2.16) we 

have 

t 

|u(^,a;)|<C' j dr J {t - r)~^ exp{-{c - Co)p{t - t,x,^)} exp{-cop{t - t,x,^) 

0 R^ 

+ [fc(r, a) , ^] } ( I /(r, I exp{ - [k{r, a),^]})d^ 

< Cexp{[k{t,a),X{t)]}Fo{t), (t,x) e II(o,t], 

which implies the estimate (3.2.83). 

The relation (3.2.84) is a consequence of the fact that Fo(t)^^^0, and the 
inequality 

sup \u{t,x)\ < C sup exp{[^(^, a),X(^)]}Fo(t) < CCoFo{t), 

xeK (t,x)e(0,T]xK 

Co sup exp{[s(T),x]}. □ 

xeK 

Lemma 3.6. If a function f satisfies the condition D 22 p, then the function (3.2.81) 
is a solution of the equation (3.1.71), with the properties: 




(3.2.85) 

(3.2.86) 
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Proof. The fact that the function (3.2.81) is a solution of the equation (3.1.71) is 
verified just as in Lemma 3.5. In order to prove the lemma, we have only to verify 
the estimate (3.2.85). Due to the inequality (3.2.6) and the relation Fp{t) if 

implies (3.2.86). 

Note the inequality 

t 

< J fe(0,T], (3.2.87) 

0 

where 

P{t,T,x) := j Z{t,X\T,^)f{T,i)d^. 

For p E {l,oo} the inequality (3.2.87) is obvious, while for p E (l,oo) it fol- 
lows from the Minkowski inequality. Just as for the estimate (3.2.15), using the 
inequalities (3.2.3), (3.2.78), and (3.2.80) we prove the estimate 

\\P{t,T, Ollf < C\\f{r, 0<T<t<T. 

Together with the inequality (3.2.87), it implies the estimate (3.2.85). □ 

Let us formulate the main theorems for the equation (3.1.71), analogs of 
Theorems 2.6, 2.7, and 2.11 for an inhomogeneous equation, and Theorems 3.7 
and 3.9 for a homogeneous equation. 

Theorem 3.10. Let the conditions A 24 -A 2 Q be satisfied. Then: 

1) for any function cp G and any function f satisfying the condition D 22 P, 
p e [1, 00 ], the formula 

t 

u{t,x) = J z{t,x;0,^)(p{^)d^ + J dr J Z{t,x;T,^)f{T,^)d4, 

0 E^ 

(t,x) E 11(0, T]) (3.2.88) 

determines the unique solution of the equation (3.1.71) satisfying the estimate 

and the relations (3.2.12) and (3.2.13) forp E [l,oo) andp = 00 respectively; 

2) for any generalized measure p E M® and any function f satisfying the con- 
dition D 221 , the formula 



u{t,x)= I Z(t,x-,0,^diJ,{i) + 



j dr J Z{t,x-,T,^)f{T,0d^, 

0 E^ 



(t,x) £ 11 ( 0 , T]> 



(3.2.89) 
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determines the unique solution of the equation (3.1.71) satisfying the estimate 

< C{Mf + F,{t)), t e (o,T], 

and the relation (3.2.14). 

Theorem 3.11. Suppose that the coefficients of the equation (3.1.71) satisfy the 
conditions A 2 A-A 26 , the right-hand side function f satisfies the condition D 22 p, 
and a solution u on the layer ri(o,T] that 

<c, te{o,T], 

with a certain constant C > 0 and p G [l,oo]. Then, if p £ there exists the 

unique function (p ^ L^, and if p — 1; there exists the unique generalized measure 
fi G M^, such that the solution u can be represented in the form (3.2.88) or (3.2.89) 
respectively. 

The proofs of Theorems 3.10 and 3.11 repeat (taking into account Lemma 
3.6) the proofs of Theorems 2.6, 2.7, 2,11, 3.7, and 3.9. 

Remark. Theorems 3.10 and 3.11 have the same implications as the corollaries of 
the corresponding theorems in the final parts of Sections 2.2.7 and 3.2.2. Hence, 
we have proved the important problem, mentioned in the remark at the end of 
Section 3.2.2, also for the equation (3.1.71) with coefficients depending on all the 
variables. 

The next theorem deals with the correct solvability of the Cauchy problem 
for the equation (3.1.71), under the assumption that the initial function belongs 
to the space C§ of continuous functions <f C with a finite norm 

llv’llo := sup(Ma;)|exp{-[o,a;]}). 

Theorem 3.12. If coefficients of the equation (3.1.71) satisfy A 24 -A 2 Q, the function 
f satisfies the condition D 21 , and (f G Cq, then the formula (3,2.88) determines 
the unique solution of the equation (3.1.71), for which 

IKi, < Cdlv^llf + Fo(t)), t € (0,T], 

and for every compact set K cMT 

u{t,x) ^^ip{x) uniformly w.r.t. x G K. (3.2.90) 

The proof is similar to that of Theorem 2.3. Instead of Lemma 2.12, here we 
use Lemma 3.5 for the volume potential (3.2.81), and instead of Lemmas 2.4 and 
2.16, similar lemmas for the equation (3.1.71) are used. 
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3.2.4. On the Cauchy problem for equations from the classes E 21 and E 23 . The 

estimates of the FSCPs for the equations (3.1.70) and (3.1.86) with 6 > 1, given 
by Theorems 3.2 and 3.4, are rather complicated, so that we cannot establish 
such complete results for these cases as the above ones for equations from the 
classes E 23 and E 22 - Nevertheless, using the FSCP estimates (3.1.74), (3.1.75), 
and (3.1.88), we can prove the correct solvability of the Cauchy problem in the 
spaces of functions having the same growth orders, for \x\ ^ 00 , as in Sections 3.2.1 
and 3.2.2, but with the minimal type with respect to the groups of variables X 2 
and xs. Below we give such results for the equation (3.1.86) and, in particular, 
for the equation (3.1.70). We deal with spaces of functions which grow rapidly, as 
|xi| 00 , and are bounded in X 2 and x^. 

Let us use the notation from Section 3.1.3. In the notation from Section 3.2.1 
we set a/ j = 0 , j G { 1 , . . . , n/}, / G { 2 , 3}, so that, instead of the collections of func- 
tions k{t, a) and s{t) we use the collection ki{t, ai) := {ku{t, ai), . . . , A;im(L G^nJ), 
while the norms \\u{t, •)||p^^’^^ are replaced by the norms 

l|y(^^.)||fci(t,ai) _ |mt,x)exp{-[fci(t,oi),a;i]}||i^(Rn) 

where 

ni 

Instead of the spaces M“, , and Cq , we shall use respectively the 

spaces I/pi, defined similarly, with the obvious 

changes. 

We introduce also the norm 

||u(t, := sup{\u{t,x)\exp{-[ki{t,ai),xi]}), 

and the space Cq^ of continuous functions (p on having the finite norms 
||(/?||o' ;= sup(|<^(a:)|exp{-[ai,a;i]}). 

For the right-hand side / of the equation (3.1.86) we use the following con- 
ditions: 

{D 23 ) the function / is continuous, locally Holder continuous in x with respect 
to the distance d(x; ^), C defined in the beginning of Sec- 

tion 3.1.3, uniformly with respect to t, and for any t G (0, T] the expressions 

t 

and := j ||/(r, are finite; 

0 




240 



Chapter 3. Degenerate Equations of the Kolmogorov Type 



(^ 24 p) the function / is continuous, Holder continuous in x, in the same sense as 
in the condition D23, and for all t G (0,T] the expressions ||/(t, 

t 

diud := J ||/(r, where p G [ 1 , 00], are finite. 

0 

The following results are similar to Theorems 3.10 and 3.12. They are based 
on the formulas (3.2.88) and (3.2.89), in which Z is a FSCP for the equation 
(3.1.86). 

Theorem 3.13. Suppose that the conditions A27-A29 are satisfied. Then: 

1 ) for each function (f G and every function f satisfying the condition D24p, 
p G [1, ool, the formula (3.2.88) determines the unique solution of the equation 
(3.1.86), for which 

< (7(11^11“' +Fy)(t)), t e iO,T], 

and 

if V C [1,00), or 

lirn J 'ijj{x)u{t,x)dx = J 'if {x)(f{x)dx, 

for any function 'll; G if p = 00; 

2) for each generalized measure fi G and every function f satisfying the 
condition i^24i; the formula (3.2.89) determines the unique solution of the 
equation (3.1.86), for which 

||^(^^.)||M*A) < c(||^||“' +F<^)(t)), t € (0,T], 



and 



lim J 'll; {x)u{t,x)dx = J 'if{x)dp{x) 



for any function '0 G Cq 



fci(T,ai) 



Theorem 3.14. If the conditions A27-A29 are satisfied, as well as the condition 
D23 for the function /, and if (f ^ CqS then the formula (3.2.88) determines the 
unique solution of the equation (3.1.86), for which 



< C'dIv.llS' +F(i)(i)), t e iO,T], 



and for any compact set K C the relation (3.2.90) holds. 

The method of proof of Theorems 3.13 and 3.14 is similar to the one used in 
the proofs of Theorems 2. 5-2. 7 and 3.7. 
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3.3 Properties of solutions of the 

Fokker-Planck-Kolmogorov equations 

3.3.1. The Fokker-Planck-Kolmogorov equations. Here we shall consider equations 
from the class E 22 with real- valued coefficients. It has been mentioned that such 
equations belong to the class of ultra-parabolic equations and often appear in the 
investigations of various physical phenomena in the so-called diffusion approxima- 
tion. In many important cases (for example, in the study of the Brownian motion) 
these mathematical models describe natural phenomena adequately and in a rela- 
tively simple way. Usually such equations, used systematically from the beginning 
of the last century, are called the Fokker-Planck equations. These equations often 
determine the continuous time evolution of a Markov stochastic process. Studying 
models of the Brownian motion, Kolmogorov began to investigate Markov pro- 
cesses whose evolution is determined by equations from the class E 22 with real- 
valued coefficients. Thus it is natural to call them the Fokker-Planck-Kolmogorov 
equations. 

The main object of our study, the FSCP Z{t, x; r, ^), 0 < r < t < T, {x, C 
can be interpreted in a natural way as a transition density of a Markov diffusion 
process with values from the phase space with three different groups of phase 
coordinates xi = (xu, . . . , xi^), X 2 = {x 2 i, • - > ,X 2 u 2 )^ and X 3 = (xsi, • . . , xsna), 
ni + 722 T ns = n, 1 < ri 3 < rz 2 < ni. 

Let us present, in a convenient form, the notation and assumptions used in 
this section. All functions below are real-valued. 

We consider the homogeneous equation (3.1.71), that is the equation 

^2 ri3 ni 

Xijdx2j ~ X2jdx^j — o,ji{'f^^x)dx^jdx^i 
j=l j=l j,l=l 

Til 

Y^aj(t,x)dx,j - ao(t,x) 

j=i 

(Lx)Gn(oT^], (3.3.1) 

and the adjoint equation 

ri2 ns \ 

- + X! H 0 

j=l j=l / 

ni 

ni 

i=i 

(r,^) € II[o,T)- (3.3.2) 



) u(t, x) = 0, 



{Lu){t,x) := dt 



{L*v){r,0 ■■= 
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For the (real- valued) coefficients of the equation (3.3.1) we use the conditions 
A24-A26 from Section 3.1.2, and also the following conditions: 

(C21 ) the coefficients aji, aj, {j, 1 } C {1 , . . . , ni } , and ag are continuous functions 
on n[o,r] ? for all (t, x) G ^[o,t] ^nd ai G they satisfy the inequality 

ni 

^ aji{t,x)(Jijcru > <5o|o-i|^, (3.3.3) 

and the estimates 

< Coda:!^ + 1), |aj(i,a;)| < Co(|a:| + 1), ao{t,x)<Co 

with some constants > 0 and Co > 0; 

(C 22 ) the coefficients aji, aj^ {jj} C {1, . . . , ni}, and ao are continuous, bounded 
on Ilfo,T ]5 the condition (3.3.3) is satisfied. 

We shall use the Green-Ostrogradsky formula (3.1.48) which, for the present 
situation, takes the form 



J J {'^Lu — uL*v){0,y)dy 

tl Br 

= j ivu){e,y) 

tl Tr a=i 



Br 



*2 f { \ 

dy - d6 E yijlJ-2j + ) {vu){e, y)dSy 

«=‘1 i Tr • J =1 / 



(3.3.4) 



where ii, t2, Br, Tr, and (/in, . . . • • • ,M 2 ri 2 ,M 3 i, • • • ,^ 3 / 13 ) are such as 

in (3.1.48), while L and L* are the differential expressions from (3.3.1) and (3.3.2), 



ni 

B^[v,u] := - '^{ajidy^iUV - udy^iiajiv)) -\-ajUV, j G {l,...,ni}. 
1=1 



Passing to the limit, as R oo^ we obtain, for appropriate functions u and 
u, that 



t2 

J J {'^Lu 



tl M"- 




(3.3.5) 



This formula will be used frequently. 



3.3.2. The maximum principle. An exceptional role of the maximum principle 
and its modifications in the theory of analytic functions, as well as the theory 
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of the second order elliptic and parabolic equations (linear and quasilinear, non- 
degenerate and degenerate), is well-known. Versions of the maximum principle for 
equations from the class E 22 were discussed in [161, 35]. Here we present some 
facts from this useful theory. Their formulations and proofs are close to the ones 
for uniformly parabolic equations [213, 83]. Therefore our exposition will be brief 
enough. 

We begin with the following simple result. 

Lemma 3.7. Let D be a hounded domain in ; u : [O^T] x D R be a continuous 
function having on (0,T] x D the continuous derivatives involved in the equation 

(3.3.1) ; suppose that the coefficients of the equation (3.3.1) satisfy the condition 
C 21 . If {Lu){t,x) > 0, ao{t^x) < 0, {t,x) e (0, T] x D, u{t,x) > 0, (t,x) e 
9([0,T] X D)\{t = T}, then u{t^x) > 0, (t, x) G [0,T] x D. 

Remark. If the function oq is bounded from above on H(o,t] ^ Ihen the substitution 

u{t,x) = v{t,x)e^^^ A > sup ao(t, x), leads to an equation for v of the form 

(t,a:)Gn(o,T] 

(3.3.1) with a strictly negative on H(o,t} coefficient at v. Therefore the assumption 
C 21 makes it possible not to demand that ao(t,x) < 0, (t,x) G (0,T] x D. 

A deeper and more important result is the so-called strong maximum prin- 
ciple proved in [83] for uniformly parabolic equations and in [161] for equations 
from the class £ 22 - Let us describe this maximum principle. 

Consider a domain 12 C Let (t^,x^) be an arbitrary point from 

12. Denote by S{P^) the set of all those points Q G 12 which can be connected 
with P^ by a simple continuous curve in 12 such that the coordinate t does not 
decrease along the curve from Q to Denote by C{P^) the component of the 
intersection 12 fl = t^} containing P^. Note that C{P^) C S{P^). 

Theorem 3.15. Let coefficients of the equation (3.3.1) be continuous on Q, the 
inequalities (3.3.3) and ao{t,x) < 0 hold for all (t,x) G f2 , and let the function u 
he continuous, together with all its derivatives involved in the equation (3.3.1). If 
Lu < 0 (Lu > Oj on 12, and the function u has a positive maximum (a negative 
minimum) on 12 attained at a point P^, then u{P) = u{P^) for all the points 
P G 5(P0). 

Let us present some special results of the maximum principle type for the 
case of unbounded domains. 

Theorem 3.16. Let the condition C 21 be satisfied and u : (0,T] x 12 — » E a 
function, continuous together with its derivatives involved in the equation (3.3.1). 
Here 12 = E^ \ Br^, Rq> 0, or ft = E^. If 

1) (Lu){t,x) > 0, (^,x) G (0,r] X 12; 

2) liminf u{t,x) > 0 for any point (t^,x^) G d{{0,T] x 12) \ {t = T}; 

3) uniformly with respect to t e (0,T), there exists liminfn(t,x) > 0, then 

\x\-^oo 

u{t,x) > 0, (t,x) G (0,T] X ft. 
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Proof. The continuity of the function u and the conditions 2) and 3) guarantee 
that u is bounded from below, that is there exists such a constant Mo > 0 that 
u{t,x) > -Mo, {t,x) G (0, T] X fl. Set u{t^,x^) ^ liminf u(t, x), G 

5((0, T] X Q)\{t = T} and consider on a compact set [0, T] x Dr, Dr := fl Br, 
R > Rq, or R > 0, if ft = an auxiliary function w{t,x) := MoR~‘^{f3t + 
|xp)e^^ _j_ where a and j3 are positive constants. 

By the condition C 21 we have 

( ri2 U3 

a{l3t + |xp) j3 -2 ^ xijX 2 j - 2 ^ ^ 2 jX 3 j 

J=l j=l 

ni ni \ 

— 2^ajj(^,x) — 2^aj(t,x)xij — ao{t,x){Pt + |x|^) j 

j=i j=i ) 

^ MqR — 2Cqtii(1 + ?2i) — Cq — 2)|xp + /3t(o! — (7o) /3 — 2Cqtii{1 + ^i))- 

If a and p are chosen so that a > 2 Cqtii{1 + ni) + Co + 2, /3 > 2Corii(l + ni), 
then {Lw){t,x) > 0, {t,x) G (0,T] x Dr. Other conditions of Lemma 3.7 are 
also satisfied: w{0,x) — MqR~‘^\x\‘^ -|- u(0,x) > 0; if |x| = R, then w{t,x) > 
Mo-\-u{t, x) > 0; if |x| = i?o for the case ft = W^\Brq we have w{t, x) > u{t, x) > 0. 
Therefore w{t,x) > 0, (t,x) G [0,T] x Dr. 

An arbitrary point (t,x) G (0,T] x ft belongs to (0,T] x Dr if R is large 
enough. At this point w{t, x) > 0. After passing to the limit, a.s R ^ 00 , we obtain 
that u{t, x) > 0. □ 

A result similar to Theorem 3.17 is valid for the adjoint equation, which can 
be written as 



( ri2 ri3 ni 

- 9t + + a.ji{t,x)dx^.dxu 

j=i j=i j,i=i 

ni 

i=i 

if it is assumed that the equation (3.3.1) satisfies the condition C 22 , and there 
exist continuous bounded derivatives in xi of the second order for Oji, and those 
of the first order for aj . 

Theorem 3.17. Let u : [0,T) x ft ^ W be a function, continuous together with 
the derivatives involved in the equation (3.3.1). Here ft — \ Br^, Rq > 0 or 

n = R^. If 

1 ) (L*u){t,x) < 0, {t,x) G [0,T) X ft; 



ju(t,x) = 0, (t,x) G n[o,T), 
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2) limsup u(t^x) < 0 for any point G 9([0,T) xQ)\{t = 0}; 

3) uniformly int ^ there exists limsupii(t,x) < 0, 

|x|— ^■oo 

then u{t,x) < 0, (t,x) € [0,T) x 1). 

Let us give a modification of the maximum principle for functions with a 
bounded decrease. 



Theorem 3.18. Suppose that the condition C 22 'Is satisfied, and u : H(o,t] is a 
function continuous together with the derivatives involved in the equation (3.3.1), 
such that {Lu){t,x) > 0, {t,x) e 0(0 r]; for some numbers B > 0 and bi > 0, 
{1,2,3}, 

u{t,x) > —Bexp G n(o,T]- 

If \imu{t,x) > 0, a; E M^, then u{t,x) > 0, {t,x) G n(o,r]- 
Proof Consider the function 



i ni ri2 

Ri{l — iat)~^ E<- + R2{1 - ^lt) 3 '^{X2j - ((1 - 

j=l J=1 

ns } 

+ R3{1 - - ((1 - pt)/ij)x2j -h ((1 - iitf/{2ia‘^))xijf-\-at >, 

j=i ) 

{t, x) G n[o,i/(2;Lf)], 

where fi,a,Ri,l G {1,2,3}, are positive constants. Denote 
Aj ■■= X2j - ((1 - nt)/n)x3j, j e {l,...,n2}; 

Bj := X3j - ((1 - nt)/n)x2j + ((1 - ixtf !{2n'^))xij, j G {1,.. ., 113 }; 

ni 

P ^ aji{t,x)dxijdx,,H{t,x). 

We have 



P> 



3CohUrI{i- 



li 






j=i 



ns 



i=i 



- CoH{ARi + 4i?2/x"^ + R3fi~^), 



ns 

LH/H = ^(AtPi(l - + 2i?2(l - nt)-^xijAj) + ifiRsil - 

j = l 



-\-2Rs{l — pt) ^X2jBj — 2Rs{l — pt) ^xijBj 5pRs{l — pt) ^B'j 
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- {2R2{1 - fit) ^xijAj i-2Rsfi ^{l — fit) "^xijBj) — 2Rs{l - fit) ^X2jBj 

- aj(t,x)(2i?i(l — fjd)~^xij — 2R2fi~^{l — fit)~‘^Aj + Rsfi~^{l — fit)~^Bj)) 

ri2 

-h ^ (2i^3(l - flt)~^X2jAj + 3/ii^2(l - flt)~^A?^ - 2i?2(l - flt)~^XijAj 

j—nz + l 

- aj{t,x){2Ri{l — fit)~^xij — 2R2fi~^{l — fit)~^Aj)) 

ni 

+ ^ {fiRi{l - fit)~‘^xlj - aj{t,x)2Ri{l - fit)~^xij) + a - ao{t,x) + P/H 
j=n2 + l 

ni ri2 

> ifiRi - 1)(1 - ^ xlj + (3/xi?2 - 1)(1 - ^ A^j 

j=l 

ri3 

+ {5fj,R3 - 1)(1 - nt)~^ y^B^+a-Cp 

i=i 

- C^iRlni + fi-^R^n2 + + P/H 

ni ri2 

> - UCpRl - 1) + 16{3fJ.R2 - 12M“^C'oi?i - 

j=l j=l 

ns 

+ 64(5/ii?3 - 3n~'^CoRl - 1) ^ Sj + a - Co{m + 4^“^-R2 + t^~^Ra + 1) 

J = 1 

+/i“^i?i + 4“V"‘‘^3«3), {t,x) G Il[o,i/( 2 p)], 

if coefficients of the equation (3.3.1) are bounded by the constant Co > 0. Hence, 
for any Ri, I € {1,2,3}, we can choose so large fi and a that LH/H > 0 on 
n[o,i/(2^)]‘ Choose the constants Ri^ I G {1, 2,3}, fi, and a in such a way that, in 
addition, 

Ri - R2fi~^{l - - Rsfi~^{'^~^ + (2/^)“^ - (64/i^)“^) > h, 

R2{1 - fi~^) - R3fi~^{^ + - (4/i)“^) > 62, 

Rs - Rsfi~^{l + {2fi)~^) > 63, 



that is In if - at > Now, if we introduce the function v := u/H on 

1=1 

the set n(o,i/( 2 /i )]7 then, uniformly with respect to t G (0, 1/(2//)), there exists 
liminf /;(t,x) > 0. The function v satisfies the equation 

|x|— >00 

ri2 ns ni 

dt — ^ ^^ X\jdx2j ~ ^ ^ ^2j Oxsj ~ ^ ^ dji{t, x)dxijdxii 
j^i j=i jj=i 

ni 



U(t,:r) = /(t,x), (t,x) G H(o,i/( 2 ^)], 
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where 

ni 

a* := Uj + {2/ j e 

1 = 1 

a* := -LH/H, f := Lu/H. 

Since / > 0, ag < 0, limt;(^,a:) > 0, a: G by Theorem 3.16 we have 

v{t,x) > 0, so that u{t,x) > 0, (t,x) G n(o,i/( 2 /^)]- Similarly we prove the non- 
negativity of u on the layers II(i/( 2 ;,), 2 /( 2 m)], ^{ 2 /{ 2 i^), 3 /i 2 fi)] etc. □ 

3.3.3. Properties of the function Z. By Theorem 3.3, if the conditions A 24 and 
A 25 are satisfied, there exists a FSCP Z for the equation (3.3.1). If, in addition, 
A 26 is satisfied, then there exists a FSCP Z* for the adjoint equation (3.3.2). Let 
us consider some properties of the function Z. In all the properties below except 
Property 3.12 we assume ^24^^26? whereas only the conditions ^24 ^.nd A 25 are 
needed for Property 3.12. Note that Properties 3.7 and 3.8 were mentioned in 
Theorem 3.3. 

Property 3.7 (normality). Let Z be a FSCP for the initial equation (3.3.1), and 
Z* he a FSCP for the adjoint equation (3.3.2). Then 

Z*{r,^;t^x) = Z{t^x\T,^)j 0 < r < t < T, {^, (3.3.6) 

A FSCP Z satisfying this equality is called a normal FSCP (NFSCP). 

Proof By virtue of the estimates (3.2.78) for Z and similar estimates for Z*, the 
formula (3.3.5) is valid. In this formula we set u{ 6 ^y) — Z( 6 ^y\r,^)^ y{0,y) — 
Z^{ 6 ^y\t^x)^ ti = r + £, and t 2 = t — e where e is a sufficiently small positive 
number. Then we obtain the equality 

j Z*{T + e,y;t,x)Z{T + e,y,T,^)dy = J Z*{t - s,y;t,x)Z{t - e,y;T,^)dy, 

which, after passing to the limit, as e 0, implies the required equality (3.3.6). □ 

Property 3.8 (the convolution formula). The function Z is a solution of the func- 
tional equation 

Z{t,x\T,^)= / Z{t,x-,X,y)Z{X,y-T,^)dy, 

R^ 

0 < r < t < T, {x, C (3.3.7) 

Proof. Just as in the proof of Property 3.7, we come to the equality 

J Z*{X,y,t,x)Z{X,y;T,^)dy = j Z*{t - e,y,t,x)Z{t - e,y,r,^)dy. (3.3.8) 

R’^ R^ 

The equality (3.3.7) is obtained when we pass to the limit in (3.3.8), as e — ^ 0, 
and use the formula (3.3.6). □ 
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The equation (3.3.7) is called the Chapman- Kolmogorov equation. It expresses 
an important fact that a stochastic process is of the Markov type (a process without 
aftereffect). An investigation of the process can be based on the equation (3.3.7). 

Property 3.9 (the uniqueness of the NFSCP). There exists only one NFSCP for 
the equation (3.3.1) satisfying the estimates (3.2.78). 

Proof. Let Z\ and Z 2 be two NFSCPs for the equation (3.3.1), both satisfying 
(3.2.78). We use the formula (3.3.5) setting u{0,y) = Zi(^, y;r,^), v{6,y) = 
Z 2 (t, x; 6, y). Then 

/ Zi{t2,y;T,^)Z2{t,x-,t2,y)dy = / Zi{ti,y;T,^)Z2{t,x;ti,y)dy. 

M" R" 

Since t\ and t 2 from the interval (r, t) are arbitrary, the last equality means that 
the function 




,y,T,0Z2(t,x;e,y)dy, 



6 e (r,t), 



{x,OcK”, 



does not depend on 6. Denote this function by $(t,x; r, ^). Thus, 

= j Zi(9,y;T,^)Z2{t,x-,e,y)dy. (3.3.9) 

R" 

Letting in the equality (3.3.9) first 0 t, and then 0 ^ t,we find that 
^{t,x-,T,^) Z 2 {t,x-,T,^) = Zi{t,x;T,^), 0<T <t<T, □ 



Our diffusion process is characterized by the diffusion matrix A{t,x) 

(t,x) G 11(0, T]? the drift vector a{t,x) := {ai{t,x), ..., 
ani{t,x)), (t,x) G 11 ( 0 , T] 7 whose elements are the appropriate coefficients of the 
equation (3.3.1). Let us express these important characteristics via the transition 
density of the stochastic process, that is the FSCP Z. 

Property 3.10 (a representation of the diffusion matrix and the drift vector via 
the function Z). The following formulas are valid: 



a{t,x) = limf (i-r) ^ j iVi ~ xi)Z{t,x;T,y)dy\, 

^ R" ' 

A{t,x) = {yij - xij){yu - xu)Z{t,x;T,y)dy 






(t,x) G 11(0, T]- 
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Proof. It is sufficient to give the proof for the first coordinate ai of the vector a 
and the element an of the matrix A. Let us prove, for (t, x) G II(o,t ]5 the formulas 

ai{t,x) = lim ( (t - j {yn - xn)Z{t,x;T,y)dy\ , (3.3.10) 

\ / 

au{t,x) = 1™ ( (^ - j (yn ~ xn)^Z{t,x;T,y)dyj. (3.3.11) 

\ / 

Their proof is based on the formula (3.3.5), in which we set u{0^ y) = yu — xu 
and v{0, y) = Z{t, x\ 6^ y). Then we obtain the equality 



t2 

-H Z{t, x; e, y)(ai(6>, y) + ao{6, y){yn - xn))dy 

t± 




t2 



xn)Z{t,x;6,y) 



dy. 



9=t\ 



(3.3.12) 



Next in (3.3.12) we put ti = t, t 2 = t — e, pass to the limit, as e 0, divide the 
result by t — T and obtain the equality 



t 

jde j Z{t,x-,e,y)ai{6,y)dy 

T 




t 

-(t-r)-^y^ dO j Z{t,x;6,y)ao{e,y){yn - Xu)dy. 

T R’^ 



Xii)Z{t,x',r, y)dy 



(3.3.13) 



The equality (3.3.10) follows directly from (3.3.13), since the limit of the left-hand 
side, as r ^ t, coincides with ai{t^x) due to properties of the FSCP Z and the 
mean value theorem for integrals, while the second summand of the right-hand side 
of the equality (3.3.13) tends to zero by our assumptions regarding the function uq. 

In order to prove (3.3.11), in the formula (3.3.5) we set u{0^ y) = {yu — xu)‘^ 
and v{0^y) = Z{t,x;6,y). Then this formula can be re-written as 



t2 

- j dff j Z{t,x;9,y){2an{0,y) + 2ai{e,y){yn - Xu) + ao(9,y){yu - xnf)dy 



= j (2/11 - xnfZ{t,x;9,y) 

B" 



dy. 



e=ti 
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Then we repeat the reasoning from the previous case and come to the equality 



I 

j de j Z{t,x-,e,y)an{0,y)dy = {2{t-r))~'^ j {yn - xnf Z {t,x;T,y)dy 



-{t-T) ^ J dO j {ai{9,y){yn - xn) + 2 ^ao{6,y){yu-xnf)Z{t,x-,6,y)dy, 

T 



which, after the above arguments, implies the formula (3.3.11). □ 

Similar reasoning leads to a representation via the function Z for the function 
—Go, the absorption coefficient of the diffusion process whose evolution is described 
by the Fokker-Planck-Kolmogorov equation (3.3.1). 

Property 3.11 (a representation of the coefficient gq via the function Z). The 

following formula is valid: 



Go{t,x) 






(t,x) G 11(0, T]- 



Property 3.12 (positivity of the function Z). The following inequality is valid 

Z(t, x; r, ^) > 0 , 0 < r < t < T, {x, C 

Proof. Let ^ be a continuous non-negative function with a compact support. Con- 
sider the function 

v{t,x) := f Z{t,x-,T,i)g{i)d^, (t, x) € ( 3 . 3 . 14 ) 



The function v satisfies the conditions of Theorem 3.16. Indeed, it is a solution of 
the equation (3.3.1), that is {Lv){t,x) = 0, (t,x) G 11(7- (pj, satisfies the conditions 
u(r, x) = g{x) > 0, X G E^, and lim v{t,x) > 0, t G (r, T]. Therefore, by 

Ixj^CX) 

Theorem 3.16 we have u(t,x) > 0, (t,x) G 11(7- 7 -]. 

Now we take a delta-like sequence of functions g^, u > I, such that gi,{^) = 0 
for 1^— ^^1 >1/^, and f giy{^)d^ = 1, and denote by Vi, the function (3.3.14) corre- 

R^ 

sponding to ^ and r = r^. Then for arbitrary fixed points x°) and (r^, ^^), 
with we have lim Vi,{t^,x^) = Z(t^,x^; r°,^°). Since Viy{t^,x^) > 0 for 

u—^oo 

all z/ > 1, we find that Z(t°, x^; > 0. Finally, observing that for every fixed 

point (r, ^) the function Z(i,x;r, ^), (t,x) G 11(7- 7 ^], is not a constant identically, 
and using the strong maximum principle, we come to the strict positivity of the 
function Z. □ 
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Property 3.13 (a lower estimate of the function Z). There exists such a number 
A G (0, T) that for any to G [0, T — A], {t, x) G G (0, t — to) there 

exist such numbers lo > 0 and 7 > 0 that 

Z(t,a:;r,0 > wexp{- 7 |^n, (r,^) G !![*„, t_^]. (3.3.15) 



Proof. Set 

f / ni U2 

^ 1^21 + 1 ^ 

V j=i j=i 

ns \ ^ 

+ 180s“'’^|x3j+2“^s(a:2j+6j) + 12“^s^(a;ij-6j)-6jP |e^* + a/s 

i=i / J 

where s := t — t — S/2, a > 0, /? > 1, e > 1. It is easy to verify that 

ni ri2 

(4s) ^ ^ |a:ij - + 3s ^'^\X 2 j +2 ^s(xy + ^y) - ^ 2 j|^ 



1=1 



1=1 



+ 180s ^ ^ \X3j + 2 ^s(x2j + 6l) + 12 ^s‘^{xij - ^ij) - ^ 3 jf 



1=1 



> s“i ( (1/4 - 3s/2 - 63 sV 4 - 45sV2) ^ \xij - 6j| 



1=1 



+ (3 - 189s/2 - 45s^ - 15sV2) ^ \x 2 j - &jP 



j=l 



+ (180 - 270s - 15 s2) |x 3 j - 6i P 

n2 ns \ 

- 3sy^|a;yp - 180(s + 12“^s^) ^ |a;2jp |, 

j=l j=l / 

if 0 < s < 1. Choose A G (0, T) in such a way that for any s G (0, A) 

1/4 - 3s/2 - 63 sV 4 - 45sV2 > <5i > 0, 3 - 189s/2 - 45s^ - 155^2 > 6i, 

180 - 270s - 15s^ > Jj. 

Hence, for arbitrary to € [0,T — A], (t,x) € tg+A] and S £ (0,t — to) we may 
consider the function v on the layer H[t„,t_5/2), and 

v{t,^) <exp{-(^i/s)|a;-^P + 195|a;p+a/s}, (r,^ (3.3.16) 

v{t,C) > exp{-7i(|xp + l^p)}, (r,0 € (3.3.17) 



with some 71 which depends on S. 
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Depending on the coefficients of the equation (3.3.2), we can choose such a 
and (3 that 



{L*v){t,0 < 0, {t,0 e (3.3.18) 



Indeed, 



ni / 7ii rii 

^ = 0e^"v{T,O I /3e^" ^ aji(T,^)ajai - 

j,/=i V j,i=i j=i 

where 

(Tj := (2s)“^(xy - + 3s~^Aj + d-j := 9/(2s), j G {1, . . . ,n 3 }; 

:= (2s)“'(a:y -^ij) +3s“^ylj, := 2/s, j G {ns + 1, . . . , 712 }; 

aj := {2s)~'^{xij - ^ij), dj := l/(2s), j € {n 2 + 1, . . . , nj; 

Aj:=X2j+2 ^ s{xij + ^ij) — ^2j , i S {1, . . . , 772}; 

Bj := X3j+2~h{x2j + 12“^s^(a;ij j G {!,. . .,77s}. 

By the condition (3.3.3), 



'tl / ii'l \ 

aji(7‘>0%i%i7'(7'>0 > /^e^“77(T,o(/3e'^®5okP -^ajj(r,0dj j. 

j,i=i V 1=1 / 

Choose ^ > l/(5o and take into account that 6 > 1 i > 1. Then 

/ rii 722 1^2 

<-( -(2s)"2^|a:y-6jP + 3s“3^(a:y+^y)^i-9s'^^^| 



i=i 



^3 






+ 180s ®^(a; 2 j+^ 2 i)Bj + 60s ^^(ary -$i_,)Bj 
1=1 1=1 

723 >^o 

-900s-®^B2_^(4s)-i£2|a;y-^yP + 3£s-3^2l2 + 180£s-®2B| 

j = l j = l j = l 

722 ^3 ^^3 

+ +360s-®242iBj 



1=1 









ns // ni \ 

+ ^|^|^-2^%,aj((T,0 + ai(i-,Oj((2s)"^(a;y-Cil)-3s“%+30s-3Sj) 



-/?e"*(5o((2s)-i(a:y-ey)-3s-%+30s-3Bj)2+ay(T,09(2s)-i 
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j=ri 3 -\-l \ \ 1=1 



-^e®*(5o({2s) ^(a:ij-^y)-3s ‘^Aj)^ + 2s ^ajj{T,^) 



+ ^ ( (-2^%,aji('r.0 + «j(^>0)(2s) 

i=n2 + l\\ 1=1 J 



-l3e^^5o(2s) ‘^{xij~^ijf+ajj{T,^){2s) ^ 



V Vj,/=i j=i 



J = 1 

ri2 

+ ^^(9s ^A^ — Qs ^A^ — 3s +6s ^^ijAj — Ss ^{xij —^ij)Aj) 



+ ^(900s-®S| -900s-®B| - 180s“®(a;2j +^2j)Bj -60s~^{xij -^ij)Bj 
j=i 

- ms~%jBj+ms-%jBj-30s-\xij-^ij)Bj + ms-^AjBj) 



+ ^l(l-e)(4s) i(a:ij-^ij)2+9(4s) M -2^a5i,aji(r,0 + aj(r,0 

j=i \ V 1=1 

\ ^2 ^3 

+ 9{2sr\j{T,0 +X)(l-e)3s-%2 + ^(l-£)180s-5j5j 



\ \j,i=i i=i 



<-(e-l)(^(4s) + ^{x2j+2 ^s{xij +^ij) -^2jf 



+ ^180s ^{xsj + 2 ^s{x2j +^2j) + l2 ^S^{xij —^ij)—^3j)‘ 



V \j,i=i j=i 
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rti / / ni 

+ 9(4s)-i^( 2ajj(r,0+ ( -2^%,Oj7(r,0 + aj(T,?) 

j=i V \ 1=1 

If we take into account the condition A 26 , choosing a > 0 appropriately we 
can make the last sum negative. This proves the inequality (3.3.18). 

Set 




A min{Z(t,x;r, G B{x,R),t € — (5/2]} exp{— 2a/5 — 195|xp}, 

R > 

It follows from positivity of Z that A > 0. Now we use Theorem 3.17 for the equa- 
tion (3.3.2), for the function u{r,^) := Xv{r,^) - (r,0 C U[to,t- 5 / 2 ) 

on[to,t — S/2)x {R^\B{x, R)). By the inequality (3.3.18) and the equality (3.3.6), 
(I/*7/)(r, ^) < 0, (t, ^) G Ilr^Q t-5/2)' The condition limsup u(r, ^) < 0, for each 

point (r^, ^^) G d{[to,t — S/2) x \ J5(x, R)) \{t = to}, is satisfied, since, firstly, 
by the inequality (3.3.16) and the definition of A, 

u{r,^) < Aexp{195|a:p} - Z{t,X]r,^) <0, - ^| = i?, r G [to,t - ^/2); 

secondly, by (3.3.16), 



lim i;(r, 0 = 0 and lim u(r,^)<0, 

(r,O^(t-S/2,^0) (r,^)^(t-S/2,^0) 



0 € \ B{x,R). Finally, it follows from (3.2.78) and (3.3.16) that 

limsupu(r, 0 = 0, r e [to,t — S/2). 

I^Hoo 

Thus, we obtain that u(r, 0 ^ 0, (r, 0 C [to,t — S/2) x (M^ \ B(x,R)). By 
the definition of A and (3.3.16), u < 0 also on [to,t — S] x B{x, R). Therefore u < 0 
on II[to,t- 5 ], or Z{t,x;r,^) > Au(r,0, (t, 0 ^ and together with the 

inequality (3.3.17) this implies the required estimate (3.3.15). □ 

3.3.4. Uniqueness of solutions of the Cauchy problem. Widder’s theorem. Theo- 
rems 3.10 and 3.12 described correctness classes, hence also uniqueness classes of 
solutions of the Cauchy problem for the equation (3.1.71). Here we consider three 
other types of the uniqueness theorems - a Tikhonov type theorem with pointwise 
bounds for solutions, a Tikhonov type theorem with weighted Li-spaces, and a 
generalized Widder’s theorem. 

In the paper [229] Widder proved the following theorem: a non-negative solu- 
tion of the heat equation satisfying the zero initial condition equals zero identically. 
In fact this theorem can be strengthened as follows: if two non-negative solutions 
of the heat equation satisfy the same initial conditions, then the solutions co- 
incide. Such a strengthened version of Widder’s theorem will be proved for the 
Fokker-Planck-Kolmogorov equation. 
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Theorem 3.19. Suppose that the condition C 22 satisfied, B is a positive number, 
and bi, I G {1,2,3}^ are some non-negative numbers. Then a solution u of the 
equation (3.3.1) satisfying the zero initial condition, as well as the condition 

\u{t,x)\ < Bexp € II(o,T], (3.3.19) 

equals zero identically. 

Proof. Applying Theorem 3.18 to solutions u and — u of the equation (3.3.1), which 
satisfy the zero initial condition and the condition (3.3.19), we find that u{t, x) — 0, 
(^,a;) G ri(o,T]* n 

Theorem 3.20. Suppose that the conditions A 24 -A 26 cire satisfied, and b is a non- 
negative number. Then a solution u of the equation (3.3.1) satisfying the zero initial 
condition, as well as the condition 



T 




exp{—b\x\‘^}\u{t, x)\dx < 00 , 



0 



(3.3.20) 



equals zero identically. 

Proof. First we shall prove the existence of such a number p G (0, T] depending on 
the number b from the condition (3.3.20) and on the coefficients of the equation 
(3.3.1) that = 0 on 

As in the proof of Lemma 2.16 and Theorem 3.8, using the Green-Ostro- 
gradsky formula (3.3.4), we obtain the following formula similar to (3.2.47): 

t 

u(t,x) = j Z{t,x-,h,OCRiOd^ - JdT j L*(Z*(T,e,t,x)Cji(0)u(T,0d^ 

h Kr 

=: , {t,x) € (0,T] X (3.3.21) 

Here Rq is an arbitrary fixed positive number, R > Rq; Kr := B^r/^ \ Br/2'i 
Ch( 0 = CdCI/^) where C is a non-increasing infinitely differentiable function on 
[0, 00 ), such that ( = 1 on [0, 1/2] and ( = 0 on [3/4, 00 ). 

Due to the estimate (3.2.78) and the fact that the integration in is per- 
formed actually over B^R/ 4 ^, we have lim = 0. Therefore, passing in (3.3.21) 
to the limit, as 0, we find that 

t 

u{t,x) = - j dr j L*{Z*(T,^;t,x)CRiO)u{T,^)d^ 

0 Kr 
r(^) 



{t,x) € (0, T] X Br^/ 4 - 



(3.3.22) 
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Let us prove that 

lim /f > = 0, {t, x) € (0, fx] X Bn,/ 4 , (3.3.23) 

R—^oo 

if // G (0, T] is chosen appropriately. 

By the equality (3.3.6), the estimates (3.2.78), and properties of the function 
Ch for > 1, we get the estimate 

\L*{Z*{T,^;t,xXR{^))\ < C{t - exp{-cp{t - T,x,^)}. (3.3.24) 

For the function p we use the inequality 

p{t-T,X,i) > {t-Ty{RlAf, 

0 < T < t <T, X € ^ € K" \ Bnf2i (3.3.25) 

where r = —1, if t — r < 1, and r = —5, if t — r > 1. This inequality is proved like 
(3.2.50). 

Using the inequalities (3.3.24) and (3.3.25) we have 

t 

j dr j {t - exp{-c(t - TY{R/4f}\u{T,^)\d^. 

0 Kr 

Since 

{t - r)-^-i/2 exp{-c(t - TY{R/Af} 

= (7?/4)(2M+^)/'-((i - r)’'/2(i^/4))-(2A^+l)/'•exp{-c(^ - t)’’(7?/4)2} 

< Cexp{— 0<T<t<p, R>1, Cl > 0, 



we get 



< Cexp{-ciAt’'i?2} j dr j exp{-6|^|^}|u(r,^)| exp{6|^|2}d^ 

0 Kr 

t 

< C exp{—{cip^ - J dr J exp{-b\^f}\u{r,^)\d^. 

0 

By the condition (3.3.20), this implies the relation (3.3.23), if 

p < min((16ci/9h)~^/^,T). 

Passing in (3.3.22) to the limit, as oo, using (3.3.23) and the fact that 
i?o > 0 is arbitrary, we find that = 0 on L[(o,;li]- Similarly we prove that u = 0 
on ri(^^ 2 /i] , n( 2 ^, 3 M] , and so on. □ 
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Theorem 3.21. Suppose that the conditions ^ 24~^26 satisfied. Then the Cauchy 
problem for the equation (3.3.1) cannot have more than one non-negative solution. 

Proof. Let be a non- negative solution of the equation (3.3.1). Let us prove that 



I I 



exp{—b\xf}\u{t,x)\dx < oo, 



0 



with some 6 > 0 and Tq G (0, T). 
Set 



(3.3.26) 



VR{t,x) := / Z{t,x;T,^XR{^)u{T,^)d^, (t,x) € 

]R^ 

where 0 < r < T, R > 0^ (r is the function from the proof of Theorem 3.20. 
Let us verify the conditions for the validity of the maximum principle in the 
form of Theorem 3.16 for the difference u — vr Ur. Obviously, (LUR){t,x) > 
0, (t,x) e 11(^ 7 ’]. The condition that lim UR{t,x) > 0, for every point 

(t^,x^) G d{U(^r,T]) \{t = T}, is satisfied because 

Im j Z{t,x;r,^)(:;R{^)u{T,^)d4 = (R{x)u{T,x) <u{t,x), 



0 < r < T, X G Since the integration in vr is performed only over B^r/ 4 , 
using the estimate (3.2.78) we get 

lim [ Z{t,x;T,^)CR{^)u{r,^)d^ = 0, te (r,r]. 

|x|->oo J 

This means that the last condition is fulfilled: uniformly with respect to ^ G (0, T), 
there exists limini UR(t^x) > 0. 

|x|— >oo 

Hence, by Theorem 3.16, Ur > 0 on that is for each r G [0,T), 

u{t,x)> J Z{t,x;T,^)(R{^)u{T,^)d^, (i,a;) e 



Since this inequality is valid for any > 0, and the integrand is non- negative (see 
Property 3.12), for oo we obtain that 

u{t,x) > / Z(t,x;T,^)u{T,^)d^, {t,x) € !!(,-, r]. 

M" 



(3.3.27) 
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Let us integrate the inequality (3.3.27) with respect to r G {to,t — S), 5 e 
(0, t — to). If we take to = 0^ t = A, and use the estimate (3.3.15), we get 

A-^ 

(A - <5)u(A, x) > j dr j wexp{-')f\^\‘^}u{T,^)d4, 

0 



/ j exp{- 7 |^p}u(r, 0 dC < oo. 

0 

Now, if we set to = A — S, t = 2 A — S, similarly we prove the convergence of the 
integral, in which the integration in r is performed on the interval (A — (5, 2(A — ^)). 
We continue this process until t = jA — {j — 1)S < T, j > 1. Finally, we set 
to — T — A and t — T. Combining the above results we find that 



T-S 

/ j exp{-7|^nu(r,^)d^ < oo, 

0 R^ 

that is (3.3.26) holds with To = T — 6, b = 

Using Theorem 3.20 we obtain the uniqueness on II(o,To] t)f a non-negative 
solution of the equation (3.3.1). Since S can be chosen arbitrarily small, this implies 
the uniqueness of a solution on II(o,t] • ^ 

3.4 Comments 

The class of equations studied in this chapter is a natural generalization of the 
classical Kolmogorov equation of diffusion with inertia [135]. This equation appears 
in the study of models for the Brownian motion, and we begin the comments with 
a brief exposition of a fragment of this important theory (see also the comment 
“Brownian Motion” by A. M. Yaglom in [136]). 

In the classical theory of the Brownian motion developed by Einstein and 
Smoluchowski [77, 78] the inertia of a Brownian particle is neglected, that is the 
mass of a particle is actually assumed equal to 0. Therefore a Brownian particle 
in the Einstein-Smoluchowski theory cannot have a finite velocity. For example, 
for the special case of the Brownian motion of a free particle Wiener [177] proved 
rigorously that a Brownian path is, with probability 1, a continuous nowhere 
differentiable curve. Note that a model of the Brownian motion of a physical system 
in the Einstein-Smoluchowski approximation is a continuous Markov process on 
the coordinate space (the Wiener process, for the case of a free particle). 

The fact of nondifferentiability of Brownian paths in the Einstein-Smolu- 
chowski theory is closely connected with an idealization made in this theory (the 
neglect of inertia) making it invalid on very small time intervals At. For the sim- 
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plest case of the Brownian motion of a free particle, a theory taking inertia into 
account was developed as early as 1930 by Uhlenbeck and Ornstein [224] (see also 
the papers by Doob [26] and Chandrasekar [25]). In this more precise theory paths 
are already differentiable (but do not have the second derivative, so that now the 
acceleration becomes infinite). In fact the same generalization is contained in the 
paper [135] by Kolmogorov who considered the general case of the Brownian mo- 
tion for an arbitrary physical system with n degrees of freedom. According to 
Kolmogorov, inertia is taken into account if a state of the system is described by 
values of n coordinates . . . , and their time derivatives (velocities) ^i, . . . , ^n- 
Here the model of the Brownian motion is a continuous Markov process in the 
2n-dimensional phase space of coordinates and velocities. 

Let us give a brief account of this paper [135] by Kolmogorov which moti- 
vated our studies. It is based essentially on two of his earlier papers [133, 134] 
devoted to the classical theory of the continuous time Markov processes. The first 
version of the modern theory of such processes was developed by Doob [27] and 
Dynkin [40, 41]. 

Thus, we consider a system with n degrees of freedom. Let ^i, . . . , be the 
coordinates. It is assumed that, whenever we know the values of ^ = (^i, . . . , ^n) 
and q — (gi, . . . , g^) at an instant of time t, we can find the probability density 
of possible values q and q of the coordinates and their time 
derivatives at an arbitrary instant t' > t. It is assumed that G does not depend 
on the behaviour of the system before the instant t (there is no aftereffect, the 
process is of the Markov type). It is proved that the function G is a FSCP for the 
Fokker-Planck differential equation 

n n n 

dt'9 = Uj{^\9'A')9) + XI . (3-4.1) 

in which the elements kji, {jj} C {l,...,n}, of the diffusion matrix, and the 
coordinates fj,j G {1, . . . , n}, of the drift vector are determined from the equalities 

M(Agjy = kjj{t,q,q)At + o{At), 

M(A 4 jA 9 ;)^ = kji{t,q,q)At + o{At), 

M{Aqj) = fj{t,q,q)At -f o(A^), 

where M denotes the expectation. 

If n = 1, then this equation has the form 

dt'9 = -q'dq >9 - dg> q', q')g) + d], {k{t', q', q')g) . (3.4.2) 

If / and k are constants, then, as Kolmogorov showed, a FSCP for the equation 
(3.4.2) is given by the formula 

G{t,q,q;t',q',q') = 2VSTT~^k~^{t' -t)~^exp{-{4k{t' -t))^^{q' -q- f{t' 
-3k~^{t' -t)~^{q' -q-2~^{q' + q){t' t<t' , C R. (3.4.3) 
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This is a classical formula for a FSCP for Kolmogorov’s equation of diffusion with 
inertia. A large part of the material of Section 3 is based on formulas similar to 
(3.4.3). 

The Uhlenbeck-Ornstein theory of the Brownian motion for a free particle 
is obtained from the general Kolmogorov’s theory, if n = 1 (so that the main 
equation of that theory has the form (3.4.2)), / = —aq (where = /9/m, m is 
the mass of a particle, (3 is the coefficient at the viscous friction force, equal, for 
a spherical particle of the radius cr, to 67T(J77, rj is the viscosity coefficient), while 
k = k()T/m(5. 

Il’in and Khasminsky [103] considered a physical problem solved by the tech- 
niques close to [135]. It deals with the motion of a particle with a mass m in a 
force field F. It is assumed that the medium is filled with identical particles of 
a mass /i. The particle under consideration may collide with them, changing its 
velocity under the elastic collision law. The velocity distribution of the medium 
particles is given and does not depend on the motion of the above particle, while 
the random number of collisions for time t is assumed to be a Poisson process with 
a parameter a. Under these assumptions, the position X^{t) and velocity X^{t) 
at an instant t together form a Markov process {X^(t), X^(t)}. It is proved that, 
for a constant medium temperature T and a ^ oo, /2 ^ = const, this process 

tends to a Brownian motion process in the phase space whose transition density 
is a FSCP for the equation 



dtu = '^Xj a , . u + '^Fj {x)dij “ + ^ ^ 5 ^ « ) • (3-4-4) 

j=i i=i \ / 

The existence of a FSCP G(t, x, y\ rj) is proved in [103] for the equation 

dtu = ydxU + adlu + g{x, y)dyU, {x, y} c M, (3.4.5) 

where n is a positive constant, the function g is bounded and has continuous and 
bounded derivatives in x and y. Estimates for the function G and its derivatives 
are obtained. It is proved that G is a transition density of a Markov process 
{X{T),Y{t)} defined as a solution of a system of the Ito stochastic differential 
equations [104] 

J dX = Y{t)dt, 

\dY = g{X{t), Y{t)) dtF^^a d^{t) 
where ^{t) is a Wiener process. 

In addition, in [103] the asymptotic behaviour of solutions of the Cauchy 
problem for the equation (3.4.5) is investigated under various assumptions regard- 
ing the quantities A,T, and m. Terms of asymptotic expansions with respect to 
small parameters are found, in particular for A ^ oo and m/A ^ 0. 

It is known [27, 41] that non- degenerate diffusion processes with sufficiently 
regular characteristics possess smooth transition densities. In general, a degenera- 
tion of the diffusion matrix leads to the non-existence of a density of the transition 
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probability. However there exist some classes of degenerate processes with smooth 
transition densities. As it was mentioned above, the processes of the Brownian 
motion with inertia considered by Kolmogorov, Il’in, and Khasminsky are among 
such processes. 

Sonin [216] studied a natural generalization of the process of diffusion with 
inertia. For the class of processes considered in [216], the transition densities are 
constructed as FSCPs for the equations 



n n 

- Uji {t, X, y, z)dy. dy, +'^aj{t,x,y, z)dy^ 

^ j,;=i i=i 



+ '^bj{t,x,y,z)da;j +'^Cj{t,x,y,z)d^A u, {a;,y,z}cE", ( 3 . 4 . 6 ) 

j=i j=i / 

where bj{t^x^y^z) and Cj{t^x^y, z) behave “approximately” like yj and Xj respec- 
tively. 

All the above partial differential equations (3.4.1), (3.4.2), (3.4.4)-(3.4.6) 
are degenerate parabolic equations. With respect to a part of spatial variables 
(corresponding to coordinates of a Brownian object in (3.4.1), (3.4.2), (3.4.4), and 
(3.4.5), or to coordinates and velocities in (3.4.6)) they contain, in the sense of the 
theory of parabolic equations, only lower order terms. Such equations are called 
ultraparabolic or elliptic-parabolic. 

In this book we consider ultraparabolic equations (3.4.1), (3.4.4), (3.4.6) and 
their generalizations. It is natural to call them ultraparabolic equations of the 
Kolmogorov type. Here we give a survey of results regarding the Cauchy problem 
and, in particular the FSCP, for ultraparabolic equations of the Kolmogorov type 
and their generalizations. 

As it has been mentioned, an explicit formula (3.4.3) for a FSCP for the 
equation (3.4.2) with constant / and k was found in [135]. Subsequent investiga- 
tions aimed at finding as weak conditions as possible for the existence of a FSCP, 
obtaining its precise estimates, considering equations with a more complicated 
structure. For example, an equation 



dt- YL ak, [t, x)d^l -Y^j 1 

|fci|<2!) j=l j=l / 

(^, o:) G H(o,t]? (3.4.7) 

was considered. 

Here 6 is a natural number, the differential expression dt~ (t, 

\ki\<2b 

is uniformly parabolic on H[o,t] in sense of Petrovsky, the functions hj and Cj 
are such that the equation (3.4.7) can be transformed by a non-degenerate change 
of variables to an equation of the form (1.1.14). The above equation contains three 
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groups of spatial variables xi, X 2 ^ and x^. If there are only two groups x\ and X 2 , 
then the sum with the derivatives in x^ is absent. We shall assume that such 
equations can be obtained formally from (3.4.7) and (1.1.14) by setting 723 = 0. 

Let us describe the papers which were devoted to, or used, FSCPs for the 
above classes of equations. 

Weber [227] constructed, on an arbitrary open subset of the phase space, a 
fundamental solution of the equation (3.4.7) with 6 = 1, ni = ri 2 , and 723 = 0. 

We have reviewed above the paper [103]. In a subsequent paper [101] Il’in 
stated the existence, uniqueness, and positivity of a FSCP for the equation (3.4.7) 
with 6 = 1 , 72i = 722, and 723 = 0 , provided the coefficients ak^ and bj are con- 
tinuous and bounded together with their derivatives of the orders up to 2 and 4 
respectively, as well as a theorem on the uniqueness of a solution of the Cauchy 
problem in the Tikhonov class, and inner estimates of solutions. 

Sonin [216] used the Levi method to construct a FSCP for the equation 
(3.4.6) for the case where the coefficients aji and aj are bounded on [0,T] x 
together with their derivatives in all the variables of the orders up to 2 and 1 
respectively, while bj and Cj (the coefficients Cj do not depend on y) have bounded 
derivatives of the orders up to 3. 

The main results of the papers [208, 209] are the smoothness of solutions 
of an inhomogeneous equation, inner a priori estimates of solutions on bounded 
domains. Shatyro proved that the second derivatives of a solution of a second order 
equation (of the form (3.4.7) with 723 = 0 in [208], and of the form (1.1.15) with an 
arbitrary number of groups of spatial variables and constant coefficients in [209]) 
with respect to spatial variables from the first group are Holder continuous, with 
the same exponent as the right-hand side of the equation. The Holder exponent 
for the first derivatives from the l-th group of spatial variables (/ > 2) is smaller 
by {21 — 3)/(2/ — 1) than that of the right-hand side. It was shown by examples, 
that the result was exact. The proofs used FSCPs for model equations. 

In a series of interesting papers [142, 143, 144, 145], Kuptsov studied equa- 
tions of the form 

n n 

where (ttj/(t))J^^ is a non-negative symmetric matrix of a rank 721 (1 < ni < 72), 
the matrix {bji{t))^-'^^ has a special structure and properties. For the equation 
(3.4.8) with constant coefficients, in [142, 143, 145] a FSCP was constructed, a 
maximum principle was established, and a mean value theorem was proved. A 
FSCP for general equations (3.4.8) was constructed in [144]. 

At the beginning of the seventies Eidelman and Malitskaya [64, 154] initi- 
ated the investigation of equations of an arbitrary order with the Kolmogorov 
structure (equations from the class E21). For such equations, for the case where 
m = 722 = 723, and the coefficients may depend only on the time variable, a FSCP 



bji{t)xjdxi u{t,x) = 0, (t,x) G 11(0, T], (3.4.8) 
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was constructed and studied, which resulted in existence and uniqueness theorems 
for solutions of the Cauchy problem, as well as some results on qualitative prop- 
erties of solutions. More or less at the same time a similar class of equations (the 
equations (3.4.7) with ns = 0) was considered independently by Kato [126] who 
found hypoellipticity conditions for this class of equations. 

Similarly to the case of non-degenerate parabolic equations, for the Kol- 
mogorov type equations with constant coefficients or coefficients depending only 
on the time variable, it is possible to obtain a complete analytic description of a 
FSCP, which leads to very precise results on the correct solvability of the Cauchy 
problem and integral representations for solutions. For equations from the claiss 
E 21 that was done by Androsova and Ivasyshen [106, 2, 3]. These results are con- 
tained in Section 3.1.1 and, for a more general situation, in Sections 3.2.1, 3.2.2. 

If coefficients of a Kolmogorov type equation depend on all the variables, 
it is much more complicated to study its FSCP. In addition to usual difficulties 
of the Levi method, new ones are caused by the degeneracy of the equations. 
Various modifications of the Levi parametrix method were proposed, in order 
to construct and study FSCPs for equations from the clcisses E 21 and E 22 , in the 
papers by Eidelman, Ivasyshen, Malitskaya, and Tychinskaya [73, 155, 158, 62, 61]. 
In [64, 159, 74] equations of the Kolmogorov type with increasing (as \x\ 00 ) 

coefficients were also considered. 

Eidelman and Ivasyshen [54, 56, 57, 58, 59] introduced a new class of degen- 
erate equations (the class E 23 ). For the case where the coefficients do not depend 
on the spatial variables (the class E 23 ), they constructed and investigated a FSCP, 
proved theorems on the correct solvability of the Cauchy problem and integral rep- 
resentations for solutions. These results are expounded in Sections 3.1.3, 3.2.1, and 
3.2.2. Section 3.1.3 contains also Theorem 3.6 on the FSCPs for equations from 
the class E 23 with degeneracy on the initial hyperplane. This theorem, as well as 
the results on the Cauchy problem for such equations with a weak degeneracy on 
the initial hyperplane (mentioned at the end of Section 3.2.2) were obtained by 
Ivasyshen and Voznyak [120] . Note that similar results for equations from the class 
E 21 were published in [119], while in [121] the unique solvability was established, 
and a localization property was proved for solutions of the Cauchy problem for 
equations of the form (3.1.96) with generalized initial data. 

A relatively recent series of papers [ 20 , 147, 148, 149, 162, 163, 172, 187, 
188, 189, 190, 191] is devoted to various aspects of the theory of ultraparabolic 
equations of the Fokker-Planck-Kolmogorov type. The closest to our Chapter 3 is 
the paper by Polidoro [187] where the equation 



Lu := 



dt 



m 

^ aji{t,x)dxjd^i 

j,i=i 



X! U = 0 



(3.4.9) 



is considered, where 1 < rii < n, is a symmetric matrix, positive 

definite for each (t,x) G the matrix B := has constant real 
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elements. Under certain assumptions regarding the matrix B, the operator L is 
invariant with respect to a certain dilation group. A special notion of the Holder 
continuity of functions correspond to the above group invariance. For the case 
where the coefficients aji are H-Holder continuous, a FSCP for the equation (3.4.9) 
is constructed by the Levi method, and its estimate is given. Note that, under the 
conditions imposed upon H, the well-known Hdrmander’s hypoellipticity condition 
[99] is satisfied by the operator L with the coefficients aji fixed at any point 
(i, x). Note also that Hormander [100] proposed an interesting generalization of the 
classical Kolmogorov equation and investigated the problem of its hypoellipticity. 

In Chapter 3, modifying in an appropriate way Polidoro’s notion of the B- 
Holder continuity for equations from the classes E 21 — E 23 we find conditions 
for the coefficients, under which FSCPs for such equations are constructed, their 
estimates are obtained and used to prove the correct solvability of the Cauchy 
problem. These results for equations from the classes E 21 — E 23 (obtained by 
Ivasyshen) are published here for the first time. 

In the important paper by Scornazzani [207], for the equation (1.1.15) with 
real- valued coefficients and m == ri 2 = 1, n 3 = 0, the positivity of the FSCP 
was proved, its lower estimates was obtained, as well as a Widder type theorem 
(see [229]) on the uniqueness of a non- negative solution of the Cauchy problem, 
an integral representation of non- negative solutions, and a Fatou type theorem. 
Some of these results were extended to the general equation (1.1.15) by Dron’ and 
Ivasyshen [38]; for their exposition see Section 3.3. These results are based on the 
modifications of the maximum principle proposed by Dron’ [35] and Malitskaya 
[161] given in Section 3.3.2. Note also the papers [39, 36, 37] devoted to the Cauchy 
problem for equations from the class E 22 - 

Boundary value problems for ultraparabolic equations, including those of the 
Fokker-Planck-Kolmogorov type, have been studied concurrently with the Cauchy 
problem, starting from the work by Piskunov [181]; see, in particular, [89, 210, 
156, 157, 160, 196]. Boundary value problems for equations studied in Chapter 3 
constitute a separate research subject and go beyond the scope of this book. 




Chapter 4 

Pseudo-Differential Parabolic Equations 
with Quasi-Homogeneous Symbols 



4.1 Fundamental solution of the Cauchy problem 

4.1.1. Main assmnptions. We shall consider the Cauchy problem 

m 

dtu(t,x) + (Au){t,x) + '^{Aku){t,x) = f{t,x), (t,a;) e II(o,T], (4.1-1) 

fc=i 

u{0,x) = (f{x), (4.1.2) 

where A, . . . , Am are pseudo-differential operators with the symbols a{t^ x^ ^), 
aiit,x,^), ..., amit.x,^), that is, e.g., 

{Au){t,x) = j e''^^'^'>a{t,x,^)u{t,^)d4, (4.1.3) 

where 

= j e~'-‘'^’^'>u{t,y)dy. 

The principal symbol a{t,x,^) is assumed homogeneous of the degree 7 > 1 with 
respect to the variable and elliptic, the symbols ai(t,a:,^), . . ., a^(t,x,^) have 
the degrees of homogeneity 7^, 0 < 7^ < 7, / and (p are bounded continuous 
functions. In addition, / is Holder continuous in x, uniformly with respect to t: 

\f(t,x) - f{t,y)\ < C\x-y\^ 

where (7, A do not depend on t. We may assume without loss of generality that 

max 7fc < 7 — A. 

l<A:<m 

We assume the following conditions regarding the symbols of the pseudo- 
differential operators involved in (4.1.1). The principal symbol is such that 
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(^41 ) Rea{t,x,a) > ao > 0, {t,x) e ri(o,r], kl = 1; 

(^ 42 ) ^5 <^) has N continuous derivatives in cr for <7 7 ^ 0, and 

\d^a{t,x,a)\ < 

\d^[a{t,x,a) -a{r,y,a)]\ < Cn (k - 2/|^ + \t - 

for all |x| < N, x,y,a e {a ^ 0), t,r G [0,T]. Here A G (0,1) is 
a constant, N is such a natural number that N > 2n + 2 ( 7 ] + 1. Other 
symbols satisfy the condition 

(A 43 ) If ^ / 0, \k\ < N, x,y e t,T e [0, T], then 

\d^[ak{t,x,^) - afc(r,2/,0]| < C (\x - y\^ + |f - 

where C does not depend on x,y,^,t,r. 

Some additional requirements are imposed on the symbols of an integer or- 
der. Namely, a symbol of an even order is assumed to be a polynomial in and 
a symbol of an odd order is assumed to be either a polynomial or an even func- 
tion of Finally, if 7 is an odd integer, we assume that in the expansion of the 
function [a(t,x,^)]“^, |^| = 1 , in spherical harmonics (see below) the coefficients 
at Y 2 i/,/x with 7 = n -h 2 p H- 2fc, fc = 0, 1, 2, . . ., are equal to zero. This condition is 
automatically satisfied if 7 < n, or if n is even. 

The expression (4.1.3) can be used only for smooth rapidly decreasing func- 
tions, and our first task is to reformulate it in terms of hyper-singular integrals. 

Our brief exposition of the theory of hyper-singular integrals will be based 
on properties of spherical harmonics. 

4.1.2. Spherical harmonics. A spherical harmonic of a degree > 0 is a restriction 
to the sphere S'^~^ of a homogeneous harmonic polynomial on of the degree 
u. The set of all spherical harmonics of a degree z/ is a finite-dimensional subspace 
Hu C L 2 {S^~^). Let Su = dim Hu . Then 

Su < (4.1.4) 



For each u we choose in Hu an orthonormal basis {Yu^i}^ p — . . . ,5u- The 

functions Yu^ are even for an even z/, and odd otherwise. The system {Yu^} is an 
orthonormal basis of L 2 {S'^~^). We shall use the estimates 



^ g gn-1. 






< Cj,kl + (n-2)/2|2.|-k|^ xe: 



(4.1.5) 

(4.1.6) 
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If G ^), A; = 0, 1, . . then its Fourier coefficients 



— 



/ 



da 



satisfy the estimate 



bi/^l < sup \D^(p{a)\. (4.1.7) 

a£S'^~^ ,\>c\<2k 



If Re A > — n, then the function x i-^ is locally integrable, and 

we can define an analytic family of tempered distributions 



= y r^+" ^ dr j Y^ij,{a)^{ra) da 
0 S"-i 



where da means the surface Lebesgue measure. In fact this family admits an 
analytic continuation to the whole complex plane except the points X = —i/ — 
n^—v — n — 2, — The regularization of the function r — |x|, with 

Re A < —n (and A being outside the exceptional set) as a distribution from S' {R'^) 
is carried out by subtracting a partial sum of the Taylor series of a test function. 

The Fourier transform of the above distribution has the form 



p f A+f^+n \ 

(4.1.8) 

for A 7 ^ —u — n, —ly — 72 — 2, 

The proofs of the above results, as well as additional information about spher- 
ical harmonics, can be found in [150, 175, 205]. 

4.1.3. Hyper-singular integrals. Let us consider the hyper-singular integral (HSI) 



i^hf) (x) = 



(4.1.9) 



of an order o > 0 with a characteristic ft. We assume that f{x) and ft{x^6) 
are bounded continuous complex-valued functions. Below we give a summary of 
some results by Samko [202, 200, 201] regarding properties of HSIs. Note that in 
expositions of the HSI theory the characteristic ft usually does not depend on x; 
however the appropriate results carry over to our more general situation. 

Suppose first that the number a is not an integer. The integral (4.1.9) is 
absolutely convergent if / > a, and the function / has bounded derivatives up to 
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the order [a]-\-l. The absolute convergence over the ball {|/i| < e} is a consequence 
of the formula 

(A' /) (^) = E E Q (DV){x - e,vh), (4.1.10) 

\^\=fjiV=Q ' ^ ^ 

where 0 < < 1, ^ > /i, and the usual notation for operations with multi-indices 

is employed. The formula (4.1.10) follows from the Taylor formula. 

The restricted hyper-singular integral 

\h\>e 

is absolutely convergent if, for example, / is bounded. The above convergence 
conditions can be easily extended to the case when f(x) and its derivatives grow 
not too rapidly as \x\ — > oo. We shall use also conditionally convergent hyper- 
singular integrals of bounded functions: 

m) {x) = lim CD?, J){x), (4.1.11) 

e— >0 ’ 



if the limit (4.1.11) exists for all x eMP-. 

If the characteristic Ct{x^a) is even in cr, that is ^(x, —a) = fl(x,cr), x G 
a G then the hyper-singular integral (4.1.9) makes sense also for I > 2[a/2], 

by the formula 



fnfrJL'] + 

hJ \’\h\) 

«— -L Jl^n 



Im {D? J) (x) = 





2dn,i{a) J 



dh 



(A'+V) {x+^-^h) 



’ \h\ 



\h\n+oc 



dh, (4.1.12) 



where this time Z + 1 > a. 

Next, let a be an integer. If a is even, then (Dq/) can be defined as before. In 
this case the hyper-singular integral operator Dq is actually a differential operator 
of the order a. If a is odd, then for / > a the integral in (4.1.9) vanishes identically 
for any function /. In this case Dq can be defined only for an even characteristic 
by the formula (4.1.12) with I = a. 

Let / € C'(R"), |/(rr)l < C(l + |x|)-^S |(D-/)(:r)| < C(l + |a:|)-^^ |x| = I, 
where Ni > a, N 2 > n. Then 

|(D^/) (a:)| < C{1 + |a;|)-™n(“+JVi,iV2.a+n)_ (4.1.13) 

Moreover, if Q depends on a parameter t being bounded uniformly with respect to 
t, then the constant in (4.1,13) does not depend on t. The same estimate, with a 
constant independent of e, holds for the restricted hyper-singular integral ^/. 
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Let us consider the function f^{x) = Obviously, 



(aU) (x) = e'«'")^(-l)‘ 



k=0 






1 - e 



—ik{^,h) 






whence 



where 



(nQ/«)(a:) =n(a:,0/s(a:), 






dn^iia) J \h\^+» V^’ |fe| 



dh. 



(4.1.14) 



The function 0, is called the symbol of the hyper-singular integral D^/. The nor- 
malization constants dn,i{c^) are chosen in such a way that the symbol (hence the 
hyper-singular integral) does not depend on 1. Their explicit form can be found 
in [202, 205]. Here we only note that they do not depend on 0, and dn,i(o:) > 0 
if 0 < a < 2. The symbol Q{x,^) is a homogeneous function of the degree a; for 
example, if Q{x,cr) = 1, then Q[x,^) = (the corresponding hyper-singular 
integral operator is often called a Riesz derivative). The symbol can be repre- 
sented as 

Q.{x,^) = C{n,a) J ^l{x,a){i{^,(j))°‘ da. (4.1.15) 

5n-l 

Note also that the symbol Q is even if and only if the characteristic ft is even. 

It follows from the formula (4.1.14) that on functions from the Schwartz space 
S{W^) (and more generally, on smooth functions, which decrease rapidly enough) 
the operator coincides with the pseudo-differential operator (^DO) with the 
symbol Q. Indeed, if / G 5(R^), then 

/(a:) = (27r)-« f 



and by the Fubini theorem 

m) (x) = (27t)-" f om 

R^ 

Conversely, a ^DO with a homogeneous sufficiently smooth symbol can be 
represented as a HSI-operator. In order to obtain such a representation, we need an 
expressionTor the symbol of the HSI whose characteristic is a spherical harmonic. 

Let be the symbol of the hyper-singular integral Dy^ /. If a is not 

an integer, or a is an odd integer and u is even, then 
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where 






... r(^)r(i + f) 



r (2±f±i^) r (1 + ’ 



COS 

Eu,a = {-^y cos^^ ^ integer), 

= {~iy^‘^ (if q: is an odd integer). 

Let us consider a ^DO of the form (4.1.3), where the symbol a(t,x,^) is 
continuous and homogeneous in ^ of the degree a, and either a is not an integer, 
or the symbol is even in ^ and a is an odd integer. Suppose that 

\d^a{t^x,^)\ < C, 1^1 = l,x G > 0, |x| < AT, 
where N > 2n a — 1. Expanding the symbol by spherical harmonics, 

oo 6u 

a{t,x,^) = 1^1 = 1, 

i/=0 fi—1 



we set 



oo 6u 



««.».«) = EE 

According to (4.1.7), \cyi_i{t,x)\ < Then, since 



(4.1.16) 



a + u 
cos 1 7T 



an I 



cos - 



or 



0 + 1/ 
cos 1 7T 



an 1 



depending on whether u is even or odd, we find that 
1 



A(i/, a) 



< C 






If a is an odd integer, then Cy^{x,t) — 0 for odd ly. Let us use the identity [9] 

t(i- 

. 0:7r I . , 

sm — I (m particular, it is equal 



. [ ly — a \ 


, OTT 




sm — - — n 

\ 2 ) 


IS equal to cos — 


or to 



Since 

to 1 if o is an odd integer and ly is even), and 

|r(2i±f±^) 



r(^) 



< Cu^ 



f +a 
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(see [9]), we have 



1 



I ot) \ 

which implies, together with (4.1.5), the estimate 






<Ciy 



-iV+2n+a-2 



SO that the series (4.1.16) is uniformly convergent. 

Let us consider the hyper-singular integral operator Dq. Its symbol is 



oo Su 



a;, 0 = XI 13 = 1C r 13 13 ^ 

iy=0 12=1 ' jy=z0i2=l 



OO 6u 



(it follows from (4.1.15) that the termwise transition from the characteristics to the 
symbols was legitimate). Thus a pseudo-differential operator A can be represented 
on S{MA) as the hyper-singular integral operator with the characteristic f]. 

4.1.4. Parametrbc. The parametrix of the problem (4.1.1)-(4.1.2) corresponding to 
“freezing” the symbol at the point x = t = 6 is defined by 

Zo{t- = (27t)“'^ / exp{i{x - y)a - a{0,^,(T){t - fx)} da, 

x,y e M^, t > n, 6 > 0. (4.1.17) 



Let us prove several estimates of oscillatory integrals, which will imply esti- 
mates of the function and its derivatives. 

Let z/ be a non- negative integer, Piy{a) a homogeneous polynomial of the 
degree u, 

= f Pu{(r)exp{i{z, a) - a{e,^,a)} da. 

R^ 

Lemma 4.1. If N > 2n + [ 7 ], then 

|$.( 2 ,^,C)l<C(l + | 2 |)-”-^-^ (4.1.18) 

where C does not depend on ^,0 . 

Proof. Let rjo E C^(R^), rjo{a) = 1 as |a| < 1 , r]o{a) = 0 as \a\ > 2. Denote 
7,1 (<t) = l-T]o{a), 

/”?/)c((T)Pi,(<T)exp{i(2:,(T) - a(0,4,(7)}ciCT, fc = 0, 1. 



Evidently, -h 
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Let us use the representation e ^ where h{t) =t ^(e ^-1-ht). 

It is easy to see that h(t) has bounded derivatives of all orders on [0, oo). We have 

R" R™ 

+ f r]o{a)P^{a)[a{0,^,a)fh{a{e,^,a))e''^^''^'> da 

R" 

$0-1(2) + $0-2(2, , e, 0. 

It is clear that G <S(R’^). Let ay{6,^,(j) = Pjy{a)a{9,^,a). Then is a 
homogeneous function of a of the degree 7 + z/ of the same smoothness as a. 

Let (f G (7^(E"), cp{z) = 0 as \z\ < 1, 'ip{z) = ^{—z). Then 

($o-2 (-,6>,^),(^) = y j e^^^’’^'>T]o{a)a^{e,^,a)^{z)dadz 

= j r]o{a)a^{e,^,a)ii{a)da = j a^{0,^,a)^{a) da 

E^ 

- / J?i(o-)a,.(6l,^,<T)^(<T)dc7 = {^{e,i,-),ip) 

R" 

- j r]i{a)ai,{d,^,a)da j <f{z)dz, 

R^ E"^ 

where is the Fourier transform of in the sense of distributions from <S'(M^), 



L = —i\z\ 









Let us expand the function a^{6,^,Q, |^| = 1, by spherical harmonics; 

OO 5i 

m«,«) = EE 

/=0 

Then for all cr G cr / 0, 

oo 5i 
1=0 n=l 




It is known [150] that the Fourier transform of the function j equals 






P ' |z|"+T'+‘"’ 



(4.1.19) 
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if / — 7 — 1 / 0, —2, —4, . . . (see [87] regarding the interpretation of the homoge- 

neous function (4.1.19) as an element of S'{W^)). Otherwise (that is possible only 
for a finite number of values of 1) the above Fourier transform is a distribution 
concentrated at the origin. If |z| > 1, we have 



oo 6i ^ 
l=ln M=1 ^ 






r(^) 

/o>0. 



Mjfi) 



\z\^+i+<' 






(4.1.20) 



The series (4.1.20) is a priori convergent in the distribution sense. However by 
virtue of (4.1.4), (4.1.5) it converges uniformly for jzj = 1, so that for \z\ > 1, 

\a;{e,^,z)\<c\z\-^-^-\ (4.1.21) 



where the constant does not depend on 0. 
Next, 



(recall that (f{z) = 0 for \z\ < 1). Taking into account that rji{a) = 0 for |o-| < 1 
we find after integration by parts that 



= E / ^al'nii<^WiO,^,(T)]dcr ( z^e'^'’'^'^(p{z)dz. 

I^N^E^ En 



Obviously, 






= Vi{<^)daO.,y{0,^,a) + R{e,^,a), 



where R{6,^,a) = 0 for \<j\ < 1 and |<r| > 2. The function d^a„(0,^,cr) is homo- 
geneous in a of the degree j 1 / — N < — n. By the Fubini theorem 



- I ^{0,^,-zMz)dz 

E j dcr^\z\~^^z^^iz)dz, 
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whence for \z\ > 1 



H=N 



and due to (4.1.21) 



\^°/iz,^,0)\<C\z\-'^-^-', |z|>l, (4.1.22) 

where C does not depend on 

Let us find a bound for $^’^(2:,^,^), \z\ > 1. Let z = (2:1 , . . . , consider 
such a number j that \zj\ > \zk\, k — l,...,n. Then \z\ < ^/ri\zj\. Integrating 
A^i = 72 + 1/ -h [7] + 1 times by parts with respect to the variable aj we find that 

Since rjo{a) = 1 as |<j| < 1, all the terms emerging in the process of differenti- 
ating, which contain derivatives of 770, are continuous and have compact supports. 
Next, computing the derivative 

^7 {^o(o')P^(cr)[a(6>,^,c7)]2/i(a(6',^,«T))} 

with the use of the Leibnitz formula and the Faa di Bruno formula for higher 
derivatives of a superposition of functions [95] , it is not hard to calculate that the 
maximal order of singularity at the point cr = 0 does not exceed 72+ [7] + 1 — 87 < n. 
Therefore for |2:| > 1 we have 

|$o-3(2, 0,^)1 < C\z,\-^^ < |z| > 1, 

that is < C\z\^'^~'^~‘' . 

The function is estimated in the same way as $^’^(2:,^,^), due to 

the fact that r]i{cr) = 0 as |cr| < 1. We get 

\^liz,6,0\<C\zr-'>-', 1^1 > 1 , 

so that \^jy{z^9^^)\ < C\z\~^~^~^ , \z\ > 1. In order to prove (4.1.18), it remains 
to notice that 



as \z\ < 1. 



□ 
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Let Qoc{t, a) be a homogeneous function in a of the degree o > 0 depending 
on a parameter r of an arbitrary nature, which has, as cr 0, iV continuous 
derivatives in <j, and 



\d^Qa{r,a)\<GBN{r)\<jr-^^\ 

whenever \x\ < AT, 0, for all values of r. Let us consider the function 

= j Qa{r, a) exp{{iz, a) - a{ 0 ,^,a)} da. 

R" 

Lemma 4.2. If N >2n-\- [a] + [7] -f- 1, then 

\^a{z^0,^,r)\ < CB{r){l + (4.1.23) 

where C does not depend on 

The proof consists essentially of repetition of the arguments from the proof of 
Lemma 4.1. The only new point that appears is the following. In the decomposition 
of the integral the term 

= J no{(^)Qa{r,cT)exp{i{z,a)}d(T 

Rn 

(in contrast to the function proof of Lemma 4.1) need not belong to 

<S(E^). The technique of Lemma 4.1 gives the estimate 

<C 5 (r)|z|-”-“, \z\>l, 

which leads to the inequality (4.1.23). □ 

Let us consider the function 

^o{z, 0 ,^) = J exp{i{z,a) - a{e,^,cr)} da. 

R" 



Lemma 4.3. If N >2n-\- [7], then for any z, ^1, ^2 C ^ > 0, 

|$o(^,^,6) - $o(^,^,6)l < C|6 - 61^(1 + 

The proof is similar to that of Lemma 4.1. Some technical differences are 
caused by the necessity to obtain estimates of expressions of the form 

dl.[h{a{e,^i,a)) - h{a{9,C2,(r))] 

in two situations: for h{s) = e“^, \a\ > 1, and for a function h about which we 
know only that it has bounded derivatives of any order, for |cr| < 2. 
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By the Faa di Bruno formula 

X [a„.a(6»,^i,c7)]'"' dl.a{e,^i,a'^ ■ • • [^9^. a(6», , (j) j 

[daia{6,^2,(r)Y'' ••• 

(4.1.24) 

where the summation is over all tuples (mi, . . . , m^) of natural numbers, such that 

mi + 2rri2 H h (jim^ — I while /i varies from 1 to /; here k — mi -\ h Let 

us use the elementary formulas 

- {b'y = {b-b'w-^ + b‘'~H' + • • • + {b'y-\ 

Each summand in (4.1.24) is a sum of expressions containing one of the 
differences 

or 

1 'rriu r ~\ 'rriu 

multiplied by a bounded function and by a homogeneous function of the degree 

mi( 7 — l)+m 2 ( 7 — 2)H |-m,^( 7 — i/) = ^k—l (in the first case), or ^k—l—m^{^—u) 

(in the second case). Further, 

I /*('=) (a(0, , cr)) - ft W (a(0, 6 , (t)) I < C|a(0, ^ 1 , ^t) - a(0, ^ 2 , ct) I < C7|6 - 6 1^ kr ; 

I [a:. - [d:.a{e,(^2,o)Y''\ < 

Thus for \a\ < 2 

dl.{h{a{e,^i,cT)) - h{a{e,^2,(r))] < ci^i -6l^kr~*; 
for h{s) = e“^, |or| > 1, we get 

| A |^|7+(7-/)Z^-aokr _ 

With these estimates taken into account the proof of Lemma 4.3 goes just like 
that of Lemma 4.1. □ 




The next lemma can be proved in a similar way. 
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Lemma 4.4. Assume the conditions of Lemma 4.2. Then 

- <Ha{z,e,^2,r)\ < ^5(016 -6l"(l + 

where C does not depend on 

Under the above conditions (^ 41 ), (^ 42 ) we obtain from Lemmas 4.1 - 4.4 
the following estimates of the parameterized fundamental solution Z (uniformly 
with respect to the parameters): 

\d^Zo{t- n,x-y,9,^)\<C^{t- iJ,)^{t- + \x-y\^ (4.1.25) 



\x\ < N — 2n ~ [7], 

\dtZo{t- n,x-y, 6 ,^)\<C^{t- + \x-y\^ (4.1.26) 

\Zo{t - y,x-y,9,^i)- Zo{t- n,x-y, 6 , ^ 2 ) | 

<C'(i-/i)l$i-6l^ {t - + \x - y\ (4.1.27) 

\dtZo(t - n,x -y,e,^i) - dtZo{t - fi,x - y, 6 ,^ 2 )\ 

< C'(i-//)|^i -^ 2 !^ {t - + \x - y\ (4.1.28) 

We have the equation 

J Zo{t — dy — ^ ^>0, (4.1.29) 

which follows from (4.1.17) and the Fourier inversion. Using (4.1.26) we get from 
(4.1.29) that 

J dtZ{t - fj,,x-y,9, ^) dy = 0. (4.1.30) 

R" 

The inequality 

j dtZ{t- fj,,x-y,y,,y)dy < C(t - (4.1.31) 

R" 

follows from (4.1.30) and (4.1.28). 



4.1.5. An example. As we see from the above estimates, the fundamental solu- 
tion has at least a power-like decay at infinity. The next example shows that the 
estimates are exact, so that, in contrast to the parabolic differential equations 
considered in Chapter 2, here the FSCP does not possess an exponential decay. 
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Let n = 1, a{t^x^^) = |^|^, 1 < 7 < 2, ai = • • • = = 0. We shall consider 

the asymptotics of the function 

00 

Zo(t, x) = ^ReJ d^, t > 0, (4.1.32) 

0 

as X ^ oo and t is fixed. Since the function Zq is even in x, it is sufficient to 
consider x ^ +oo. We also may set ^ = 1; the general case is obtained by a change 
of variables. 

Let us calculate the Mellin transform 

oo 

{Mg){s) = J x^~^g{x)dx^ 0 <Res<l, 

0 



of the function g{x) = — f d^. The path of integration in (4.1.32) may 

^ 0 

be replaced by a ray arg^ = —5^ 0 < < tt/ 27 , so that 



oo oo 



(Mg){s) = J J 



dr 



(4.1.33) 



with 



1 



For 0 < (^ < 7 t /27 we obtain that 



G(x,r, s) = —X® exp{—irxe ^^)exp{—r^e 

7T 



oo oo 

[ dr f \G{x,r,s)\dx = , 

J J 7T7 V 7 / 



with s' = Res, a = sinS > 0, 6 = cos(7^) > 0. Hence Fubini’s theorem may be 
applied to the integral (4.1.33). Setting 2: = ixexp{— we rewrite the integral in 
X as an integral along the ray argz — ^ — 8. The latter integral can be replaced 
by an integral along the positive half-axis and evaluated in a closed form. The 
remaining integration in r is performed similarly - by the change of variables 
z obtain an integral along the ray argz = — and then replace it 

by the integral along the positive half- axis. As a result, we find that 



{Mg){s) = — (-i)*r(s)r 

7T7 



7 



If /(x) = Zq{1, x), then for a real s we have {Mf{s) = Re{Mg){s). Using the 
identity r(z)F(l — z) = -r ^ — we find that 



SinTTZ 



1 r(s)r(i7) 

(M/)(s) - - • r(i^)r(i±^)' 



(4.1.34) 
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By analytic continuation, the identity (4.1.34) is valid on the strip 0 < Re s < 
1. The inverse Mellin transform is given by 

c-\-ioo 

Zo(l,x)^^. j x-^{Mf){s)ds 

c—ioo 

where the path of integration is the straight line from c — ioo to c-fioo with 
0 < c < 1. Replacing s by —s and inserting (4.1.34) we get 

—C—ioo 



The path of integration in (4.1.35) may be deformed into one running clockwise 
around c. Now the formula (4.1.35) is actually the Fox function representation 
(see Appendix) 



Zo(l,x) 



-H. 




(4.1.36) 



The representation (4.1.36), together with the asymptotic formula (A.17) 
from the Appendix, shows that 

Zo(l, x) ~ -T(l + 7 ) sin ^ X 00 . 

7T 2 

This asymptotic relation means that the estimate (4.1.25) is exact. 

4.1.6. Heat potential. Let us consider the heat potential 



u(t, X, r) 




Zo{t - 



2/;M,y)/(/i,y) dy. 



(4.1.37) 



We assume the above conditions (A41), (A42) with N > 2n + 2(7] + 1. Suppose 
also that 

\fitJ-,y)\ < C{)i - t)~p, \fiiJ,,x) - fi(i,y)\ < C\x - y\^{n - t )“^, 

where 0</0<1,0<A<1. The integral in (4.1.37) is absolutely convergent due 
to (4.1.25). It also follows from (4.1.25) that the function n(x,t,r) has continuous 
derivatives in x of any order < 7, and they can be obtained by differentiating 
under the integral sign. 
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Just 8LS in the case of parabolic partial differential equations (see, e.g., Prop- 
erty 2.6), we obtain the formula 

t 

dtu{t,x,T) = f{t,x) + j d6 j dtZo{t - e,x - {6,0 - f{e,x)]d^ 

T 

t 

+ j f{6,x)dd j dtZo{t - 6,x - 06,0)d^- (4.1.38) 

r 

The proof is based on the estimates (4.1.26), (4.1.28), and (4.1.31). 

Now we shall consider the action of HSI operators of the form (4.1.9) 
on the potential (4.1.37). For brevity we do not indicate the dependence on the 
parameter t in the characteristics and symbols of HSIs. 

Let us begin with the simplest case when a < 7. Take a not an integer, and 
let l>[a] + 1. It follows from (4.1.10) and (4.1.25) that for \h\ < {t — 

\{AiZo) {t- ^i,x-y;|J,,y)\ 

< -/i)^ + |a; - 2/|j , 

iy=0 ^ 

0 < < 1. (4.1.39) 



By (4.1.25), 

i 

\{AlZo) {t- n,x-y,n,y)\ < C(t-;ti)^ [(i-^)^/^' + \x-y-uh\^ 

(4.1.40) 

for \h\ > {t — For a < 7 from these estimates and the Fubini theorem we 

get that the HSI converges absolutely, and 

t 

(Dfiw) (i, a;, r) = J dfj, J Za{t - fi,x,x - y,y.,y)f{n,y) dy (4.1.41) 

r R^ 

where Zq = D^Zq, that is 

Zq{s,x,z,p,(5) = {2'k)~'^ / fl{x,a)exp{i{z,(j) - a{p,!3,a)s} da, 



being the symbol of the HSI under consideration. By using (4.1.12), it is eaisy 
to see that (4.1.41) remains in force also in the case of an odd integer o; < 7 and 
an even characteristic Q. 
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The case a = 7 is much more complicated. Assume that the symbol Q{x, a) 
has A > 2n + 2[7] + 1 continuous derivatives in cr 7^ 0, and that 

|5^n(x,a)| 

1^^ - 0(t/,CT)] I < Cn\x - \x\ < N. 



Let also Q{x,a) / 0 if a / 0. If 7 is an integer, and the symbol Q>{x,a) is not a 
polynomial in a (which is possible only for an odd 7 and an even characteristic 
n), we assume in addition that in the expansion 

00 52 u 

= X] H C2i/,Mr2i/,M(o-), kl = 1, 

iy=0 /j,=l 

C 2 u,fi{x) = 0if7 = n-\-2i/ + 2k, k = 0,1,2, We shall not consider the case when 

n is a polynomial in a because it is covered by the classical theory of parabolic 
differential equations. 

Lemma 4.5. Under the above conditions the hyper- singular integral exists in 
the sense of the conditional convergence (4.1.11), and 



r2(x, <j) 



t 

(D^u) {t,x,T) = j dfi j Zn{t- y,x,x-y,n,y)[f{fi,y)- fin, x)]dy 



T Rri 



+ 



J f{y,x)dn j [Zn{t- n,x,x-y,fi,y) - Zn{t- n,x,x -y,ii,x)] dy, 

T 

(4.1.42) 



where Zq, = Dq-^o? that is 



2 :,^,^) = (27t) ^ j fl{x,a) exp{i{z,cr) — a{0,^,cr)t} da, 



and ft{x,a) is the symbol of the hyper- singular integral operator 
Proof Denote 



Us{t,x,r) 



t—s 



T 



Zo{t- n,x- y, y, y)f{n, y) dy, 



0 < s < t - r. 



Using (4.1.39) and (4.1.40) we prove the absolute convergence of the hyper-singular 
integral and the formula 



t—s 

(Dlus){t,x,T) = j dyj Zn{t- y.,x,x-y,ti,y)f{fi,y)dy. 
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We shall need the following properties of the function Zq: 



J Z^{t,x,z,e,i)dz = 0; 


(4.1.43) 


\Z^{t- ii,x,x -y,jjL,y)\<C {t - ^-\x - y\ 


(4.1.44) 


\ZQ{t - y,x,x- y,y,y) - Zait - fi,x,x- y,n,x)\ 
<C\x-y\^{t-fj,)\{t-n)^/’> + \x-y\] 


(4.1.45) 



The formula (4.1.43) is a consequence of (4.1.29); we use (4.1.39), (4.1.40), and the 
Fubini theorem. The inequality (4.1.44) follows from Lemma 4.2, while (4.1.45) is 
a consequence of Lemma 4.4. 

According to (4.1.43), 

t—s 

(D'^Us) {t,x,r) = j dn j Zn{t- ^l,x,x-y,^J,,y)[f{|J,,y)- f(fi,x)]dy 

T 

t—s 

+ j f(iJ,,x)diJ, j [ZQ{t- -y,y,y) - Znit- n,x,x - y,n,x)] dy. 

T 

(4.1.46) 

Let ^{t,x,r) be the function in the right-hand side of (4.1.42) (the integrals con- 
verge due to (4.1.44), (4.1.45)). Taking into account (4.1.44), (4.1.45) we see from 
(4.1.46) that uniformly with respect to x 



Im (D'^Us) (L X, r) = <^(f , x, r). 

Let us consider the restricted hyper-singular integral 



(4.1.47) 



t—s 

{t,x,r) = j dy J Zn,e{t- f^,x,x-y,y,y)f{y,y)dy, (4.1.48) 



where e > 0, ^Z. Our immediate goal is to obtain an integral represen- 
tation expressing ^Us in terms of We introduce the constant characteris- 
tic = Q(^, a) depending on ^ G as a parameter. Let be the correspond- 

ing symbol. Fixing the rest of the variables we denote F{x) = Z{t — fi^x — y\ fi^y) 
and express F via F. Since the Fourier transform of the function F 

equals Q,^{QF{C), we find that 
where Gx,i{z) = {x + z). 
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Let us expand the homogeneous function in a series of spherical har- 
monics: 

For each fixed ^ G the series converges uniformly with respect to so that 

Fix) = ( 27 T)-" f; ^ g^^io I CeCOKp icr^ ^c- (4.1.49) 

l'=0 U=1 mn 



The Fourier transform (in the sense of the space S'{R'^)) of the distribution 
(ll) equals 



n/2on-7 ^ T)/^) U|7-ny f 

F((^ + 7)/2) 



(see (4.1.8)), where Yy^(cr) = Yj^^{—cf). Strictly speaking, we cannot use this to 
transform the integral in (4.1.49), since ^ «S(M^). However if n/2 < Re A < n, 
then the formula 

I C«(C)4^m ( 1 ^) icr'^c 

= (h) 



is nevertheless valid, since in this case the function \(\ ^Yj^ 



l/fjL 



can be rep- 



resented as a sum of functions from Li(E^) and L 2 (E^). An explicit form of the 
function and the estimate for the function Gx,^ (see [150]) enable us to per- 
form in the standard way [87, 150] the analytic continuation in A and to prove 

(4.1.50) forA = 7y^nH-i^ + 2/c, /c = 0, 1, 2, 

Denote 

JJU _ n/22n-7| |7-n ^((^ + ~ 7)/^) 

^ 1^1 r((i/ + 7 )/ 2 ) 



St, 



xEE^ 

l/=0 /7,= 1 



.^ ri{n + u-j)/2) 

r((i. + 7)/2) 






The series converges uniformly with respect to z. Moreover, it follows from (4.1.5), 
(4.1.6), and (4.1.7) that the function H{^,z) is smooth in z for z 0: i^(^, •) ^ 

C[7] + l(5n-l)_ Now 

Fix) = ( 27 t )-” I Hi^, z) f ) ix + z) dz, 
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whence 



(d^ .F ) (x) =(2x)-” \d„Air'j (Da,f) (0 <K 






\h\>e 



Writing out the expression for the difference in detail and making the substi- 
tution h =\Q\y^ (^ = erf^ after elementary transformations we get 

(x) = I m,v) (bIf) {x-eri)dTi, (4.1.51) 



where 



K{i,ri) = {21^) ”K,;(7)] ^ \v\ 



/ 






\y\>\v\~ 



\y\n+-/ 






1 . 

\y\ 



We need the following auxiliary result. 

Lemma 4.6. The function K{^,r]) is integrable with respect to rj, and 



dy. 

(4.1.52) 



jK(tv)dv=l. (4.1.53) 

R" 



Proof. An estimate of K for |r/| — > 0 immediately follows from (4.1.52): 

if7<n, 






\t]\ 0 . 



[C, if 7 > 

In order to obtain an estimate for \t]\ oo, we first prove that 



(4.1.54) 



(plH^){r,) = {dMr' j 



= 0 (4.1.55) 



for any rj ^ 0. 

Let us consider the functional 



{R, (f) = liin 

£— )-0 




{x)dx 



R" 
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defined on real- valued G Writing the difference operator explicitly, after 

interchanging integrals we find that 

{R, (p) = lim f ri) (»/) 

By (4.1.13), 

(D;^.,,^)(r?)|<C'(l + H)-"-^ (4.1.56) 

where the constant does not depend on £: > 0. Therefore 

{R,p) = I (d?,.^) ir])dr]. (4.1.57) 

The functional R is continuous, that is R e Indeed, if (frn — > 0 in 

we have 

I(fi,‘^m)|< J |Hi(C,»7) (»?) drj+ j iv)\ dv- 

|r)|<l |? 7|>1 

The second summand tends to 0, as m oo, by the estimate (4.1.56) with 5 = 0 
and the constant independent of m. In the first summand the HSI is 

estimated directly with the use of (4.1.10). 

Let us calculate the Fourier transform R, 

{R,p) = {27rr{R,(^, 

where p is the inverse Fourier transform of p. By (4.1.57), 

(R,p) = J 77 ) ipj (77) dri. 

Since the symbol of the HSI equals (—(■), we find that 

{R,p) = (277)”! [%(-C)v^(-0] dv. 

As before (see (4.1.50)) we can throw the Fourier transform over ifi, and 
since Hi emerged from the expansion of 1/Q in spherical harmonics, we come to 
the equality 

{R,p)^ j piOdC, 

R^ 



that is i? = J. 
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Suppose that the support of the function (/? is contained in a layer i/ < \x\ < 
N. Direct estimates show that | (^)| — ^ u < \x\ < N where C 

depends on u and AT, but does not depend on e. Then we may pass to the limit, 
as ^ 0, in the integral defining the functional and since {R^ (p) = (p{0) = 0, 
we find that 

J ^{x) (x) = 0 . 

Since (f is arbitrary, this implies (4.1.55). 

Using (4.1.55) we can rewrite (4.1.52) for 77 ^ 0 as 









|y|n+7 



' M ' 



Suppose first that 7 is not an integer. Since Hi £ ^), we find that 

and an elementary estimate based on (4.1.10) shows that 

\K{tv)\ < H (4.1.58) 



where {7} is the fractional part of 7. 

Thus, for the case, where 7 is not an integer, the inequalities (4.1.54) and 
(4.1.58) imply the integrability of K. 

Let 7 be an odd integer, and the characteristic Q be even. Then our HSI can 
be defined by the formula (4.1.12) with I — 7. For this case 



m,r,) = {2n)-[dM~"\vr 

- I ( h ) "" 

\y\<\v\-^ 

where = 1 for /li = 1, 2 , . . . , (Z — 1)/2, and C((+i)/2 = 1/2- It follows from (4.1.59) 
and (4.1.10) that in this case 



\K{^,i])\<C\'n\ " \ ItjI^oo. (4.1.60) 



Again, (4.1.54) and (4.1.60) imply the integrability of K. 

We have actually proved the relation (4.1.51), with an integrable function K, 
for a general class of functions F, for example, for any non-zero F £ 5(R") whose 
Fourier transform vanishes on a neighbourhood of the origin. For such a function 
F, Dl^F € 5(R" ) and does not vanish identically. In this situation we may pass 
to the limit in (4.1.51), as s — ^ 0, which implies (4.1.53). □ 




4.2. Cauchy problem 



287 



Continuation of the proof of Lemma 4.5. Now we return to 

F{x) = Zo{t- fi,x -y; fx, y). 

Setting ^ = a: in (4.1.51) and returning to the previous notation we find that 
fJ.,x,x-y,fx,y) = j K{x,r])Zn{t - n,x,x - ey - y, n,y) dr]. 

Substituting in (4.1.48) we get that 

(<, a:;, -r) = y K{x,r]) (D^Us) (t,x - st],t) drj. (4.1.61) 

As s ^ 0, we have that Us{t^x^T) u{t^x,r)^ uniformly with respect to 
X G Hence for s ^ 0, 

(^> 2 ;,r) — > {t,x,T). 

Using (4.1.47) we pass to the limit in (4.1.61) as s ^ 0. Then 

(i,a;,r) = f K{x,r])m,x - er],T) drj. (4.1.62) 

It follows from the uniform convergence (4.1.47) that the function $(t, x, r) is con- 
tinuous in X. Now from (4.1.62), (4.1.53), and the dominated convergence theorem 
we get the existence of the limit 

(D^u) {t, x, t) = lim (d^,^w j {t, x, r) = #(i, x,t). □ 

4.2 Cauchy problem 

4.2.1. Existence of a solution. By a solution of the problem (4.1.1), (4.1.2) we mean 
a bounded function u(t,x), jointly continuous on H[o,t]? which satisfies the initial 
condition (4.1.2), and satisfies the equation (4.1.l) with A and Ak replaced by 
the appropriate conditionally convergent hyper-singular integral operators and 
, or by differential operators understood in the classical sense, if corresponding 
symbols are polynomials in 

Theorem 4.1. The Cauchy problem (4.1.1), (4.1.2) possesses a solution 

t 

u(t,x) = I dr /r„ ,x-,T,^)f{T,0d^ + j T{t,x;0,^)ip{^)d(, 

0 



(4.2.1) 
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where a fundamental solution T{t,x;T^^), 0 < r <t <T, is of the form 

r(t, x;t, 0 = Zo{t-T,x-^;T,^) + W {t, x\ r, 0 , (4.2.2) 

|H'(f,a:;T,{)| < c|(( - [(( - r)'/’ + |i - £|] 

k=l ^ 

7m+i = 7 - A, (4.2.3) 

while Zq satisfies the estimates (4.1.25)-(4.1.28). 

Proof. According to the usual scheme of the Levi method, the FSCP is sought in 
the form (4.2.2), where 

t 

W{t,x;T,^) = j j Zo{t- jJ.,x-ir,n,r])^iJ.,ir,T,^)dr], (4.2.4) 

r 

and ^ is determined from the integral equation 

t 

^{t,x;T,^) = P{t,x;T,^) + P{t,x; n,r))^{n,r];T,^) dr], (4.2.5) 

r 
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The integral equation (4.2.5) can be solved by the method of successive ap- 
proximations: 

CXD 

^{t,x;T,^) = (4.2.8) 

y=l 

where P\ = P, 



I 

Pt,+i{t,x;T,^) J dfi j P{t,x;fi,T])P{iJ.,r];T,^)dr], z/ = l,2,. 



r 



We get estimates of the iterated kernels by induction from (4.2.7) and Lemma 

1.11: 



\PAt,x;r,0\ < 



[r(A/7)]^ 



r(j.A/7) 



+ 



m 



•n— 7 +A 



+ k-C! 



From this and the Stirling formula we deduce the convergence of the series (4.2.8), 
along with an estimate of the solution 






I -n-7fc 



k=l 



(4.2.9) 



The inequality (4.2.3) follows from (4.2.9) and Lemma 1.11. 

Let P = P[ — P 2 where 

P[{t,x;T,^) = ( 27 t)“” / [a(T,^,fr) - a{t,x,a)]ey^{i{x - ^,(t) - a{T,^,a){t - r)}da, 

m « 

P2(^,a:;'r,^) = ( 27 r)“"^ J ak{t,x,a)exp{i{x - ^,a) - a{T,^,cr){t - T)}d(T. 






We consider the function 

R{x, y, t, t) = P{t, x] T, - Pit, y,T,^) 

= Ri{x,y,t,^,T) - R 2 {x,y,t,^,T), \x - y\ < 1, 

Rj{x,y,t,i,T) = P'j{t,x\T,i) - P'{t,x;T,^), j = 1,2. 



where 
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Let us estimate Assume first that \x — y\ > (^ — Let A', 0 < A' < A, 
be fixed. Carrying out an estimate as in (4.2.6), we get that 

< C{t - I [l + |x - ^ ~ 



+ 






-n— 7+A 



} 



< C\x - yf{t - [l + - ^\{t - 



— n— 7+A 



where ^ is the one of the points x or y that is closest to 

Now assume that \x — y\ < {t — We write Ri in the form 

= (27t)“”/2 j{exp[i{x - a)] - exp[i{y - C, a)]} 

X [a(r, a) — a(t, x, cr)] exp[— a(r, a)(t — r)] da 

+ j [a{T, y, a) - a{t, x, a)] exp[i{y - (t) - a(r, a){t - t)] da 

R" 

= Rn + Ri 2 . 



Using Lemma 4.2 and the fact that either \y — ^\ > |^ — CL 

Irr - 41" < 2" (|:r - y|" + ^ - 4|") < 2" [(i - r)V^ + \y - 4|"] , 
we arrive at the estimate 

. xs / r /I — 'H-— 7 +a 

|i?ii(a;,2/7,^,r)|<C(t-r)-("+^-")/'^[l + |4-4l(^-r)-'/^J • (4.2.10) 

On the other hand, 

exp{i(x - 4, a)} - exp{i{y - 4, a)} 



whence 

Rii 



i 

= i[{x-y,a)] j exp{i{y-^,a{l- p))+i{x-^,ap)}dp, 



{x, y, t,^,r) =i j {x - y,a) I j exp{i{y - 4, a{\ - p)) + i(x - 4, ap)} dp 






X [a(r, a) — a{t^ x, cr)] exp[— a(r, a){t — r)j da, 

\Rii{x,y,t,^,T)\ <C\x-y\ j |cr|^+^exp[-ao|crP(i - r)] da, 
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so that 

|i^u(a:,y,^,C,r)| (4.2.11) 

We raise both sides of (4.2.11) to the power e G (0,1) and both sides of 
(4.2.10) to the power 1 — e, and multiply the resulting inequalities getting 



\Rn(x,y,t,^,T)\ 

< C\x - y\^{t - ry^n+'i-x+eix+i))/^ h |^_ _ ^yih 

An estimate of R \2 follows at once from Lemma 4.2: 
\R\2{x,y,t,i,T) \<C\x-y\^{t- r)-("+T»/T' [l + |t/ - ^\{t - 
< C\x - yf {t - r)-^ri+~,-x+x'))/-t [i + 1^_ 



-(n+7-A)(l-e) 



-n— 7+A 



Suppose that 



e' < min 



A 7 - A 
A + l’n + 7 - A 



A < min(A',e'), A = max(A',£:'(A + 1 )), 



and A = A + (n + 7 — X)e'. Combining the above estimates, we get 
y, t, r)| < C\x - y\\t - r)-^r.+,-x+x)/^ ^ 

(4.2.12) 

where 0<A<A, 0<A<A, and A < 7 . 

An estimate of R 2 is obtained similarly: 



1^2(2;, I, r) I 

m r 

< C\x-y\^ E 

k=l ^ 

+{t - [1 + 1^- C|(i - I . 






-n-7fc+£(n+7fc) 



(4.2.13) 



where e e (0, 1) can be chosen arbitrarily (and the constants C and A depend, of 
course, on e). 

We consider a function u{t^ x) of the form (4.2.1) and see that it is a solution 
of the problem (4.1.1), (4.1.2). Let 



Ui{t,x)= j dr jr{t,x-,T,^)f{T,^)d4, 
0 

U2{t,x) = j r{t,x-,0,^)y>(0d^- 
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Then, by (4.2.2) and (4.2.4), 



Ui{t,x)^ j dr j Z{t-T,x-^;T,^)f{T,^)d^ + j dfi j Z{t- n,x-r];iJ.,r])F{iJ.,r])dr], 
0 0 

(4.2.14) 

t 

U2{t,x) = j Z{t,x-^;0,^)(p{^)d^ + j dn j Z{t- fj.,x-r);n,r])G{iJ.,r])dr], (4.2.15) 



0 B" 



where 



F{p.,r]) = j j ^ j $(^,jj;0,O<p(O'^- 

0 



The interchange of integrals is justified with the help of (4.1.25), (4.2.9), Lemma 
1.11, and Fubini’s theorem. 

Let us study properties of F and G. According to (4.2.5), 



t 

$(t,x;r,^) - #(t,y;r,0 = i?(a:,J/,t,^,T) + j dfi J R{x,y,t,r], dr). 



Using (4.2.9), (4.2.12), (4.2.13), and Lemma 1.11, after elementary transformations 
we get 

\F{y,rj)\ < c, \F{fx,m) - f (/ x , 7 ? 2 )| < c\m - m\'^, 

\G{n,r])\ < CpT'’, \G{y,-ni) - G{n,rj 2 )\ < Clryi - ?72|V“^, 

where p < 1 and 0 < A < 1. 

Thus, (4.2.14) and (4.2.15) give a representation of u{t^ x) as a sum of volume 
potentials to each of which Lemma 4.5 is applicable. Computing the derivative 
with respect to t according to (4.1.38), and the HSIs and according to 
(4.1.41) and (4.1.42), we see by a direct calculation that u{t^x) satisfies (4.1.1). 

Next, it is obvious that ui{0,x) = 0. Moreover, it follows from (4.1.25) and 
(4.2.3) that ui{t,x) 0 ast 0, uniformly with respect to x G It also follows 
from (4.2.3) that 

j IT(t,x;0,^)(p(^) ^ 0, as ^ ^ 0, 

uniformly with respect to x G Consider the function 

v{t,x) = j Z{t,x - ^■,0,O(fi{Od^ =: Vi(t,x) +V 2 {t,x) 

R" 
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where 

Vi {t, x) = j Z{t, x)(f{^) d^, 

V 2 {t, x) = j[Z{t, a; - 0, 0 - Z{t, x - ^;0, a:)](/3(0 d^- 

Using (4.1.27) we see that V 2 {t,x) — > 0 as ^ 0, uniformly with respect to 

X G M^. Finally, by (4.1.29), 

Vi{t,x) = ip{x) + j Z{t,x-^;0,x)[(p{^)-(p{x)]d^. (4.2.16) 

It follows from the definition (4.1.17) of the function Z that 

Z{t, x-^-,Q,x) = r^l'^Z{\,t-^l'^{x - 0, a;). 

After the substitution in (4.2.16) and the change of variables y = t~^!'^{x — 4) we 
find that 

Vi{t,x) = if{x) + j Z(l,y,0,x)[p(x - -(p{x)]dy. 

R^ 

Using (4.1.25) and the dominated convergence theorem and taking into account 
that if is continuous and bounded, we get that vi{t,x) (p{x) as t ^ 0, for all 
X G Moreover, if Xk — ^ xq, t ^ 0, then vi{t,Xk) — > (f{xo). Combining this 

/e— >oo 

with what was proved above, we come to the conclusion that t/(0,x) = ^{x), and 
u{t,x) is jointly continuous on [0,T] x □ 

There is also a version of (4.2.1) for the caise when the equation (4.1.1) is 
considered for t > r, with the initial condition u{r,x) = (p{x). Then a solution of 
the Cauchy problem is given by the formula 

t 

u{t, x) = jdej T{t, x; 0, Of{0, Od^ + I r(t, a:; r, Ov>(0 d^- (4.2.1') 

r R« 

4.2.2. Non-negative solutions. Let us consider a subclass of equations of the form 
(4.1.1) whose solutions have properties similar to those of solutions of second order 
parabolic differential equations. 

Consider the equation (4.1.1) with f{t,x) = 0 and 1 < 7 < 2. Assume the 
conditions of Section 4.1.1. In particular, if 7 = 2, then 

n 

A = ^ ^ x^dxjdxi 
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is a second-order elliptic differential operator whose coefficients will be assumed 
real- valued. Representing all the ^DOs as HSIs we write (4.1.1) in the following 
form, which encompasses both the case 7 = 2 and the case 7 < 2: 



n 

Lu = dtu(t,x) - ^ aji{t,x)dxjdx,u{t,x) 



+ 




(t,x) 

|/l|n+7 



dh 



+ 



m 



E 



1 

dn,l ('TA:) 





(A^m) {t,x) 
|/l|n+7fc 



dh 



+ ^ bj {t, x)dx^ u{t, x) = 0, 

J = 1 



(4.2.17) 



where the coefficients bj{t,x) are real- valued, /? = 1 if 7 = 2, and /? = 0 if 7 < 2. 
The last sum in (4.2.17) is absent if 7 = 1. 

We also assume the following additional condition. 

{A 44 ) The characteristics ft and ft^ are even (except, possibly, those flk, for 
which 7fc < 1) and non-negative. 

Let u{t, x) be a solution of (4.2.17), jointly continuous on and satisfying 
the initial condition 

u{r,x) = (p{x) (4.2.18) 

where is a continuous bounded function. As earlier, HSIs are understood in the 
sense of the conditional convergence (4.1.11). The function u{t^x) is assumed to 
be continuously differentiable with respect to a: (if 7 > 1) and t iov t > r, and if 
7 = 2, also twice continuously differentiable with respect to x. 

Lemma 4.7. If (f{x) > 0 for all x G and u{t^x) 0 as \x\ 00 , t > r, then 

w(t, x) > 0 for all X € and t € [r, T]. 

Proof It suffices to consider the case when u is real-valued. Let 



a= inf u{t,x). 

Suppose that a < 0. We introduce the function 



v{t, x) = u{t, x) {t — r)p 

where p is a fixed number with 0<p< —a/{T — r). Obviously, 

inf v{t, x) < 0. 

(t,a:)Gn[T- X] 



(4.2.19) 
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Since v{t^ x) is jointly continuous on 7 ^], u(r, x) = (f{x) > 0, and x) 

{t — r)p > 0 2 LS |x| 00 , t > r, it follows that v{t,x) has a negative global 

minimum at some point (to^xo). Here xq G and r < to < T. It is clear that 
Va;^’(^ 0 :^o) = Oj dtv{to^xo) = 0 it to < T, and dtv{to,xo) < 0 if to = T. It is 
known [83] that 

n 

^ aji{to,xo)dxidxjV{to,xo) > 0 . 
j,(=i 

All the HSIs in (4.2.17) have even characteristics and orders less than 2 . Therefore 
we may set / = 1 , so that 

(Aftw) (to,xo) = v{to,xo) - v{to,xo + h) < 0, 

which implies the inequalities 

(to,xo) < 0, (^ 0 , a;o) < 0. 

Passing to the limit as e ^ 0, we get similar inequalities for and T>ly. 

Thus, (Lv){to,xo) < 0. However in view of (4.2.19) (Lv){to,xo) — p > 0, and 
we have come to a contradiction. □ 

Let r(t,x;r,^) be a FSCP for the equation (4.2.17), and let 

u{t,x)= j T{t,x-,r,iMOdi. (4.2.20) 

Assume that the function (p has a compact support. It follows from (4.1.25) and 
(4.2.3) that u{t,x) 0 as \x\ ^ oo, t > t. The function u{t^x) is a solution of the 
Cauchy problem (4.2.17)-(4.2.18). The next result follows now from Lemma 4.7. 

Theorem 4.2. If the condition (A44) is satisfied, then T{t, x\ >0 for all x, ^ G 
R^, t > r. 

As a corollary to Lemma 4.7 we also have the following fact. 

Lemma 4.8. If the condition (A 44 ) is satisfied, then the problem (4.2.17)-(4.2.18) 
can have at most one solution tending to zero as \x\ — ^ 00 . 

It is deduced in the standard way from Lemma 4.8 and the estimates (4.1.25) 
and (4.2.3) that for r < cr < t < T, 

r{t,x-,T,^) = j r{t,x-,CT,y)r{a,y,T,^)dy. (4.2.21) 

R^ 



Lemma 4.9. If the condition (A44) is satisfied, then for all x t > t, 

[T{t,x;T,^)d4 = 1 . 

K" 



(4.2.22) 
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Proof. We write the operator L in the right-hand side of (4.2.17) in the form 
L = dt + M. Suppose that if G 'ip(x) — 1 for |o:| < 1/2, and — 0 for 

\x\ > 1. Let (f}^{x) = z/ = 1, 2, 

Consider the Cauchy problem 

dtu{t,x) -h {Mu){t,x) = fi,{t,x), t> T] (4.2.23) 

u{r,x) = (^y{x), (4.2.24) 



where fjy{t,x) ^ {M(fj,){t,x). 

The HSI operators and act on the function (pi, G C^(M’^) as ^DOs 
of the form (4.1.3). This implies that is bounded and Holder continuous with 
respect to x (uniformly with respect to t). Therefore the solution of the problem 
(4.2.23)-(4.2.24) can be found from (4.2.1'): 



u{t,x) 



T 



According to (4.1.13), 



\fu{t,x)\ <Cj,{l-{-\x\) ^ a = min( 7 , 7 /c) > 0. 

Using this estimate and the inequalities (4.1.25) and (4.2.3), we see that u{t, x) ^ 0 
as |x| 00 , t > r. 

On the other hand, the function w{t,x) = (pjy{x) also satisfies (4.2.23)- 
(4.2.24). By Lemma 4.8, w(t^x) — u(t,x), so that 



t 

M^) = jde jr{t,x-,e,OM0,Od^ + jr{t,x-,T,0M0d^- 

T E"^ 



(4.2.25) 



We have just used the estimate of for a fixed u. Now we study its behaviour 
as ^ 00 . Obviously, 



(a;) = '^{-l)'^C^ip^{x - kh) 
k=0 
2 

= - kh)/i 

k=0 

= (K/ui’) ( 2 ^/^). 






dnAlk) 






so that 
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According to (4.1.10), 

|(A^t/>) {x/v)\ < C\s\^ sup sup \D'"il){y)\ < C\s\^. 

\n\=2yeW^ 



From this we have 







ds 

5|n+7fc-2 



+ / 

I^I>1 



ds 

|5|n+7fc 






where C is independent of i/, x, and t. 

If 7 < 2, then the proof that \{Dj^ipy) (t,x)| < is similar. It is also 

obvious that \D'^(pj^{x)\ < 

Thus, \fjy{t^x)\ < Cv~°" for all x G M’^, t > r. It follows from (4.1.25), (4.2.3), 
and the dominated convergence theorem that 

j ^{t,x;T,^)<f^{^)d ^ — > j T{t,x;T,^)d4 



as 1 / 00 . Passing to the limit in (4.2.25) as i/ ^ oo, we get (4.2.22). □ 



Let .B be a compact subset of 



Lemma 4.10. The following relations hold: 

1) lim sup / r(t, x; r, ^) df = 0. 

\x\>i',0<T<t<T J 
B 

2) For any e > 0, 



lim sup / r(t,x;r, ^)d^ = 0. 

xeB,0<r<t<t-\-5 J 

\^-x\>e 



The proo/ follows easily from (4.1.25) and (4.2.3). □ 

Suppose now that the operator L is defined for allt > 0, and all the conditions 
of Sections 4.2.1 and 4.2.2 are satisfied for all T > 0. Using Theorems 4.1 and 
4.2, the identity (4.2.21), Lemmas 4.8-4.10, and general theorems about Markov 
processes [40], we arrive at the following result. 

Theorem 4.3 The FSCP r(t,x;r, f) is a transition density of a bounded non- 
terminating strict Markov process without second kind discontinuities. 
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4.3 On qualitative properties of solutions 
of some equations with constant symbols 

4.3.1. Introduction. In this section we use the estimates of the FSCP for an equa- 
tion with a constant (that is, independent of t^x) homogeneous symbol obtained 
in Section 4.1, in order to find conditions for the stabilization of solutions of the 
Cauchy problem, and also to prove a version of the Liouville theorem. The proofs 
are similar to the ones for parabolic differential equations [45, 71, 72, 75, 197]. 

First we repeat, in a form convenient for subsequent applications, some of 
the above definitions and results. 

We consider the equation 

dtu{t^x) [Au){t^x) = (4.3.1) 

where A is a pseudo-differential operator with a symbol a(^), homogeneous of a 
degree 7 > 1 , satisfying the conditions: 

(^45) Rea(^) > ao > 0 , ^ G |^| = 1 ; 

(^ 45 ) a(^) has N continuous derivatives in ^ / 0, and 

|afa(0| < 

for all X with \x\ < AT, iV > 2n + 2 [ 7 ] + 1. 

The simplest (but also the most important) example is the equation (4.3.1) 
with the symbol ao(^) = for which the condition {A^q) is fulfilled for any x. 

We shall investigate properties of solutions of the equation (4.3.1) represented 
by the Poisson integral 



u{t,x) = J Zo{t,x -y)ip{y)dy (4.3.2) 

R” 

and defined on the half-space = {{t^x) : 0 < t < oo,x eR'^}. 

The function Zo{t,x — y) is given by the formula (4.1.17), that is 

Zo{t, X — y) = / exp{z(x — y, cr) — a{(r)t} da. (4.3.3) 



It will be convenient to rewrite this function as 

Zo{t, x-y) = - y)t~^^^) (4.3.4) 

G{z) = (27t)“^ y expjizcr - a{a)}da. 



where 
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It follows from the estimates (4.1.25) for Zq that 

\D^G(z)\ < \k\<N-2ti- [7]. (4.3.5) 

We shall use also the equality (see (4.1.29)) 

J Zo{t,x — y) dy = I, t>0,xeR^, (4.3.6) 



whence 

j G{z)dz = l. 



(4.3.7) 



4.3.2. Stabilization. Basic definitions and results. We consider solutions of the 
Cauchy problem (4.3.1) represented by the Poisson integral (4.3.2). 

Definition. A function u{t^x) defined on the half-space = {(t^x)| 0 < t < 

00 , X G M^} is said to stabilize to a function v{x), as t ^ 00 , 

1) uniformly on every compact subset of if u{t,x) — > v{x) uniformly with 
respect to x E K , for every compact subset K C 

2) uniformly^ ifu{t,x) v{x) uniformly with respect to x e ; 

3) at a point x^ eR'^, if u{t^x^) v{x^). 



Let us formulate a simple theorem giving sufficient conditions of the stabi- 
lization, uniform on every compact set. Denote by Re one of the coordinate angles 
of that is the set of points x G E^ whose coordinates satisfy the inequalities 
EiXi > 0, . . . , SnXn > 0, where e = (ei, . . . , e„) is a fixed vector with the compo- 
nents equal to 1 or —1. Let Rea be the parallelepiped {^iXi < ui, . . . 

Oi > 0,i = l,...,n}. Reab will denote the parallelepiped {bg < Xg < hs -j-tts, if = 

n 

1; bs — Os < Xg < hs, if = —1, s = 1, . . . , n}. Let A = H 

S=1 



Theorem 4.4. Let the symbol a satisfy the conditions (A^^), (A 4 q), while the initial 
function ip is bounded and continuous. Suppose that one of the following conditions 
is fulfilled: 

a) the function ip has an angular limit mean value, that is the sequences 



— J ip{y)dy, in which ai,...,an tend to infinity independently of each 

^ Rea 

other, have a finite limit I, the same for all the vectors e; 



b) the symbol a is an even function of the arguments • • • ,^n; the func- 
tion ip has the centrally- symmetric mean value, that is a finite limit I of the 
sequences 

jx I 

i?eaUi?-ea 



as the coordinates of the vector a tend to infinity independently of each other, 
and the limit is the same for all the vectors e; 
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c) the symbol a is an even function, separately in each of the arguments 
^n, CLmi the function ^ has the limit mean value, that is the expression 

a\ an 

^ J ■■■ I ^{y)dy 

0>1 CLn 

has a finite limit I, as ai, . . . ,an tend to infinity independently of each other. 

Then u{t,x) I, as t ^ oo, uniformly in every finite parallelepiped of the 
space 

Proof Suppose that the condition a) is fulfilled. Note first of all that it is sufficient 
to consider the case / = 0, since 

u{t,x)-l= / Zo{t,x -y)[ip{y) ~l]dy 

B" 



and 

^ j <fi(y) = \ j 

Rea Rea 

as tti , . . . , ttn ^ oo, since A is the volume of Rea- 

Secondly, if a function has the angular limit mean value I, then 

^ j v{y) dy — » i, 

Reab 

as ai,...,an oo, uniformly with respect to such vectors h that |6/e| < M, 
1 <k <n. Indeed, 

^ J <p{y) dy-l = ^ J [(fiy) -l]dy = Sa,b + \ J i'^iy) ~ ^1 dy, 

Reab Reab Rea 

where Sa,h is a sum, in which every summand contains integrals of the form 



0 




hk 



^k 




£kO>k 



tending to zero, as ai, . . . , oo, uniformly with respect to bk, \bk\ < M. 
Writing our solution as 

u{t, x) = j G({x - y)t~^^'*)(p{y) dy 

K" 
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we make the change of variables y = x Then 

u{t,x)= [ G{(3)(p{x i-t^^'^l3)dl3 



( Pi Pn \ 

dp,...dp„ j ...jip{x + dp dp. (4.3.8) 
0 0 / 

Integrating by parts in (4.3.8) we obtain the equality 

( Pi Pn \ 

j ■ ■ ■ j + t^^'^P)dp \ dp. (4.3.9) 
0 0 / 

Here we used the estimates (4.3.5) and the boundedness of the function ip. 

We have to prove that u{t,x) 0 uniformly with respect to x, |x| < 
where K is an arbitrary positive number. In fact we shall show that for any e > 0 
and K > 0 there exists such T that \u{t^x)\ < e for arbitrary t > T and |x| < K. 
Let us write the right-hand side of (4.3.9) as a sum of three integrals 



u{t, x) — ( — 1)^ I J + J -\- I = A + ^2 + -^3* 



(4.3.10) 



^^1 = {{Pi,-- -,Pn)\ 3s e {1,. ..,n}, |/3s| > 5^ > 0} , 

^^2 = {{Pi,-- . ,/?n)| Vs G {1,. ..,n},0 < < |(5s| <Bs>0}, 

^3 = {(A, - • . ,/3„)| 3s G {1,. ..,n}, |/?s| <hs}. 

The estimate (4.3.5) with \>c\ = n and the assumption a) show that the inte- 
grals 7/c, A) = 1, 2, 3, exist and are bounded, uniformly with respect to t. Therefore, 
given £ > 0, one can choose Bs large enough, and hs, s = 1, . . . , n small enough, 
depending on e, in such a way that for any t,x, 






Let us give an estimate of / 2 . 
Consider the function 



Pi Pn 



9t{P) = 



ip{x + p-^'^p) dp 



i=i 



Xi-\-V''^Pl Xn-\-t^^^Pn 



/ / if{a) da. 
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Since (/? has zero angular limit mean value, for any (5 > 0 there exist such 
Nn that, as soon as > TVs, s = for any x with \xj\ < K, 

j' = 1, . . . , n, we have 



Now we choose the number 



f3i Pn 

/ ••• / <P{«) 



da 



< 5. 



(4.3.11) 



<5 = 



3C„ 



f[Bij{i + \p\y 



(n+7) 



dp 



{Cn is taken from the inequality (4.3.5)), and the number T > 0 in such a way 
that 

> max \Nih~^}. 

~ l<i<n ^ 

Using the estimates for derivatives of the function G, and the inequality 
(4.3.11), we find that for any t > |x| < X, 



/ 



\h\<Cn I (1 + 



ns. 

2=1 



1 / •• 



t-C ' 'Pn 

j <P(a) 



da 






Combining the estimates obtained for ly, 12,1s, we see that \u{t, x)\ < e for t > T 
and \xj \ < K. Thus, for the case a) the assertion has been proved. 

In the case b) we use the representation 

Pi Pn 00 

X j ' j + I I (f{x + dp 



0 0 



~Pl ~Pn 



dp, 



(4.3.12) 

while in the case c), in which G(/?i , . . . , Ps, . ■ . , P„) = G{pi ,.. . , -ps, ...,p„),s = 






/3l Pn 






B" 



-/3i -/3„ 



dp. (4.3.13) 
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The representations (4.3.12) and (4.3.13) make it possible to repeat the reasoning, 
used above for the case a), in the situations where we assume the existence of the 
centrally-symmetric mean value and the limit mean value respectively. □ 

4.3.3. Necessary and sufficient conditions for uniform stabilization. 

Theorem 4.5. A solution (4.3.2) of the equation (4.3.1) with a hounded continuous 
initial function (p has the property of uniform stabilization, if and only if p has a 
uniform limit mean value, that is 

vx 

as N ^ oo, uniformly with respect to x. Here = {/3| \Pi — Xi\ < N,i = 1, . . . , n}. 
Proof. It is sufficient to consider the case / = 0. 

1) Sufficiency. Let p have the uniform limit mean value 0, that is for any e > 0 
there exists such Nq{£) that for all N > No{e) and any x, 



1 

(27V)^ 



J v{y) dy 



< e. 



Using the arbitrariness of x, we can establish a similar inequality, with the integrals 
taken not over cubes but over parallelepipeds ... • \Pi ~ ^i\ < = 

1, . . . , n} where N{ tend to infinity independently of each other. This implies the 
existence of the zero angular limit mean values of p, and (by Theorem 4.4) the 
stabilization of u{t, x) to zero. The arguments from the proof of Theorem 4.4 show 
that in this case the stabilization is uniform with respect to x. 

2) Necessity. Suppose that u{t, x) 0 uniformly with respect to x whereas the 
initial function does not possess the uniform limit mean value. This means that 
there exists such £o > 0 that, for any positive Nq, we can find such N > Nq and 
such a point rj = (771 , . . . , 77^) that 



\S{N,r,)\>eo. (4.3.14) 

Consider a cube Vb = {\{zi,. . . , Zn)\ < B}. Using (4.3.7) we write 

1 = Jc{z)dz = J G{z) dz + / G{z)i 



I dz 



Vb 



^\Vb 



and choose B in such a way that 

j \G(z)\dz<^, j \G{z)\dz>l-^ 

K"\Vb Vb 



(4.3.15) 




304 



Chapter 4. Equations with Quasi-Homogeneous Symbols 



After the change of variables y = x + the representation (4.3.2) takes the 
form 



u{t, x) 



j G{z)y:){x + dz + j 
Vb M^\Vb 



G{z)(.p{x + dz = h -\- 12 . 



Suppose for simplicity that \^{x)\ < 1. Then I/ 2 I < 



^0 



N, 



(k) 



The subsequent reasoning will be based on (4.3.15). Let us take a sequence 

00 . By (4.3.14) we can find a sequence — > 00 , and points such that 

\S{Nk,r]^^^)\ > 6o- In fact, we may assume that S{Nk,rj^^^) > £o- Let us define a 

sequence of time instants tk = (—^Nk) 00 . We have 

\SnB J 






^ 1 




^ [ < 


J G{z)(fi{x + dz 


^ dx 


(2ATfc)" J 




[r-X^b j 





We give an upper bound for the subtrahend in the last difference: 
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Let us give a lower estimate of the minuend. We have 



Vb 



Vs 









1 f 


> 


/ G{z)dz 




{mr J 




Vb 







1 (f{x-\-zt^^^)dx — 


/ ip{x) dx 


dz 


vi) 

1 


J 





- / |GWI 

Vb 



(2ATfc)- 

. £o\ So 

4)“T 






d2: 



Hence, 



1 

(2iV,)- 





4 



4 



2 4 



(4.3.16) 



We may assume that r > ~r- 

2 4 ~ 4 

(fc) 

It follows from the inequality (4.3.16) that each contains at least one 

point in which u{tk^x^^^) > Since tk oo, this contradicts our initial 
assumption. □ 

4.3.4. Necessary and sufficient conditions for pointwise stabilization. The problem 
of finding necessary and sufficient conditions for pointwise stabilization is among 
the most subtle problems in the stabilization theory for parabolic equations and 
systems. In the problem of uniform stabilization (Theorem 4.5) the class of vol- 
umes, such that the existence of limit mean values of an initial function over them 
guarantees the stabilization of the solution, is wide enough and loosely connected 
with the equation under consideration. In contrast to that, necessary and sufficient 
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conditions for pointwise stabilization are formulated in terms of the limit mean 
values over volumes restricted by the level surfaces of the fundamental solution. 
We consider the Cauchy problem for the equation 



dtu{t, x) -h {AQu){t, x) = 0, (4.3.17), 

in which the pseudo-differential operator Aq has the symbol |^|^, 7 > 1 . 

We shall prove two theorems giving necessary and sufficient conditions for 
pointwise stabilization of solutions of the equation (4.3.17). 

Theorem 4.6. A solution u{t^x) of the equation (4.3.17) with 1 < 7 < 00 , given by 
the Poisson integral 

u{t,x) = J Zo{t,x-y)<fi{y)dy, (4.3.18) 

stabilizes at a point x^ to a constant I if and only if the bounded continuous initial 
function (f{x) possesses a globular limit mean value, that is 

i™ f ^{^)dx = l (4.3.19) 

^ n 

Bf 

where is a ball of radius R centered at x^. 

Theorem 4.7. Let u{t,x) be a solution of the equation (4.3.17) with 1 < 7 < 2, 
given by the Poisson- Stieltjes integral 

u{t,x)= ( Zo{t,x -y)pi{dy), (4.3.20) 

where ji is a real-valued measure defined on the Borel a-algebra ofM.^. Suppose 
that 

y* (1 -h |x|^) ^ p{dx) < -hoo, (4.3.21) 

E^ 

and that fi is bounded from below, that is for every Borel set M C 

fi{M) > -C\M\ (4.3.22) 



where \M\ is the n-dimensional Lebesgue measure of M, C is a constant indepen- 
dent of M. 

The Poisson-Stieltjes integral (4.3.20) stabilizes at a point x^ to a constant I 
if and only if the measure p, has the limit mean value, that is 



lim 

R^oo 




- 1 . 
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Proof of Theorem 4.6. We shall use the following Wiener’s Tauberian theorem (see 
[230]). 

Let K\ be a function from Li{R) whose Fourier transform is different from 
0 everywhere on M. Let K 2 belong to L\{M), and f be bounded on M. If 

00 00 

lim f Ki{x -y)f{y)dy = A f Ki{x)dx, 

x->oo J J 

—00 —00 

then 

00 00 

lim [ K2{x -y)f{y)dy = A f K 2 {x)dx. 

X -.00 J J 

— 00 —00 

Due to the convolution structure of the representation (4.3.2) it suffices to 
study the stabilization at the point x = 0. Let us consider the integral (4.3.3) with 
a(^) = 1^1^. We have 



Zo(t,x) = C\t j exp|i(xt ^^^, 0 -) — |<Jp| dcr 

00 7T 

= C\t~'^^^ J dp (^irt~^^^ p cos 0^ siiF'~^ 0d6, 

0 0 

r — |x|. Then we use the representation (see [228] or [226]) 

7T 

= r(..+ i/2)r(i/2) 

0 

with lA — ^ z = r{t)p where r{t) — rt~^!^ . We obtain that 

Zo{t,x) = C 2 t“”/^C?i(r(t)) (4.3.23) 

where 

CXD 

Gi(s) = j p"“^e“'’’’(sp)“5+Vn_i(sp)d/9. 

0 

Now we can write 

00 

n(t,0) = j r{t)'^~^Gi{r{t))vo{r)dr, (4.3.24) 

0 

where no(r) is the integral of ip over the sphere of the radius r centered at the 
origin. 
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Let us rewrite the initial problem in a form permitting the use of Wiener’s 
Tauberian theorem. Consider the integral operators 



t 

hvo = j ‘*’o{r)dr, 

0 

OO 

hvo = j r{ty’~'^Gi{r{t))vo{r) dr. 



0 

In both integrals we introduce new independent variables setting 

r = = e^. 



Then 

OO 

ImVo = j kmiv - y)vo{e^) dy, m = 1, 2, 

— OO 

where 

{ 6~^ if 77 > 0 

^ ’ .f h{y) = e-^Giieh. 

0, II ry < 0 

Using the estimate for Zq we see that km € Li(— oo, oo). 

The final part of the proof of Theorem 4.6 consists of the verification of the 
fact that the Fourier transforms $rn(s) of the functions km{v) different from 
0 for any real s. For the function that follows from a direct calculation. For 
$2 we have 



00 / 00 \ 

$2(s)= j j j j ^rj 

-OO Vo / 

1(1 \ 

= / dp. (4.3.25) 

0 \-oo / 

In the internal integral we introduce the new variable ( = e~^ . Then the 
formula (4.3.25) is rewritten as follows: 






,(s) = J p^/^e-p'' ( Jc^-^^MCp)dC I dp 



OO oo 

= j p^‘e~P'' dp - J dX. 

0 0 
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Both integrals are calculated explicitly (in the first integral we can take 
for the new variable; the second integral is well known (see, for example, [194]). 
As a result we find that 



■ is)T{is^ 

YW) 



Note that the functions and T{is) both have a simple pole at the point 

s = 0, with the residues —27 and —i respectively, so that ^2(0) = = 

— 1)! (eis a Fourier transform of an integrable function, $2 is continuous, 
and its value for s = 0 is a limit of ^2(5), as s ^ 0). 

It follows from (4.3.26) that $2(s) 7^ 0 for all real values of s, as desired. 

By Wiener’s Tauberian theorem, lirn t^(t, 0) = 0 if and only if 



n 

lim R~^ / vo(r)dr — 0. 
R^oo J 



It remains to use the following elementary fact. If v{r) is a bounded continuous 

R R 

function, then the limits lim nR~^ J r'^~^v{r)dr and lim R~^ f v(r)dr exist 

R^OO Q R—^00 Q 

simultaneously and their values coincide. □ 

The proof of Theorem 4.7 is based on the generalized and improved version of 
Theorem 236 from Hardy’s book [96] given in [75]. It is essential that (by Theorem 
4.2) the function Zq is nonnegative. 

A Tauberian type theorem. Let g{p) he a nonnegative function from L\ (M+) whose 
Mellin transform 



^(s) = J g(p)p dp 



has no real zeroes, and X be a nonnegative measure on R+ . If 



00 

^ J 9 (^) Mdr) 



0 as T ^ 00 , 



A([0, R))/R — ^ 0 as i? 00. 

Now we turn directly to the proof of Theorem 4.7. Our problem is essentially 
one-dimensional. Indeed, let us pass to the spherical coordinates in (4.3.20). If 
E = [ri,r 2 ), Ce = ^ |^| € [ri,r2)}, then the set function 



\{E) = J ^ = 1^1, 
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can be extended to a measure defined on the <7-algebra of Borel sets of the half-axis 
R+. Due to (4.3.20) and (4.3.21), we have 



oo 

j + r^)“^A(dr) 



< 00, \{E) > -C\E\. 



(4.3.27) 



Let us rewrite the Poisson-Stieltjes integral in a form convenient for applying 
the Tauber ian theorem. Setting t = we write (4.3.20) with x = 0 as 



oo 

u{r) =u{t,0) ~ J '^'^~^G 2 {r/T)X{dr) 



(4.3.28) 



where 



G 2 {r/r) = Gi(^/r) = (27 t) j expji da, ^ G (4.3.29) 

Turn the coordinate system in (4.3.29) in such a way that ^ = (0, . . . , 0, r), so that 
G 2 {r/T) = (27r)“"y exp {i (-r/r) <j„ - |crp} da, 

R" 

OO 

^G2(r/r)A(dr). (4.3.30) 

0 

By (4.3.30), the assertion of Theorem 4.7 is now as follows: in order that 

oo 

r / (r) G 2 {r/T)X{dr) — > 0 



' as r — > OO, 



0 

it is necessary and sufficient that 

R 

R-^ 

0 



ti 

J r"-^A(dr) 



0 as R ^ OO. 



Necessity. Let us use the Tauberian type theorem setting g{p) = p'^~^G 2 {p)- Since 
|G 2 (p)| < G(1 + we have \g{p)\ < C(1 -h p)~^~'^, so that g e Li(IR^). 

Consider the Mellin transform 

oo oo 

$(s) = I g{p)p-^^dp = I p"-i--G2(p)dp. 

0 0 
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As in (4.3.23), we get 

oo 

G2{p) = Cp^~^ J 
0 

(here we assume that n > 1; the caae n = 1 is much simpler), whence 

oo oo 

$(s) = C J dr J J^-i{rp) dp. 

0 0 

The function ^{s) coincides, up to a multiplicative constant, with the function 
$ 2 ( 5 ) (see the formula (4.3.25)) from the proof of Theorem 4.6. Using (4.3.26) we 
see that the Tauberian type theorem is applicable, so that the relation u{t, 0) ^ 0, 
t 00 , implies the relation 

A([0, R))/R — ^ 0 as ^ 00 . 

It remains to use the fact (proved in [75]) that for any finite measure A the limits 

R 

of A([0,i?))/i? and nR~^ J r^~^X{dr), as — > 00 , exist simultaneously, and are 

0 

equal. 

Sufficiency. We have to prove that the relation 

r 

J x'^~^X{dx) — ^ 0 as T ^ 00 
0 

implies v(r) 0 as r —> 00 . We carry out an estimate of v based on the inequality 
|5,G2(p)|<C(1 + p)-("+^+'). 

We have by (4.3.28) 



00 00 

v(t) = J r^“^G 2 (r/r)A(dr) = r“ 

0 0 

00 00 

= -r“”y j r'^~^dpG2{p)dp\{dr). 

0 r/r 




OO 

/ 



dpG2{p)dp 



\{dr) 



r It 
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Changing the order of integration we obtain 

oo pr 

v{t) = y dpG2{p)dp j r"“^A(dr) 

0 0 
OO r pr 

= - j p^dpG2ip){pT)-^ j r”-iA(dr) 

0 L 0 

where Ii and I 2 correspond to the integration in p from 0 to (5 and from J to 00 
respectively. 

Denote 

pr 00 

C' = sup (pr)-" y r”“^A(dr) , K = j p^ 

0 0 

Given £ > 0, choose S in such a way that 

5 

j p-\dpG2ip)\ dp <^, 

0 

and then choose so large that 

t 

1 

0 

if t > to. Now for t > to/s we have |/i| < s/2, I/ 2 I < e/2, as desired. □ 

Remark. The proof, based on the Tauberian theorems, of the fact that the stabi- 
lization of a solution of the Cauchy problem implies the existence of a limit of an 
appropriate average of the initial function, required an investigation of a certain 
reference function In the above situations, as well as in Section 4.3.6 below 
these functions are simple rational fractions of the Gamma function. Their poles 
and the corresponding residues are easily calculated. 

4.3.5. A Liouville type theorem. Liouville type theorems determine a form of a 
function from a certain class provided its asymptotic behaviour is known. For ex- 
ample, the classical Liouville theorem states that an entire function of polynomial 
growth is a polynomial. A proof of this result is based on the representation by 
the Cauchy integral over a circle and the arbitrariness of the latter’s radius. For a 
parabolic equation on a half-space {(^, a:)| t < T^x we have an integral rep- 

resentation with an arbitrary initial hyperplane which makes it possible to prove 
the following version of the Liouville theorem. 



dp — Ii 12 
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Theorem 4.8. A solution of the equation (4.3.1) on a half-space Q- = {(^,a:)| t < 
0,x G M^} represented by the Poisson integral 

u{t,x) = J Z{t- to, x-^)(p{^)d4 (4.3.31) 

R" 

and satisfying on Q- the inequality 

\u{t,x)\<Co{l + \x\f (4.3.32) 

is a polynomial in x whose degree does not exceed [/S]. 

Proof Prom (4.3.31) we obtain the equalities 

^) = j -to,x- Ou{to,0 

Using the inequalities (4.3.5) and (4.3.32) we find that 
\d^u{t,x)\ 

< CoC^ J{1 + |^|)^(1 - [l + k - $|(t - d^. 

After the standard change of variables ^ = x {t — toY^'^ a, we obtain that 

|a>(<,^)l<CoC,.y'(l + |:r| + (^-^o)'/^N)''(i-io)-'"'^''(l + W)“^“'’‘'“"rfa 

If I = [0\ A- ly then, since to is arbitrary, we have D^u{t,x) = 0, so that u{t,x) 
is a polynomial in x whose degree does not exceed [f3 ] . □ 

4.3.6. Examples. We shall consider three sufficiently simple examples. For the first 
example (n = 1 , 7 is arbitrary) we give as complete analysis of stabilization con- 
ditions as possible. As usual, this analysis is rather simple for the one-dimensional 
case. The second example (n is arbitrary, 7 = 1) shows how the knowledge of an 
explicit formula for FSCP simplifies the investigation of stabilization. In the third 
example (n = 1 , 7 = 1 / 2 ) we look at the behaviour of solutions of an equation 
which does not belong to the class considered in the preceding sections (where it 
was assumed that 7 > 1 ). 

Below we assume that the initial functions are bounded and continuous, and 
that the solutions are represented by the Poisson integrals (4.3.2). 

Example 1 (n = 1 ). Here the symbol a(^) of the operator A from the equation 
(4.3.1) has the form 



a(0 = = l^raW 



(4.3.33) 
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where 0 takes the values ±1. Denote a(— 1) = U-, a{l) = a_|_. By the condition 
{A 45 ) we have 

Rea_ > 0, Rea_|_ > 0. (4.3.34) 

Now the function Zo{t,x) given by (4.3.3) can be written as follows: 

00 

Zo{t,x) = / [exp {izcr — + exp {—iza — da^ 

0 

z = (4.3.35) 

If a(^) = 1^1^, then the formula (4.3.35) takes the form 

00 

Zo(t, x) = j cos da. (4.3.36) 

0 

a) Pointwise stabilization. Here we give a specialization of Theorem 4.4 for the 
one-dimensional case. 

Definition. A function ip{x) has the radial limit mean values at the origin, if there 
exist the limits 

R 0 

lim — / cp[x) dx, lim — / (p{x) dx, 
i ?— >00 R J R^og R J 

0 -R 

called the right and left radial limit mean values respectively. A function <p(x) has 
the limit mean value, if there exists the limit 

R 

lim — - / ip(x) dx. 

R-^00 2 R J ^ 

-R 

Now Theorem 4.4 reads as follows. 

Theorem 4.4' (n == 1). 

1) If the initial function (p{x) has the left and right limit mean values at the 
origin, then the corresponding solution of the equation (4.3.1), with the symbol 
(4.3.33) satisfying (4.3.34), stabilizes to 0, that is 

lim u{t, a:) = 0, a: G E. 

t — >00 

2) The solution of the Cauchy problem for the equation (4.3.1) with the symbol 
uo(0 — corresponding to an initial function having the limit mean value, 
stabilizes to 0 . 

In both cases 1) and 2) the stabilization is uniform on each finite interval [a, b] C M. 
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b) Let us show that for the case of the symbol \^\'^ the existence of the limit mean 
value is not only sufficient, but also necessary for the stabilization. We do it using 
Wiener’s Tauberian theorem. 

By (4.3.36) we have 



oo oo 

w(i, 0 ) = f j cos dp 






Set i = ey, = e''. Then 



u(t,0) 



OO OO 

■ 7 / 

— oo Lo 



cos e 






^dp 



¥>(e^) dy. 



Thus we have a representation 



oo 

u{t,0)= J K 2 (ti - y)<p{ey) dy 

— OO 



where 



oo 

K 2 {t]) = 7r~^e~'^ J cos {e~^p) dp. 



As before, K 2 € Li(— 00 , 00 ). 

Now we compute the Fourier transform $ of the kernel K 2 '. 



00 00 

$(s) = Ci j e'"” J cos {e-^p) e-P" dp 

— OO _0 

00 r 00 

I j j cos{Cp)e-p'' dp 



e ^ drj 



C 2 

b 

= Iih 



dC 



where 

00 00 

h= j e-p"p^^~Up, h= j C'" cos Cd(. 

0 0 

We have Ii = C 3 T{is^~^), I 2 = F(l-i5) cos |(-is-j-l) = — iF(l-is) sinh 
(see [193], formula 2.5.3.10). Hence ^{s) = C 4 F (1 - is)r(is 7 ~^) sinh | 5 . It is clear 
that ^(s) ^ 0 for s / 0. Noting that r(z 57 “^) has a first order pole at the origin, 
with the residue — ^ 7 , while sinh|s has a first order zero there, we find that 
^(0) 0. □ 
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c) Uniform stabilization. Let us reformulate Theorem 4.5 for the case n = 1. 

Theorem 4.5' (n = 1). A solution (4.3.2) of the equation (4.3.1) with the symbol 
(4.3.33) satisfying (4.3.34)^ with a bounded continuous initial function (p, has the 
property of uniform stabilization to 0, if and only if p has a uniform limit mean 
value 0, that is 

x-\-R 

j dr — > 0, 

x—R 

as R oo, uniformly with respect to x. 

Example 2. (n > 1, 7 = 1). In this case the Poisson kernel can be written explicitly: 

Zo(t, x) = (1 + (<“ Vl)^) ^ 

where C\ = (r(f + !))• We shall show here that the explicit form makes it 
possible to prove Theorems 4.6 and 4.7 for the case 7 = 1 . 

Proof of Theorem 4.6 (n > 1, 7 = 1 ). As before, it suffices to prove that the control 
function $( 5 ) has no real zeroes. In the earlier notation, we write 

00 

w(t,0) = Cif" j (1 + (rr vo{r) dr 

0 

where 'i’o(^) is the integral of (p on the sphere in of the radius r centered at 
the origin. After the change of variables r = e^, t = we represent u{t^Q) by the 
convolution formula with the kernel 

K2{v) = C-l (1 + 

Calculating its Fourier transform, we get 

00 

$(s) = C 2 j (1 + dri 

— 00 
00 

= (^2 y (1 + ^2^-(n+l)/2 

0 

00 

= < 73 ^ + 

0 

00 

j = B(a,b) 

0 



Since 
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(see [228]), we find that 



$(s) = B 



n — is 1 + is 
2 ’ 2 




r 



1 + is 
2 



r 



72 -h 1 
2 



1-1 



so that $(s) ^ 0 for real values of s. □ 

Proof of Theorem 4.7 {n > 1,7 = 1). First we repeat the initial fragment of the 
above proof of Theorem 4.7. We pass to the spherical coordinates in (4.3.20). If 
E = [ri,r 2 ), Ce = G |^| G [?"i,r’ 2 )}? then the set function 



\{E) = f r”-V(c*0, ^ = 1^1. 

Ce 



can be extended to a measure defined on the <j-algebra of Borel sets of the half-axis 
E+, and 

CXD 

j r”-^(l+r2)-^A(c«r) < oo, \{E) > -C\E\. 

0 

We have 

oo 

u{t, 0) = J G{r/t)X{dr) 

0 

where G{p) = p 2 )~(’^+i)/ 2 . Thus Theorem 4.7 (for 72 > 1,7 = 1) takes 

the following form: in order that 



t ^ J G{r/t)\{dr) — 0 as t ^ 00 , 

0 

it is necessary and sufficient that 

R 

R~^ J r^~^X{dr) — > 0 as ^ ^ 00 . 

0 

The proof of the sufficiency is the same as the one given above for the case 
7 > 1. In order to prove the necessity we may use the above Tauberian type 
theorem with g = G. We see that \g{p)\ < const • (1 -h p)“^, so that g G Ti(0, 00 ). 
The appropriate control function 



^(s) = j g{p)p ''dp 
0 
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coincides, up to a multiplicative constant, with the function $ from the above 
proof of Theorem 4.6 for the case n > 1, 7 = 1. Using the Tauberian type theorem 
we complete the proof, just as before. 

Example 3. (n == 1,7 = 1/2). Consider the equation 



dtu = (4.3.37) 

where is a pseudo-differential operator with the symbol a{^) = It was 

shown by Schneider [203] that the Poisson kernel for this case equals 



Zo{t,x) = 



^r2(xr2)-3/2e-‘V4x^ 



if X > 0, 
if X < 0. 



If is a bounded continuous function on R, then the Cauchy problem for the 
equation (4.3.37) with the initial condition u(0, x) = (p{x) has a solution 

X 

u{t,x)= j Zo(t,x-0<p{Od^- (4.3.38) 

— 00 



Theorem 4.9. The solution (4.3.38) stabilizes to 0 at the origin, if and only if there 
exists the limit 



lim t ^ 

t-^00 



I Vi-Odi 
0 



- 0 . 



Proof It follows from (4.3.38) that 



u(t,0) = J G{^t '^)(p{-Od^ 

0 

where G{z) = 2-^/2 exp(— 1/42:). We shall use Wiener’s Tauberian theorem. After 
the traditional change of variables t^ = e^, ^ = e^, we come to the convolution 
operator with the kernel 






For the control function we have 



00 00 

$( 5 ) =(72 J e~^ dr] = C2 f dC = C's • (is + 0 , 



SO that ^(s) 0 for real values of s. 



□ 
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4.4 Comments 

Theorems 4.1, 4.2, and 4.3 were proved by Kochubei [128]. Earlier the parametrix 
for the equation (4.1.1) was constructed by Ya. Drin’ [31]. Ya. Drin’ and Eidelman 
[33] obtained (by a different method) its precise estimates for the case n — 1. In 
[30] the Cauchy problem for such equations in the Holder classes was studied. 

The example from Section 4.1.5 is a special case of the results by Schneider 
[203] who obtained an H-function representation for densities of stable distribu- 
tions, which immediately yields their asymptotic properties. By a different method, 
the asymptotics of the fundamental solution of the Cauchy problem (4.1.1)-(4.1.2) 
for equations with constant symbols (depending only on ^) was found by Fedo- 
ryuk [80]. 

Lemma 4.6 is contained essentially in [200]. 

The results of Section 4.3 are adaptations of well-known stabilization the- 
orems for parabolic partial differential equations [45, 71, 72, 75, 197]. Theorems 
4. 4-4. 6 were proved by Eidelman and Ya. Drin’ [32], and Theorem 4.7 is a result 
of R. Drin’. Theorem 4.9, proved by Eidelman, is published here for the first time. 

For (partial) generalizations of main results of this chapter see Kolokoltsov 
[137] (equations with Levy generators), Ya. Drin’ and Eidelman [34], and R. Drin’ 
[29] (systems of equations), Portenko and Podolynny [192, 183, 182] (singular 
perturbations). 

An essential feature of pseudo-differential operators considered here is the 
finite smoothness of symbols at the point ^ = 0, a consequence of their homogeneity 
essential for probabilistic applications. Meanwhile there exists a theory of parabolic 
pseudo-differential equations with C®® -symbols based on the standard calculus of 
pseudo-differential operators. See, for example, [164, 174, 211, 222, 223, 199]. 




Chapter 5 

Fractional Diffusion Equations 



5.1 Fractional derivatives 



5.1.1. The Riemann-Liouville fractional integrals and derivatives. There exist 
many definitions of fractional derivatives and integrals, which are meaningful for 
different classes of functions, inspired by various applications etc. See [202] for a 
general survey and a detailed exposition of many aspects of the fractional calculus. 
Here we touch only a few of them necessary for the sequel. For the proofs see [202]. 

Suppose that a function ^ belongs to Li(0,T). Let a G (0,1) be a fixed 
number. The Riemann-Liouville fractional integral of the order a is given by the 
expression 

t 

(/o+<P) {t) = j{t - r)“- V(-r) dr. 

0 

The Riemann-Liouville fractional derivative of the order ol is defined as 

t 

W+»’) w = f(I^ 

0 

that is {t) = ^ (t), provided the fractional integral is an 

absolutely continuous function. If (f is defined on (0, oo), then and Dq^(^ are 
similarly defined on the whole half-axis (0, oo). 

If ip is absolutely continuous on [0, T], then Dq_^(p exists almost everywhere 
and belongs to Lp(0,T) for 1 < p < a~^. In this case 



(i?o“+^) it) = 



1 

r(i-«) 



t + j{t-T) °‘({>'{T)dT . 

0 



(5.1.1) 



In fact the Riemann-Liouville fractional derivative exists for much wider 
classes of functions, in particular for some functions with singularities at the origin. 
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For example, if (p{t) = \ > 0, then 

= (5-1.2) 

SO that Dq_^(p = 0 if (p{t) = 

The Riemann-Liouville fractional integration and differentiation are inverse 
to each other in the following sense. If (p e Li(0,T), then Dq_^Iq_^(p = (p. The 
equality Iq_^Dq_^(p — (p holds under the stronger assumption that (p — with 
some '0 G Li(0, T). The latter is equivalent to the conditions of absolute continuity 
of Iq^^^P on [0,r) and the equality (0) = 0. 

The problem of boundedness of as an operator between certain function 
spaces has been investigated in great detail (see [202]). We shall use only one result 
of this kind - if (p e C[0, T], then /o+^ belongs to the space of Holder continuous 
functions H^[0, T]. 

Denote by the class of such functions for which the function 

belongs to the Holder class H"+'^[0,T|. If ip e t^ip{t) 0 

as t ^ 0, where 0<A< 1 — a, 0</i<A + l, then the fractional derivative 
(Do+^) (0 exists for all ^ G [0,T] and can be represented in the form 

(‘) = era - ») + r(lG 

where 'ips{t) = 0 for 0 <t < s, 

ry+a drfore<t< T. 

0 

The expression in the right-hand side of (5.1.3) is called the Marchaud fractional 
derivative. 



5.1.2. The regularized fractional derivative. Suppose that a function ip is con- 
tinuous on [0,T] and possesses the Riemann-Liouville fractional derivative. The 
function 



t 

= f(T^ ij^^- 



= {D^+^) {t) - - 



t“r(l - a) 



ifiO) 



(5.1.4) 



is called the regularized fractional derivative of the function ip, or its Caputo deriva- 
tive (in honour of M. Caputo [22]). 

If 0 is absolutely continuous on [0,T], then by (5.1.1) 



0 



(5.1.5) 
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The form (5.1.5) is often used in physical literature. This fractional derivative is a 
special case of general fractional-differential operators investigated by Dzhrbash- 
yan and Nersessyan [43, 44]. However the form (5.1.4) is more useful, since it 
makes sense for a wider class of functions. 

The essential difference between the Riemann-Liouville and regularized frac- 
tional derivatives emerges in the study of corresponding “ordinary” differential 
equations. A solution of the equation 

= A(p, A G E, (5.1.6) 

with the initial condition (^(0) = 1 is 

cp{t) = Ea{Xn (5.1.7) 

where Ea is the Mittag-Lefiier function: 

OO 

This formula [44] can be verified using (5.1.2). Note that the initial condition 
for the equation (5.1.6) is formulated like the one for a conventional first order 
differential equation. 

If, instead of (5.1.6), we consider the equation with the Riemann-Liouville 
derivative 

then its general solution is given by the formula 

(f{t) — const • Ea,a{Xt^) (5.1.9) 

containing the generalized Mittag-Leffler function: 

CXD ^ 

We see from (5.1.9) that in this case the solution has a singularity at the origin. 
Thus, in order to fix a specific solution, one should impose an initial condition not 
on the solution itself, but on its fractional integral. In modeling physical processes, 
where the initial state of the system is usually well-defined, it is natural to use 
equations with the regularized fractional derivative. 

The Mittag-Leflier function (5.1.8) has much in common with the exponential 
function e^, formally corresponding to the case 0 = 1. For example, if 2 : is real 
and 2 ^ -hoo, then 

Ea(z) ~ lexp(i^/“). 
a 
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The function Ea{—z) is completely monotone on the half-axis z>0, that is 



>0, z>0. 

^ ^ dz” - 

An important property of contrasting the case of the exponential, is the 
asymptotic behaviour at — oo. Namely, 



Ea{z) 



v-1 



'r(l-a)’ 



- 00 . 



(5.1.10) 



As we shall see, this property leads to serious differences between properties of the 
fractional diffusion equations and classical parabolic equations. 

For further details regarding the Mittag-Leffler function see [10, 42]. In fact 
many problems of analysis connected with the exponential function and the oper- 
ator of differentiation have their counterparts related to and based essentially 
on properties of the Mittag-Leffler function. Dzhrbashyan and Nersessyan [43] de- 
veloped a theory of quasi-analytic classes corresponding to and more general 
fractional differential operators. The following theorem is a special case of their 
results. Let (3 > a. 

Theorem 5.1. There exists a function f G C^[0,T], f{t) ^ 0, possessing the 
following property. Let fo{t) = f{t), fn+i{t) = (t), n = 0, 1,2, . . .. Then 

/n(0) = 0, 

sup |/„(t)| < C,B>0 (n = 0,l,2,...). (5.1.11) 

0<t<T 



5.1.3. Asymptotics of some integrals. Dealing with fractional integrals and deriva- 
tives one has often to use asymptotic properties of some typical integrals. Here we 
give two results of this kind. The first of them is a special case of an asymptotic 
theorem from [202]. 

Lemma 5.1. Suppose that cp(t) is locally integrahle on (0, oo) and 
if{t) ~ at~^~^ ^ 0 < /^ < 1, as t ^ oo, 



where a / 0. Then 



it) 



T{a) 



+ 



r(-/3) 

T{a - 13) 



at° 



-/ 3-1 



00 , 



oo 

where b = f (p{t)dt. 

0 

In the proof of the next lemma we follow [198]. Consider the integral 



1 

0 



s > 0. 
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Lemma 5.2. As z ^ 0^ 

I{z) ~ r(l - exp (-^“^) . 

Proof. Let a = z~^. After the substitution u = rj~^ — 1 we get 



1 

I{z) = e~‘^ y exp (—(7 (ri~^ — l)) (1 — t/)~“ di] 
0 



(l + w)- 



As M — » 0, 



[(l+w)i/"-l]‘ 



(5.1.12) 



(1 + m)^+i 

and Watson’s lemma for the Laplace integrals (see, e.g., [176]) implies (5.1.12). □ 



5.2 Fundamental solution of the Cauchy problem 

5.2.1. Main assumptions. In this chapter we consider the Cauchy problem 

(n[°‘^uj{t,x)-Bu{t,x) = f{t,x), (t,a;) € ri(o,Tl, (5.2.1) 

u{0,x) = uq{x), X G (5.2.2) 



where 0 < a < 1, 



P = ^ aji{x)dxjdxi + '^bj{x)dxj + c{x), 

3 . 1=1 3^1 

there exists such a constant (5 > 0 that for any x,^ 

n 

Y^aji{x)^j^i>5\^f-, (5.2.3) 

3.1=1 

the coefficients of the operator B are bounded and Holder continuous. 

We shall construct and study a Green matrix iov the problem (5.2.1)-(5.2.2), 
that is such a pair 



that for any bounded continuous function uq (locally Holder continuous, if n > 
1) and any bounded function /, jointly continuous in {t^x) and locally Holder 
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continuous in x, there exists a classical solution of the problem (5.2.1)-(5.2.2) of 
the form 



i{t,x)= J Z{t,x-,^)uo{^)d4 + j d\ j Y{t- X,x,-,y)f{X,y)dy. (5.2.4) 



We call a function u{t,x) a classical solution if: 

(i) u{t, x) is twice continuously differentiable in x for each f > 0; 

(ii) for each x eW^ u{t,x) is continuous in t on [0,T], and its fractional integral 

t 

(/ q +“ w ) {t,x) = J(t - T)-°‘u(T,x)dT 

0 

is continuously differentiable in f for t > 0. 

(hi) u{t,x) satisfies (5.2.1) and (5.2.2). 

5.2.2. A model equation. We begin with the case where B = A is the Laplacian. 
Suppose first that /(f,x) = 0. Let us find (at first, formally) the FSCP Z, which 
in this case will depend on the difference x - so that Z{t, x; ^) == Zo(t, x - ^). 

Applying the Fourier transform in x, for the function Zo{t,^) we obtain the 
Cauchy problem 



(t,0 = -|$pZo(i,0, ^o(0,^) = 1 



(as usual, the FSCP satisfies formally the initial condition with the (^-function). 

By (5.1.7), Zo{t,^) = Let us represent the Mittag-Leffler func- 

tion of a negative argument by Fox’s H-function (see Appendix, formula (A. 3)). 
Now 



Zo{t,0 = 






( 0 , 1 ) 

( 0 , 1 ), 



(0,a) 



SO that 



Zo{t,x) = (27t) 






(0,1) 


/ V 


(0,1), (0,a)_ 



J^-i{r\x\)dr 



0 

(by the formula for the Fourier transform of a radial function; see [218]). 
Next, 



oo 

/ 









( 0 , 1 ) 

(0,1), (0,a) 



Jii-i{r\x\)dr 



= 2^\x\ 






« U |-2 



4t“|x 



(l-f,l), (0,1), (0,1) 
(0,1), (0,a) 
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(see [195]). Using the transformation formulas (A.4) and (A. 5) we obtain the 
expression 

Zo(t,a;) = 7r“t|a;|-"i720 . (5.2.5) 

It will follow from the estimates given below that e Li{R^). Then 

it will be possible to check the formula (5.2.5) rigorously, by calculating Zq using 
the same formulas. 

Note that in [206] a different derivation of the expression (5,2.5) (given there 
in an equivalent form) is proposed. It is based on the Mellin transform in t, the 
explicit expression for the Green function of the Laplacian, the inverse Mellin 
transform, and integration formulas for H- functions. 

Denote R = Below the letters C, will denote various positive con- 

stants. 

Proposition 5.1. 

(i) If R>1, then 

\d^Zo{t^x)\ < Ct~~^ ~ exp ^ |m| < 3, (5.2.6) 

ED^^^Zo(t,x) < Ct~ ^ 2 exp |— 2^ I ; (5.2.7) 

(ii) If R < 1, X ^ 0, then 

\d^Zo{t,x)\ < 1^1 ^ 3 ^ ^3 2.8) 

if n > 3, or n = 2, m ^ 0; 

\Zo{t,x)\ < C't"“[|log(i~“|a;|^)| + 1], (5.2.9) 

if n = 2; 

\d^Zo{t,x)\ < (5.2.10) 

if n= 1. 

(iii) If R < I, X 0, then 

fC'r2“|x|-”+2, ifn>3, 

x) < i Cr“ [|log(r“|a:p)| + 1] , ifn = 2, (5.2.11) 

ifn=l. 

The proo/ follows from the differentiation formulas (A. 7), (A.8), (A. 11), and 
the asymptotic representations (A. 14), (A.18)-(A.21). Note that in some cases 
we have to use several terms of the asymptotic expansions, or estimates of the 
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remainders, since main terms appearing in expressions for derivatives of Zq cancel 
each other. For example, let n = 1. Then 



dxZo{t,x) = -IT ^ sign(a;) •{ 



'20 




(l,a) 




12 


(il)> 


(1,1). 


r30 






(0,1) 


23 


(1,1), 


(1,1), 



As a; — > 0, 

dxZo{t,x) ~ -7r“^/^|a;|“^sign(a:) 
2 ^ 

sign(x) 



{2r(l-f)^ ' 



2r(l-a) 



r°‘x^- 



^ t 

2r(i-f) ' ' r(i-a) 



.]}■ 



2 F(l-o) 



t 



and we obtain the estimate (5.2.10) with m — 1. Here we used two terms of the 
asymptotics (A. 18) and (A. 19). A similar reasoning for higher derivatives requires 
three terms and the remainder estimates. □ 



In contrast to the parabolic differential equations, the FSCP Zo{t,x) has, if 
n > 1, a singularity not only at ^ = 0, but also at x = 0 (the orders of singularity 
given in Proposition 5.1 are precise, since the estimates are based on the asymp- 
totics of H-functions). The fact of its dependence on the space dimension is natural 
- recall the expression of Zq via the Mittag-Leffler function and its asymptotics 
(5.1.10) on the negative half- axis. 

The function Y = Yo{t — X, x — y) appearing in (5.2.4) for this case has the 

form 



Yo{t,x) = 




{a, a) 

(t.l). 






(5.2.12) 



Yo{t, x) is the Riemann-Liouville derivative of Zo{t, x) in t, of the order 1 — a (for 
X ^ 0, Zo{t,x) ^ 0 as t — > 0, so that the Riemann-Liouville derivative coincides 
in this case with the regularized fractional derivative). 

The fact that (Zq, To) is a Green matrix for the problem (5.2.1)-(5.2.2) (with 
B — A) will be proved later, as a special case of our investigation of general 
problems of this kind. Here we present only estimates of the function Yq and 
its derivatives, which follow from the asymptotic relations (A. 14), (A.22)-(A.25). 
The (rather tedious) calculations are based on canceling of lower terms in asymp- 
totics of various H-functions appearing in the expressions for higher-order deriva- 
tives of lo- 



Proposition 5.2. 

(i) If R> 1, then 

\d^Yo{t,x)\ <Ct~ ^“^■^‘^exp|-crt“^|x|2^| , \m\ <3. (5.2.13) 
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(ii) If R < I, X ^ 0, n > A, then 

\d'^Yo{t,x)\ < \m\ < 3. (5.2.14) 

(iii) If R < I, X 0, n = A, then 

\Yo{t,x)\<Ct-'^-^[\log{t-^\xf)\ + l], (5.2.15) 

\d^Yo{t,x)\<Cr"-^-\ (5.2.16) 

\d^Yo{t,x)\<Ct-^^-^\\og{t-^\x\^)\ + l], H=2, (5.2.17) 

|5™ro(i,^)| <Cr2“-i|x|-i[|log(r“|a:p)| + l], H=3. (5.2.18) 

(iv) If R < 1, X ^ 0, n = S, then 

\Yo{t,x)\<Ct-^-\ (5.2.19) 

\d:cYo{t,x)\<Ct-°^-\ (5.2.20) 

\d^YQ{t,x)\ < Ct~°‘~'^\x\~'^ , \m\ = 2 , ( 5 . 2 . 21 ) 

\d^Yo{t,x)\ < Cr““V^^ \m\ = 3. (5.2.22) 

(v) If R < I, X ^ 0, n = 2, then 

\Yo{t,x)\<Cr\ (5.2.23) 

\d^Yo{t,x)\<Cr^-\ (5.2.24) 

|5™ro(i,a:)| < C'l“““^[|log(t~“|a;p)| + 1], |m| = 2, (5.2.25) 

|9™lo(i,a;)| < Cl“““^|a;|“^[|log(l““|a:p)| + 1], |rn| = 3. (5.2.26) 

(vi) //i? < X 0, rz = then 

(m-l)a 1 

\d^YQ{t,x)\ <Ct ^ \ m = 0,l,2,3. (5.2.27) 

5.2.3. The parametrix. If we consider the equation (5.2.1), in which the operator B 
has constant coefficients, and only the leading terms are present, that is 6j = c = 0, 



then the functions Zq and Yq for that case can be obtained from (5.2.5) and (5.2.12) 
by a change of variables: 

r 1 — n/2 

Zo(t, X-i)= 

xHfl lr“ (1^1) , (5-2.28) 

1 
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Yo{t,x-0 



r -"/2 



j,i=i 



(detyl)i/2 



-n/2 



^a—1 



X 



j,l=l 



{a, a) 

( 1 , 1 ) 



, (5.2.29) 



where A = is the matrix inverse to (a^). 

The parametrix kernels Zo{t, x — ^;() and Yo{t, x — Q associated with the 
general equation (5.2.1) are defined by (5.2.28) and (5.2.29). Now A corresponds, as 
above, to the matrix {dij{Ci) leading coefficients “frozen” at the parametric 

point C C The estimates of Propositions 5.1 and 5.2 hold in this case too, with 
constants independent of C 

Since properties of Zq are different for n > 2 and n = 1, it is convenient to 
treat these cases separately. Therefore we assume in this and the next sections 
that n > 2. The results for the case n=l will be summarized in Section 5.2.5. 

The behavior of Zq for > 1 and R < 1 is described in Proposition 5.1 
separately. However it is possible to write equivalent unified estimates: 

\d^Zo{t, a; - C)| < Ct~°‘\x - ^|-"+2-l™l exp{-ap{t, x; 0, ^)}, 

\m\ < 3, (5.2.30) 

B^°^'>Zo{t,x - ^;C)| < Ct^'^lx - ^p”exp{-o-p(i,a;;0,0}, 

\m\ < 3, (5.2.31) 



where 



p{t,X\T,^) = 



{t — ) 



(this corresponds to the notation of Section 1.3.5 with = o;/2). If n — 2, then 
(5.2.30) is valid only for \m\ ^ 0. For the opposite case 



|Zo(t,x-^;C)| “[|log(t ""|x-^P)| + l]exp{-o-p(t,a:;0,O}- (5.2.32) 



The constants C, <r > 0 in (5.2.30)-(5.2.32) do not depend on Of course, the 
constants may be different from the ones in (5.2.6)-(5.2.11). 

The next proposition gives similar estimates for differences of values of Zq 
and its derivatives corresponding to diflferent values of the parameter 

Proposition 5.3. For any y, G M^, 0 < t < T, 



|arZo(t,y;C')-9r^o(^,y;C'')l 

2 

< exp{-(T }, \m\ < 2. (5.2.33) 
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Proof. Let m = 0. Denote 



2t(y,C) = E 



By our assumptions 

Ci|?/P<2l(2/,C)<C2|2/P, 

myX')-nyX'')\<C\C-CV\y\\ 

[det - [det < (7|C' - CV ■ 

According to (5.2.28), we have to use the estimate (A. 15) for the function 
if 12 5 ^^so to find an estimate for a difference of such functions. Let 

ip{s) = s~'^l'^Hll i\l> 



.12 






By (A.7), 






2 "12 (1^1) 
.-t-iff3or (0,1) 



23 r (1,1), (1,1), (1,1) 



For large s, (A. 14) and (A. 15) give the estimate 

^ Cs2(2-a) “ 2 ~1^2(2-a) eXp | ~ (7 |C(;S | 2^ | , 

which implies the bound 

l¥’(2l(2/,C')) - '^(2l(j/,C"))l < C'^“"?|C' -C"rexp|-at“^|?/|^| . 

For small s, we have 

lv^^(5)l < Cu;s~^ 

by (A. 18) and (A. 19); note that the logarithmic terms emerging for n = 2 are 
cancelled. 

As a result, we find that 

^ (C\C - exp l^-ar^\y\^'^ iH~°‘\y\ > 1, 






if t "|j/| < 1, 



which is equivalent to the estimate (5.2.33) with m = 0. 

For the first and second derivatives the proof is similar, though somewhat 
cumbersome - one has to use the asymptotics (A.14)-(A.16), (A.18)-(A.20) for 
the H-functions; again for n = 2 the logarithmic terms are cancelled. □ 
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Just as for the function Zq, it is desirable to obtain unified estimates of Yq 
and its derivatives which are valid for all values of the independent variables. Here 
the problem is a little more complicated because the behavior of Yq is different for 
different values of the dimension n. 

In particular, for n = 2 we have 

|5rio(i - r,:r - 01 < C(t - r)-f (2 +H)+«-i exp{-<T;9(t,:c; r, 0}, 

|m| = 0, 1; (5.2.34) 

\d^Yo{t-r,x-e,0\ 

< log +1 exp{-CT/9(t,a:;r,0}, 

|to| = 2,3. (5.2.35) 

These estimates follow immediately from (5.2.13), (5.2.23)-(5.2.26). 

For n = 3, 

|5m(i - r,rr - 0 01 < C{t - r)-f (3+l-l)+«-i exp{-ap{t,x; r,0}, 

|m|=0,l, (5.2.36) 

and 

\d^Yo{t -T,x- 001 < - r)~““V - exp{-crp(i,a;;r,0}, 

m| = 2,3. (5.2.37) 

Similarly, for n = 4, 

|a™yo(t-r,x-oOI 

< log +1 exp{-crp(t,a:;T,0}, 

|m| =0,1,2, (5.2.38) 

15ryo(i-r,o;-OOI 

log|^— ^ +1 exp{-^7p(^,a;;r,0}, 

\m\ = 3. (5.2.39) 

Finally, if n > 4, then 

|5“Fo(i - - 001 < C{t - r)—^\x - 0-"-l™'+^exp{-ap(i,rc;r,0}, 

\m\ < 3. (5.2.40) 

Just as in Proposition 5.3, the estimates for the differences d^Yo{t ~ r,x — 
— d^Y{){t — T,x — ^]C') have the following form: the right-hand sides of 
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(5.2.34)-(5.2.40) are multiplied by |C — For example, if n > 4, then 

- r, X - C') - d:^Yo{t - r, x - C")l 
< C{t - - C"rk - ^r”“l'"l+^exp{-<7/9(^,x;T,0}, 

\m\ < 3. (5.2.41) 

Let us compute the integrals of Zq and Yq in spatial variables. It follows from 
the construction of the function Zq that 

I Zo{t,x-^;C)d^ = Y (5.2.42) 



Next, from (5.2.29) we see that 



j Yo(t-T,x-^-X)d^ 

= I \y\ 

oo 

= C{t - j r-i 
0 

oo 

= Ci(i-r)“-iy's-i 



n tj20 
^12 






{a, a) 

(f,l), (1,1) 



dy 



-1 u20 
12 



= lim H: 



23 






-(t-r)-“. 



-(t-r)-“s 



(a, a) 

(f,l), (1,1) 

{a, a) 

(f,l), (1,1). 



dr 



ds 



{a, a), (1,1) 1 

(0,1), (f,l), (1,1)! 



SO that 



j Yo{t-T,x-^,C)d^ = 0. 



(5.2.43) 



We have used the integration formula (A. 13), the identity connecting and 
iLfa (A.6), and the asymptotics (A.14) of iLfg. 

Below we need also the first time derivative of the function Zo{t^x](). We 
find from (5.2.28) and (A. 7) that 



dtZo{t,x;C) 



an ^ 

(det A)^/2 



A^^^^xjxi 

3.1=1 



-n/2 



X 




A^^^^xjxi 

j.l=l 






( 0 , 1 ) 

(1,1), (1,1) ■ 
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Using the asymptotics (A. 14) and (A. 19) of the function i/fa we can obtain an 
estimate of OtZ^. For example, if n > 3, then 



\dtZQ{t,x]Cj\ < 



Ct ^ “ 2 " exp|— cr(t 2 -a I ^ 



if t > 1, 

if < 1. 



(5.2.44) 



We can also use a roughened unified estimate 



\dtZo{t,x‘X)\ < Ct ^\x\ "^exp|-o-(t "/^|rE|)2-« I . (5.2.45) 

As before, we get also an estimate for the difference \dtZo{t^ x] (') — dtZo{t, x; C'OI 
whose upper bound is the expression in the right-hand side of (5.2.44) or (5.2.45) 
multiplied by \(' - (^"\^ . Since 

j dtZo(t,x-t,C)d^ = 0 



by virtue of (5.2.42), the above estimates imply also the estimate 

( dtZo{t,x-i-i)di (5.2.46) 

obtained by subtracting the (zero) integral of 9tZo(^,x;x) and using the estimate 
for the difference of the derivatives. 

5.2.4. The Levi method (n > 2). We look for the functions Y^Z appearing in 
(5.2.4) assuming the following integral representations: 

t 

z{t, x; 0 = Zo{t, x-$-,^) + J d\ J Yo{t- \,x-y; y)Q{\, y; 0 dy; (5.2.47) 

0 

t 

Y {t, x; ^)^Yo{t-T,x-^;^) + j dX j Yo{t - \,x - y; y)^(A, y, ^) dy, (5.2.48) 

r 



the functions Zq^Yq were examined in detail in Section 5.2.3. 

For the functions Q and ^ we assume the integral equations 

t 

Q{t,x;^) = M{t,x;^) + j dX J K{t - X,x-,y)Q{X,y;()dy, (5.2.49) 

0 

t 

x; 0 = K(t, x-i) + j dxj K{t - X, x; y)«-(A, y 0 dy, (5.2.50) 

T 
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where 

n 

M{t,x\i) = ^ {[aji{x) - aji{^)]do;jd:c,Zo{t,x - 

n 

+ '^bj{x)dxjZo{t,x- ^;^)+c{x)Zo(t,x- 

3=1 

n 

K{t,x;^) = ^ {K((a:) -aj7(0]5x^5x,io(t,x-^;0} 

3,1=1 

n 

+ XI bj{x)dxfYQ{t, a; - 4) + c(a:)ro(^, x - i). 

Using the estimates (5.2.30)-(5.2.32) we find that 

|M(t,x;^)| < Ct~^\x - ^|“’^■^^exp{-c 7 p(^, x;0,^)}. (5.2.51) 

In order to obtain estimates for FT, we have to use estimates for Iq? dif- 
ferent for different values of rz, and for different domains, and then to roughen 
the resulting estimates into less exact but unified bounds convenient for the Levi 
method. 



Proposition 5.4. For any n> 2, 

\K{t,x-^)\ < (5.2.52) 

with 0 < ?7 < 7 . 

Proof. Using Proposition 5.2 we write the estimate for 1^: — ^| > 

\K{t,x]^)\ < exp{-ap{t,x;0,^)}. (5.2.53) 

For |x — ^1 < we consider various cases separately. If n = 3, or n > 4, 

then 



\K{t,x;^)\<Ct 



-a+^-U 



a;-^| "+^exp{-cT(f)(t,a;;0,O}. 



(5.2.54) 



Since 



- ep = |:r - erk - ^1^-^ < |:r - 

(5.2.53) and (5.2.54) imply (5.2.52). Note that transforming (5.2.53) we change 
the constant a. 

If n = 2 or n = 4, the initial bound for K is 



\K{Fx;0\<Ct--+^ 



+^-i 



log 






We roughen the estimate (5.2.55) replacing the factor 
factor 1 j , which results in (5.2.52). 



+ 1 ) exp{-(jp(L X] 0, ^)}. (5.2.55) 



log 



H - 1 with the 

□ 
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Next we have to study the increments 

= M{t,x;^) - M{t,x';^), 

A,K{t,x-,0 = K{t,x-,0-K{t,x'-,0, 

x,x' £ R”. 

We can write AxM{t, x\ = M\ + M2 + M3 where 

n 

M^i = ^ ^ AxCLji(^x^dxjOxiZ()(tj X ^5^5 

j,^=i 

n 

M2 = ^[aji{x') - aji[£)]Axdx>.dx'^^^ 

3.1=1 

and the term M3 contains lower order derivatives. Since M3 has a weaker singu- 
larity and does not influence the estimates, we omit its detailed description and 
consider only Mi and M2. 

An estimate for Mi is given directly: 

|Mi| < Ci|x — — ^|~^exp{— (jp(t,x;0,^)}. (5.2.56) 

Using (5.2.30) we find that 

\^xdx'.d^’ZQ{t,x' - i',i) <^^xdx'.dx'Zo {^dxjdxiZo\+ dx'^dx'Zo^ 

< C^t-°‘''\x - &cp{-vap{t,x-,Q,i)}\x - 

X [|a;-^r”exp{-o-p(i,a:;0,0} + k' -^r"exp{-cT/9(t,a;';0,e}]^ (5.2.57) 

where x = x 6{x' — x), 0 < ^ < 1, 0 < z/ < 7, and we assumed that 
min{|x - ^1, |x' - ^|} ^ 0. Prom (5.2.56) and (5.2.57) we find that 

I i; 01 < (74^“ [|a: - x'[<\x - exp{-ap{t, x-, 0, 0} 

+ |rr - x'\'^\x' - CrM(i,a:;0] (5.2.58) 

where 

M{t,x;^) = \x - exp{-iy<jp{t,x-,0,^)} [|x - 0“"exp{-<7p(t,a;;0,0} 

+ \x' - 0“” exp{-<rp(t, x'\ 0, 0}] ■ 

We shall use also the following estimate which is a direct consequence of the 
definition of AxM: 

\AxM{t,x-^)\ < Ct~°^ (|x -0“"''"^exp{-<Tp(t,a;;0,0} 

+\x' - ^r"+T'exp{-<rp(t,a:';0,O}) • (5.2.59) 
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Let us consider two possible cases. 

a) Suppose that \x — x'\ > It follows from (5.2.59) that 

|A3;M(f,a;;0l [|a: - ^|“”+^exp{-crip(t,a;;0,O} 

+|x' -,f|"”+^exp{-o-i/9(i,a;';0,0}] , £ > 0, 

whence 

\Aj,M{t,x;^)\ <Cet~'^\x-x'p~^ [|a: - ^r^+^exp{-ai/9(^,x;0,0} 

-\-\x' - ^|“"'"^^exp{-(7ip(^,a:';0,^)}] , £ > 0. (5.2.60) 

b) Let \x — x'\ < with some A > 0. If |x — x'| > T^maxd^ — rc|, |^ — x'\) with 

some 7/ > 0, then we obtain again the estimate (5.2.60). Thus, we have now to 
consider the most complicated subcase, for which 

\x — x'l < r/max(|^ - x\, - x'|), r/ > 0. 

Here we use the estimate (5.2.57). 

Without restricting generality, we may assume that |^ — x'| < |^ — x|. Then 

\x — x'\ < 7/1^ — x|, 

|x-^| = |x-^ + ^(x' -x)\ 

> |x - ^1 - 6r]\x - <^1 > (1 - T])\x - ^\. 

Note that the function 

n-^r“"exp|-cr(^j'“°|, 0 < a < 1, 

is monotone decreasing. This implies the estimate 

|M(t,x;0| <Cr |a; - ^|“■"■■‘'exp{-o■lp(^,a:; 0,^} 

+ W - exp{-ap{t, x'\ 0, ^)}j . 

Setting e — ^ — v and using (5.2.59), (5.2.60), we come to the estimate contained 
in the following proposition. 

Proposition 5.5. If x" is one of the points x,x' for which |x" — ^| = min(|x — 
-^1). ihen 

\AxM{t,x]^)\ < Ct~^\x - x'p~^\x" - ^|“^“^^exp{-crp(t,x";0,^)}, (5.2.61) 

\AxK{t^ X] ^)| < Ct~^\x — x'\^~^\x'' — ^1'”^'*'^ exp{— crp(t, x"; 0, ^)}. (5.2.62) 

The proof of (5.2.62) is similar to that of (5.2.61), since the estimates for Yq 
have a structure similar to those for Zq. □ 
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Now we are ready to consider the integral equations (5.2.49) and (5.2.50). 

Proposition 5.6. The integral equations (5.2.49) and (5.2.50) have the solutions 
Q{t^x;^), ^(t, x;^), which are continuous for x ^ ^ and satisfy the estimates 

exp{-<T/9(f, x; 0, ^)}, (5.2.63) 

\A,Q{t,x-,^)\ < Ct~^\x - exp{-<7p{t,x”-,0,^}, (5.2.64) 

exp{-<Tp(i, x; 0,^)}, (5.2.65) 

|Aj:^(t,a;;^)| < Ct~^\x - x'p“^|x" - ^|“"■'■^exp{-ap(^,x";0,^)}, (5.2.66) 

with an arbitrary e G (0,7) and the constants depending on e. If n = 2 or n = A, 
then for any fa > 0, 

l<3(t.a;;0l < - 4|“"+^"^exp{-(rp(t,x;0,O}, (5.2.67) 

|Ax(5(t,x;^)| < -x'p“^|x" -^|“”+'^“^exp{-(Tp(t,x";0,^)}, 

(5.2.68) 

!'*'(<, a:; 01 < Ct“^“^|x-0''”'^^~'‘exp{-CTp(f,x;0,O}, (5.2.69) 

|Ax'i'(t,x;OI < - x'|^“^|x" -0“"^^“''exp{-(Tp(^,x";0,0}• 

(5.2.70) 

Here the constants depend on e and fi. 

Proof The equations (5.2.49) and (5.2.50) are solved by iterations. The estimates 
(5.2.63) and (5.2.67), (5.2.65) and (5.2.69) follow from Lemma 1.14. 

Let us prove (5.2.64). We have AxQ = AxM A- J where 

t 

J = j d\ f AxK{t- \,x]y)Q{\,y\i)dy, (5.2.71) 

0 

t 

I J| < C|x - x'p-" J{t- \)-^\-°‘dX 

0 

y |x - 2/r”+^|?/ - exp{-ap{t, x; A, y) - ap{\, y; 0, 0} dy 

+ f W -y\~"''''^y-^\~’"''''^exp{-ap{t,x'-,\,y)-ap{\,y;0,^)}dy 

R" 



X 
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t 

< C\x - dX 

0 



X 



f\x-y\ "+2|y-C| exp{-aip{t,x-,\,y) - <7ip{X,y;0,^)}dy 



+ ( \x' -y\ ”+'^exp{-ai/9(f,x';A,j/) -<ti/9(A,?/;0,O}% 

Rri 

By Lemma 1.12, the integral (5.2.71) is estimated as follows: 



\J\ < C\x - x'P exp{-a-2p(t,x;0,^)} 

+|a;' - ^|-”+T+§ exp{-ff2P(i,a:;0,^)}] . 

Together with (5.2.61), this implies (5.2.64) with an appropriate <j > 0. 

The proof of the inequalities (5.2.66) and (5.2.70) is similar. □ 

5.2.5. The one-dimensional case. In the case n = 1 the parametrix and the fun- 
damental solution have no singularity in the spatial variable. This simplifies the 
situation greatly and makes it similar to the theory of conventional parabolic equa- 
tions of an arbitrary order. Note however that even this case is more complicated 
than the classical study of a second order parabolic differential equation. In partic- 
ular, the estimates of iterated kernels in the Levi method should still be performed 
in two stages (see Lemma 1.15). 

Here we give the main estimates for this case; their proofs, simplified versions 
of those given the preceding section, are omitted. The scheme of the Levi method 
and the main notation is as above; see (5.2.47)-(5.2.50). 

Proposition 5.7. If n = 1, then 

|M(t,x;^)| < exp{-ap(t,x;0,^)}, 

\K{t,x;^)\ < Cr^“(^“'^)“/2exp{-<7p(t,a;;0,O}, 
exp{-ap{t,x;0,^)}, 

l^(^,a:;C)| < exp{-ap{t,x-,0,^)}. 

The estimates for differences of the above kernels are collected in the next 
proposition. 

Proposition 5.8. If n= 1, then 

\AxM{t,x-,f)\ < C\x - x'|'^“^t“^®“^^“/^exp{-crp(f,x";0,O}, 
\Aa:K{t,x;^)\ < C\x - exp{-ap{t,x"\Q,£,)], 

|Aj;(5(t,a;;^)| < C|x - xV“^t“^®'^*“/^exp{-(rp(t,a;";0,O}, 
|Aa;4'{t,x;^)| < C\x - exp{-ap{t,x" 

0 < £ < 7. 
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5.3 The Cauchy problem: Existence and 
representation of solutions 

5.3.1. The Green matrix. Let us formulate the main result regarding the existence 
and properties of the Cauchy problem (5.2.1)-(5.2.2) for the general operator B, 
See Section 5.2.1 for the main assumptions and definitions. 

In order to describe regularity properties of solutions of the equation (5.2.1) 
with respect to the variable it is convenient to introduce the class [0, T] of 
such functions Lp{t) that is Holder continuous on [0,T] with the exponent 

q; + A, A > 0. It will be shown below that the problem (5.2.1)-(5.2.2) cannot have 
more than one bounded classical solution belonging (for each fixed x G W^) to 
ifO<A<l-a, 0</i<A + l. 

Below we denote by 7 various Holder exponents with respect to spatial vari- 
ables (without restricting generality they will be assumed equal). 

Theorem 5.2. 

a) There exists a Green matrix {Z{t,x;^)^Y{t,x;^)} for the problem (5.2.1)- 
(5.2.2), of the form 



Z{t,x;^) =Zo{t,x-^;^) + Vz{t,x;^), 

Y{t,x-,0 =Yo{t,x - + VY{t,x;0, 

where {Zq^Yq), the Green matrix of the Gauchy problem for the equation obtained 
by ‘freezing” the coefficients aij at the parameter point ^ and setting other coeffi- 
cients equal to zero, satisfies the estimates listed in Propositions 5.1 and 5.2, with 
the constants independent 0/ ^ G . The functions Vz , Vy satisfy the estimates 

(i) If n = 1, then 

\d^Vz{t, :r; 0 1 < exp { -arY^-\x - ^ , 

m = 0, 1, 2. 

(ii) If n = 2, then 

\Vz{t,x;^)\ < Ct^~“exp|-(Tt“5^|a:-^|^|, 

\d,Vz{t, ^)| < exp ^-at~^\x - , 

|Vy(i, < Ct^~^ exp |— |a; _ 2^ | , 

\dxVY{t,x;^)\ < Ct^ - ^|“^+^-^“exp|-cri“5^7?|a; _ ^|2^| ^ 



where 70 < 7 is an arbitrary fixed positive constant (here and below in the 
formulas containing 70 the constant C depends on ^ 0 ). 
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(iii) If n = 3, then 

\d^Vz{t,x;0\ < Ct^-°‘\x - exp \^-ar^\x - ^|^} , 

\d^VY{t,x;0\ < - ^ 1 ^} , 

\m\ = 0 , 1 . 

(iv) If n = A, then 

\d^Vz{t, x; 01 < Ct - ^|-2-|m|+7-270 exp ^-at~^\x - 0 ^ } , 
\d^Vv {t, x;0\< \x - 0 - 2 -I»I+ 7 - 27 o exp | -ar 2 ^ ^ , 

|m| = 0 , 1 ; 70 < 7 / 2 . 

(v) If n> 5, then 

\d^VY{t, x ; 01 < |x - 02-"-I'«I+(7 -^o)/ 2 exp j^-at-^\x - , 

\m\ = 0 , 1 . 

(vi) //n > 2 , \m\ = 2, then 

|5^Vz(^,x;0| < C'C‘-“|x-er”+''"exp{-(Tr5^|x-e|^}, 

\d^VY{t,x;0\ < Cf>^-^\x - exp {-af-5^|x - ^ 1 ^^} , 

where 71 , 72 are some positive constants. 

(vii) The estimates for the fractional derivatives of the functions 

Z, Y are the same as the above estimates for their second order derivatives. 

b) Let u(t^x) be the solution (5.2.4) of the problem (5.2.1)-(5.2.2) with a bounded 

continuous function uq (locally Holder continuous if n> 1) and a bounded jointly 
continuous and locally Holder continuous, in x, function f. If 0<X<1 — a, 
a-{- X < i/, then for any x eW^ C H^~^^[0,T]. 

c) The functions Z and Y are nonnegative. 

The rest of this section will be devoted to the proof of Theorem 5.2. Note 
that it can be generalized in various directions. In particular, the initial function 
may have a certain exponential growth (see [130] for the case B = A). All the co- 
efficients except the leading ones may depend also on t. Moreover, if we consider 
only the case of the zero initial functions, that is we look only for the function Y, 
then we can include, without any changes, the general case of time-dependent co- 
efficients. The same is true for the case n = 1 which resembles the classical theory 
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of parabolic equations. In fact, it seems probable that the stationarity assumption 
can be dropped completely. However, then the machinery of Fox’s H- functions 
would not be available, and we would have to deal directly with contour integral 
representations of solutions of fractional diffusion equations with coefficients de- 
pending only on t. Their study is a complicated task in itself, which has not been 
fulfilled so far. 

5.3.2. Heat potentials. In order to verify that the functions (5.2.47) and (5.2.48) 
indeed solve the Cauchy problem via the representation (5.2.4), we have to study 
the heat potential 



t 

W(t,x) = - A, a; - t/; 2 /)/(A, 2 /) dj/ (5.3.1) 

0 R" 

for two situations. Firstly, we must consider the case of a bounded, locally Holder 
continuous (in x) function /, jointly continuous in (t, x) G n[o,T]* This is, of course, 
dictated by the formula (5.2.4) containing a term which solves the inhomogeneous 
equation with the zero initial condition. Note that Yq is the main singular part 
of the function Y appearing in (5.2.4). Secondly, heat potentials appear also in 
(5.2.47) and (5.2.48), where the role of / is played by the functions Q and ^ which 
are much more singular (see Proposition 5.6). 

Let us consider the potential (5.3.1) with a bounded, locally Holder continu- 
ous /. The existence of the integral (5.3.1) and the possibility to find its first order 
derivatives in x by differentiating under the integral’s symbol follow directly from 
the estimates (5.2.34), (5.2.36), (5.2.38), and (5.2.40). For studying the second 
order derivatives we consider the function 



t—h 

W{t,x)= f dX f Yo(t- \,x-y;y)f{X,y)dy, h>0. 

0 R" 

As t — X > h, the function Yb and its first and second derivatives have integrable 
singularities st x = y. Therefore we may differentiate under the integral’s symbol, 
so that 

dxjdxiWh{t,x) = J1 + J2 

where 

t — h 

Ji= j dX j X,x -y,y)[f{X,y) - f{X,x)]dy, (5.3.2) 

0 

t — h 

d2= j f{X,x)dX j dxjd^iYoit- X,x-y,y)dy. 

0 R" 



(5.3.3) 
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We decompose further, J\ — where corresponds to integration 

over the set = {y G R’^l \x — y\<{t - while for jf‘^ the domain of 

integration is G R^| \x -y\> {t- Suppose that, for example, 

n > 4; other cases are treated similarly. If ?/ C then 

\dxjd^^Yo{t -X,x-y;y)\<C{t- X)~^~^\x - 

so that the part of the integral in (5.3.2) is majorized by 

t — h 

l[^^ = C I it-X)-^-^dX j \x-y\~^+^+^dy, 

0 n(i) 

and the change of variables y = {t — X)~^^‘^{y — x) gives 

t—h 

<C /'(t-A)“^+^dA f (5.3.4) 

0 I5l<i 

Here 7 > 0 is the Holder exponent of the function f{X,x) in x. 

For y e n(2) we use the inequality 

\dxjdxiYo{t -X,x- y,y)\ < C{t - A)"'^“^exp 

a consequence of the general estimate (5.2.40). A similar argument shows that the 
part of the integral in J\ is majorized by 

t—h 

C / (t - A)“^+^ dA [ lypexpl-crlyl^^l dy. 

0 |y|>l 

We see the existence of the limit of Ji as /i 0. 

Let us consider J2. Using (4.14) we have 



\x-y\ 

{t - A)“/2 



t—h 

J 2 = j f{X,x)dX 
0 

X j [dxjdx,Yo{t-X,x-y;y)-da:^da:tYo(t-X,x~y;5)\g^^] dy. (5.3.5) 

E" 

By (5.2.41), the expression in brackets is majorized by 



C\x~y\ "+^+'^(t-A) “ ^ exp{-ap{t,x\X,y)}. 
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The same change of variables (used above) shows that the integrand in (5.3.5) is 
majorized by 

{t - A)-i+¥|y|-"+2+Texp{-a|y|2^} . 

This means the existence of the limit of J 2 as ^ 0. Simultaneously we have 
proved the formula 

t 

d^^da;,W{t,x) = j d\ j d:cjdx,Yo{t - \,x - y,y)[f(X,y) - f{\,x)]dy 
0 

t 

+ j f{X,x)dX j dxjd^,YQ{t- X,x-y,y)dy. (5.3.6) 

0 R" 

Now we have to carry out a similar procedure for the potential (5.3.1) with 
f{\y) — with a fixed ^ (the case of ^(A,?/;t, ^) is quite similar). We 

use the estimates (5.2.63) and (5.2.64) for the function Q and its increment, and 
also the following roughened estimate: 

\dxjdxiYo{t - X,x - y;^)\ < C{t - X)~^\x - y\~’^ exp{-ap{t,x-, X,y)}. (5.3.7) 

In fact we have to prove convergence of the integrals 

t 

= jdx j \dx,dxMt-^,^-y,y)\\Qi>^,x-,0-Q{^,y,0\dy, 

0 

t 

/' = I \Q(X,x-,0\dX 
0 

X j \dxjdxiYo{t- X,x - y;y) - dxjdxiYoit - X,x - y,6)\g^J dy. 

R" 

Let a > 0 be a small positive constant. Changing a we can rewrite (5.3.7) as 
\dxjdx,Yo{t - X,x- y;^)\ < C{t - X)~^+'^\x - y\~'^~°‘ exp{-(jp{t,x-,X,y)]. 
Now we get by Lemma 1.12 and Lemma 1.13 that for 0 < £ < 7, 

t 

/J < {t-x)-^+^x-°‘dx 

0 

J \x- exp{-ap{t, x; A, y) - ap{X, x; 0, 0} dy 

+ y exp{-ap{t, x; A, y) - ap{X, y; 0, 0} dy 



X 
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= C'|a;-^l "+^exp{-o-/9(f,a;;0,0} 

t 

X j {t - X~^d\ J \x - exp{—ap{t,x; X,y)} dy 

0 

t 

+ C j{t-X)-^+'^X-°d\ J |ar - - ^r”+" 

0 

X exp{-ap(t, x; X, y) - ap{X, y; 0, 0} dy 

t 

< C|x - ^|“^'^^exp{-cr/?(A,x;0,^)} J (^ - A) 2 ^ ~^X~^dX 

0 

+ Cr |x - exp{-ap{t, x; 0, 0}- 

As before, the letters cr, C mean various positive constants; this abuse of notation 
will be convenient in the sequel too. 

In order to obtain a bound for 7 we use the estimate 

\dxjdj:^Yo{t -X,x-y;y)~ dx^d^iYoit - A,x - 

< C\x - - A)~^ exp{-ap(t, x; A, y)} 

< C\x - y 2 (t - A)“^+^ exp{~ap{t, x; A, y)} 

(with a different a). Then by Lemma 1.13 

I 2 < C|x -Cl“^+^exp{-cjp(t,x; 0 , 0 } 

t 

X J (t — X~^ dX J |x — y |~’^'*"2 exp{— ap(t,x; A, y)} 

0 E« 

t 

< C\x — exp{— <jp(t,x;0,^)} J ~ X)~^~^~^ A~“ dX 

0 

< Ct^~°'\x — exp{— x; 0 , ^)}. 

Thus, we have proved (5.3.6) for /(A,y) = Q(A,y;^). 

5.3.3. The fractional derivative. Our next task is to study the fractional derivative 
of the heat potential (5.3.1), again for the above two cases. 

Suppose that /(t, x) is bounded, locally Holder continuous in x, and jointly 
continuous in (t,x). We have = dtv where W is the Riemann- 

Liouville fractional integral, that is 

t e 

dO j dX j Yo{e - X,x - y; y)f{X, y) dy 

0 0 E^ 



v{t,x) = 
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r(l-a) 



I I 

j d\ j Yo{9 - X,x -y,y)f{\, y)dy 



Z 

j dX j Zo{t- X,x -y;y)f{X,y)dy, 



by the definition of Yb- 

Let be a small positive number, 



i—n 

Vh{t, x)= J dX j Zo{t - X,x-y; y)f{X, y) dy. 



Then Vh ^ v pointwise as ^ 0, 



where 



dtVh = (t, x) + (t, x) 



\t,x)= / Zo(h,x - y;y)f{t - h,y)dy, 

R" 

t—h 

\t,x)= j dxJdtZo{t-X,x-y,y)f{X,y)dy. 



We have 



= / [Zo{h,x -y;y) - Zo{h,x - y; x)]f(t - h,y) dy 

B" 

+ / Zo(h,x - y;x)[f{t - h,y) - f{t - h,x)]dy + f{t - h,x), (5.3.8) 



due to (5.2.42). By Proposition 5.3, the absolute value of the first integral in the 
right-hand side of (5.3.8) does not exceed 

Ch~^ J \^ ~ I dy = const • 0, 

as h ^ 0. Similarly, using (5.2.30) we show that the second integral in (5.3.8) 
tends to zero as h ^ 0. Thus 

' (i, x) — > f{t, x), (5.3.9) 

as h 0. 
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( 2 ) 

Turning to ^ we write 

t — h 

j j ^tZo{t - X,x - y,y)[f{X,y) - f{X,x)]dy 
0 

t—h 

+ J f{X,x)dX j dtZo{t- X,x -y;y)dy. 

0 

It follows from (5.2.44) that 

t—h 

j dxjdtZo{t-X,x-y;y)[f{X,y)-f{X,x)]dy < C(i - 

0 B" 

Together with (5.2.46) this shows that 

t 

V^^\t,x) — > j dX J dtZoit - X,x -y;y)[f{X,y) - f{X,x)]dy 

0 E^ 
t 

+ J f{X,x)dX j dtZo{t- X,x-y,y)dy. (5.3.10) 

0 B" 

By the definition of Iq, dtZo = and it follows from (5.3.9) and (5.3.10) 

that the fractional derivative exists and can be represented as follows: 

t 

(t,x) = f(t,x) + j dX j dtZo{t - X,x - y\y)[f{X,y) - f{X,x)]dy 

0 R" 
t 

+ J f{X,x)dX J dtZo{t - X,x - y;y)dy. (5.3.11) 

0 S'* 

The case, in which f{X,y) = Q(A, y;^), is considered similarly, on the basis 
of the estimates (5.2.45), (5.2.46), (5.2.63), (5.2.64). 

5.3.4. The homogeneous equation. Now, in order to verify that the equation (5.2.1) 
is satisfied, it remains (due to the whole construction of the Levi method) to study 
the integral 

j Zo(t,x -y;^)uo{y)dy, 

R" 

and to show that it represents a solution of the equation (5.2.1) with the coefficients 
of the operator B “frozen” at the point 
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Equivalently (up to a change of variables) , we have to prove that the function 



V 







Zo{t,x -y)uo{y) dy, 



(5.3.12) 



satisfies the model equation Av. Here the kernel Zq is given by (5.2.5). 

Let us fix t > 0, G k e {1, . . . ,ri}, and compute dl^v{t,x^). Suppose 
that n > 2. Using the estimates from Proposition 5.1 we can find the first derivative 
by differentiating under the symbol of the integral. Taking into account (5.2.42) 
we have 



dx^v{t,x°) = j — K(0 - «o(a:°)] d^. (5.3.13) 

R^ 

Let us decompose the domain of integration in (5.3.13) into the two sets: 

= R^l 1^ - > r} , \ 

Correspondingly, the integral becomes the sum of two integrals, vi{tj x^)-j-V 2 {t, x^). 

If X lies in a small neighbourhood of the point x^, and ^ G Di, then a: — <^| is 
separated from zero. Therefore 

d^^vi{t,x°) = j dl^Zo{t,x° - 0 [wo(0 - Mo(a;°)] d^- (5.3.14) 

Let d > 0, d = (0, . . . , d, . . . 0) (d stands in the A;-th place). Then 
t ^V 2 {t,x° +d) - V 2 {t,x°)^ - J dl^Zo{t,x^ - ^) [mo( 0 - Mo(a:°)] 

= i J d,,Zo{t,x° + d-0 h(0 - wo(a:°)] d^ 

\x^-^\<2d 

j dxk^o{t,x^ - 0 [uoiO - Mo(a;°)] d^ 

\x^-^\<2d 

j x° - 0 [«o(0 - «o(a:°)] d^ 

\x^-^\<2d 

+ J I ^ [d., Zo{t, x° + d-0- d,, Zo(t, x° - e)] 

-dl,Zo{t,x^ - ^)} [wo(0 - Mo(a;°)] d^ 
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(the integrals converge since uq is locally Holder continuous). Each of the integrals 
on the right tends to zero as d — > 0. This follows from Proposition 5.1 and the 
local H51der continuity of iaq; in integral we use the Taylor formula 



1 ■ 
d . 



dxkZo{t,x° +d-^) -dxkZo{t,x^ -^) 






d. 

2^ 



x' = 6d^ ^ < 6 < 1, and take into account (5.2.8) and the fact that the 

inequality — ^| > 2d implies 



W~c\>\^-x^\-\x'-x°\>\^-x^\-d>^\^-x% 



so that the last integral is majorized by 



C(P j icr""^+^dc- 



Thus, 

dxkV 2 {t,x°) = f dl^Zo{t,x° - 0 [«o(0 - “o(a:“)] d^- 

O2 

Together with (5.3.14) this gives 

= j dl^Zo{t,x^ - i) [tto(0 - Mo(a;°)] d^- (5.3.15) 



In the case n — 1 this formula is obtained directly, by differentiating under the 
symbol of the integral. 

On the other hand, using the inequality (5.2.11) we find that 
(®i“^'y) = f (d^“^Zo) {t,x° - 0 [wo(0 - wo(a;°)] d^. (5.3.16) 

R" 



Let Za C <S'(R”) be the result of the action of the operation upon the 
function Z understood as a distribution in x depending on the parameter t. Using 
(5.2.7) and (5.2.11) we find, for any 'll; G 5(M^), that 

(Z„« = d1«>(Z,<.) = DS^iZ.i,) - = {DS^Z.f) - 



1^(0) 

r(l - a)t“ ■ 



whence 
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Next, 

(Pl“'2,^) = DS, {z.i) - 

that is Zoi = and it follows from the construction of Z that Z^ coincides 

with the Fourier transform of the distribution AZ. Hence, Z^ = AZ, and 

{t,x) = AZ(t,x), x^O. 

Now it follows from (5.3.15) and (5.3.16) that (t, a::®) = Av{t,x^), as 

desired. 

5.3.5. The initial condition. Let us verify the initial condition (5.2.2). As above, 
we begin with the model equation = Av and consider its solution (5.3.12). 

Using the equality (5.2.42) we write 

v{t,x)= j Zo{t,x - ^)[uo{^) - uo{x)]d^ -\-uo{x). 

It follows from (5.2.5) that 

Zo(t, xe^^) = t-^^/2Zo(l, x). (5.3.17) 



Therefore 



v{t,x)= J Zo(l,77) uo{x - - uo{x) drj + uo{x), 



and the inequalities (5.2.6), (5.2.8)-(5.2.10), together with the dominated conver- 
gence theorem, show that v{t,x) uq{x), as t 0, for any x G 
Let us consider the general case. By our construction. 



Z{t,x;^) = Zo{t,x-^,() + Vz{t,x;(), 



where 

t 

Vz{t,x;^) = j dX j Yoit-X,x-y;y)Q{\,y,Ody 
0 

(see (5.2.47)). We have 



j Zo{t, OuoiO ^ = j ^ ~ 2:)uo(0 d^ 

+ J [Zo(t,x-i,Cl - Zo(t,x - ^,x)]uo{^)d^. 
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As we have just shown, the first summand tends to uo{x), as t 0. By Proposition 
5.3, the second summand is majorized by 

_ J |jy|-^+2+7 |_^|^|^ I ^ 

ast^O. 

Let us find an estimate for Vz- Suppose, for example, that n = S (other cases 
are treated similarly). Then by (5.2.36) and (5.2.63) 

t 

<c j{t- dX j |?/-^|"^+^exp{-(7[/9(t,a;;A,t/) + /9(A,2/;0,O]}d2/- 

0 R3 

Taking 0 < 70 < 7 we can rewrite this as 



t 

\Vz{t,x-,^)\<C J{t-X)-^~^X-^dX 
0 



X 



f ( \x-y\ 

J V(t-A)“/2 



1+70 

|a;_ j/|-1-70|j/_^|-3+7 



X exp{-(T[( 0 (i, x; A, y) + p{X, y; 0,0]} dy 

t 

<Ci y'(t-A)-^-iA-“dA J \x - y\-^-^°\y - 

0 R3 

X exp{-(Ti[p(i,a;;A,2/) +p(A,3/;0,O]}<^2/, 

and now Lemma 1.12 implies the estimate (hi) from Theorem 5.2. 

Other estimates given in the formulation of Theorem 5.2 are proved in a quite 
similar way (note that we roughen some estimates containing logarithmic terms 
replacing the logarithm by the power function with an arbitrarily small exponent). 
Returning now to the verification of the initial condition we obtain that 

j Vz{t,x-,0uoi0d^ |0^-^«-+xp|-a(r“/2|^|)"^| 

R3 

= Ct^ f exp I dry — > 0, 

E3 

as t ^ 0. Thus, the initial condition (5.2.2) has been verified. 
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5.3.6. The Holder continuity in t. Let us prove the assertion b) of Theorem 5.2. 
Suppose that 0<i^<l — o;,Q: + A<i^. We have to show that for any fixed x 

x) is Holder continuous in t with the exponent a + A. It is sufficient to prove 
the Holder continuity near the origin t = 0. Let us consider, for example, the case 
n = 3; all other cases are treated similarly. 

Let us write w(^, x) = ui{t, x) + U 2 {t^ x) + 1 / 3 (t, x) + 7 / 4 (t, x) where 

Ui{t,x) = / 

R3 

U 2 {t,x) = / Vz{t,x-,^)uo{^)d^, 

R3 

t 

U3{t,x)^ j j ro(i- 

0 R3 
t 

U4{t,x) = J dX j Vrit - \,x;^)f{X,^)d^. 

0 R3 



Let w{t,x) = f^ui{t,x). Below we prove that Dq^^w e C[0,T] for any fixed 
X, if 1 / > a + A. It is also clear that (/q^^u;) (0, x) = 0. This will imply (see 
Section 5.1.1) that w = ^ 77o^+^[0,T], that is ui e 7T^+^[0,T]. 

Denote 

3 

«d=i 

where, as before, A — is the matrix inverse to (aij(Q). By (5.2.28), 



Zo{t,x-^-^) = 



-3/2 



(det A )^/2 



Hi2 






(i,a) 



(1,1). 



Using the representation (A. 10) of the iJ-function as a contour integral and ap- 
plying the Riemann-Liouville derivative (as in (A. 11 ) or in (A. 12 )) we find that 



(£>o+^w) (t,x) = j E{t,x;^)uoiOd^ = j 



where 



TT-3/2 

E{t, x-i\C)= .m /9 0 ] 



(det A )^/2 



— 3/2 ^i/—oc—X 



X Hll 






(l,a), {l + p - a - X,a) 



( 1 , 1 ), 



( 1 , 1 ), 



(1 + 01 ) 
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By (A. 14) and (A. 26), we have 

exp , if > 1, 

and 



These inequalities show, after a simple evaluation of integrals, that Dq^^w G 
C[0,T] for each x. As we already know, this implies the Holder continuity of ui. 

As we saw above, \u 2 {t^x)\ < so that \t^U 2 {t^x)\ < 

for small values of since a X < v. 

Next, by (5.2.36) 



\ui{t,x)\<C j {t~\) S ^ 
0 



d\ 




{t - A)“/2 



<Ci 



t 

A)“-i d\ = C2f“, 

0 



2 

2-0 



d^ 



SO that \t^us{t,x)\ < C 2 t^~^^ < C 2 t^^^ for small values of t. 

Finally, from the estimate (iii) of Theorem 5.2 we find that 

\t"u4{t,x)\ < 



for small values of t, as desired. 

5.3.7. Nonnegativity. Let us prove that the functions Z and Y are nonnegative. It 
is sufficient to show the nonnegativity of the solution (5.2.4) of the problem (5.2.1), 
(5.2.2) for arbitrary nonnegative functions uq G (7^(R^), / G C^([0,T] x R’^). 

As we already know, the solution u{t,x) is bounded (due to our estimates 
of Z and F), say \u{t,x)\ < M, and belongs to iL"+^[0,T], 0 < A < 1 — a, 
a X < u, for each x. This regularity in t makes it possible to represent the 
regularized fractional derivative via the Marchaud fractional derivative: 

(t,x) = [t-°‘u{t,x) - f““uo(a:)] + \j^^xlj,{t,x) 

where '0e(t, x) = 0 for 0 < t < £, 

0 

and the limit exists for all {t,x) G H[o,t] (see Section 5.1.1). 
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u(t 

Denote v{t,x) = ’ where Eq, is the Mittag-Leffler function, ^ > 0 

will be chosen later. Using the fact that Ea{f3t^) = (3Ea{Pt^) we obtain that 



= j3Ea{pt°‘)v{t,x) - — rUo{x) + (L^v) (t,x) 

r(l - a) 



where 



(Lf}v) (t,x) = 



r(l-a) 



t — £ 

a lim [ Eoc{l3r^) 

e^+O J 



v{t, x) — v{t, x) 
{t - r)i+" 



dr 



Now the equation (5.2.1) takes the form 
1 



where 



EaiPt 



g{t,x) = 



— (Lgv) {t, x)-{B- P)v{t, x) = g{t, a;) 



(5.3.18) 



E„(/3t“) [r(l-a) 



r“ 



-uo{x) + f(t,x) 



Let Co = sup |c(x)|, d > 0, f3 = Co d. Consider the function 

FR{t,x) = ^ {\xf + gC + 1) , R,g>Q. 

Since and Eoc{(dt^) are monotone increasing in t, we have 

{LgFn) {t,x) > {D^+Fr) {t,x) > ^Do“+(C) = 

due to (5.1.2). In estimating L^Fr we used the Marchaud form of Dq_^. 

On the other hand, 

^ 2M ^ 2M 

{B - P)FR{t,x) = y^au{x)-^ +y^bj{x)—^Xj + [c{x) - co]FR{t,x) - dFR{t,x) 



1 = 1 j=l 

<^{Ci+C2\x\-d\x\^ -dfit°^ ~d), 



so that 



(L f3)FR{t, x) 



> 



M 



/iF(l + a) 



Ea{(dt^) 



— Cl — C2\x\ + d|xp + d/jt*^ + d 



> 0 (5.3.19) 



for all (t,x) € ri[o,r ]5 if the number /i is large enough. 
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Let G(t, x) = v{t,x) Since g{t,x) > 0, it follows from (5.3.18) and 

(5.3.19) that 

(LpG) (t, x)-{B- l3)G{t, x) > 0. (5.3.20) 

If |x| = R, then 



G{t, x) = v{t, x) + M H — — — ^ ^ 

Also G(0, x) = ito(^) + Fr{0, x) > 0. Then G(t, x) > 0 for all (L x) with t e [0, T], 
|x| < R. Indeed, otherwise the function G possesses a point (t^,x^) of its global 
minimum on the set {0 < t < T, |x| < R}, such that G(t^,x^) < 0. At this point 
{B - f3)G{F,x^) > 0 [83], and by (5.3.20) (L^G) (t^,x^) > 0, which contradicts 
the definition oi Lp. 

Thus, if |x| < R^ then 



u{t,x) > (|x|^ + nt°‘ + l) Ea{(3t°‘). 

Since R is arbitrary, this means that u{t,x) > 0. 

This completes the proof of Theorem 5.2. □ 

5.4 Uniqueness theorems 

5.4.1. Bounded solutions. The proof of non-negativity of the components of the 
Green matrix (see the assertion c) of Theorem 5.2 and its proof in Section 5.3.7) 
actually did not use the representation (5.2.4), but only some properties of the 
resulting solution. If those properties are taken as a priori assumptions, we come 
to the uniqueness theorem for bounded solutions, which is actually valid in a more 
general situation. In particular, the uniform parabolicity condition (5.2.3) may be 
weakened to parabolicity: 

n 

> 0 ; 

j,i=i 

it is sufficient to assume continuity and boundedness of coefficients of the operator 
B (the Holder continuity is not required). Moreover, the coefficients may depend 
also on t. 

Theorem 5.3. Let u{t^x) be a classical solution of the problem (5.2.1)-(5.2.2) with 
uq{x) = 0. Suppose that \u{t^x)\ < M for all t e [0,T], x G and that for each 
X G u{-,x) G where 0<A<1 — a, 0<//<A + l. Then u equals 

zero identically. 

Proof As in Section 5.3.7, we prove that w(t,x) > 0 for all t,x. Then, considering 
the solution —u{t^x), we find that u{t^x) < 0, so that u{t,x) =0. □ 
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5.4.2. Solutions of exponential growth. Let n = 1. 

Theorem 5.4. Let the conditions of Theorem 5.3 he satisfied, except that the solution 
u{t,x) is not necessarily hounded, hut 

\u{t,x)\ < Ml exp , Mi,M 2>0. (5.4.1) 

Then u{t, x) = 0. 

Proof. We follow again the scheme of Section 5.3.7, but instead of the function 
use the function 

F^\t,x) = Ml exp [h{t,x — R) h{t,x 4- R)], -R < x < R, 

where h{t,x) = exp {— }, while the constant p C (0, 1) will be 
determined later. 

As in Section 5.3.7, we reduce the equation (5.2.1) to the equation (5.3.18) 
with g = 0. This time we set ^ = cq. Let us prove that for |x| < i^, 0 < t < T, 

{t,x) -{B- (3)F^^\t,x) > 0. (5.4.2) 

It is sufficient to show that 

E (5.4.3) 

if X ^ 0, 0 < t < T. 

Evidently, if a: 7^ 0, then h(0, :r) = 0, so that (t,x) = [Dg^h) {t,x). 

Next, 



dth{t,x) = -^t-2/(2-«)|a;|2/(2-a)gxp|_/,r“/(2-°)|a;|2/(2-a)| > 

2 — q; t J 

so that, by (5.1.1) and (5.1.3), 

KW) (“i"’*) <'■'=> 

= fu_^ya^~2/(2-a) f 



-T'i-“r“2/(2-«)exp<{-pr-“/(2-“)|a;p/(2-«)|£ir. 



After the change of variables r = we find that 

^ ^ (5.4.4) 
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where 

z 

S(z) = — — r [{z- exp j da. 

T{1- a) J I J 

0 

According to Lemma 5.1, S{z) ~ as z oo, where 

oo 

0 

This means, in particular, that for z > 1, 

S{z) > iyiz~^^ ui > 0. 



Let 0 < 2 : < 1. Then 



S{z) = — 1 ^l-a-2/{2-a) f _ ^^-«^-2/(2-a) g^p (_^^^ya/{2-. 

r(l - a) J I 

0 

1 

> — l-a-2/(2-a) f (1 _ ,y)-« gxp | 

r(l - a) J t J 

0 

Now it follows from Lemma 5.2 that 

S{z) > exp | _z-“/(2-“) | , 1^2 > 0, 

for z < 1. 

The inequalities (5.4.4)-(5.4.6) imply the lower bound 



1 



{L/}h) {t,x) 



Vsr“, 

if > 1 , 



> 



2a/(2 «) exp {— “)}, 

if < 1 , 

where 1 ^ 3 , 1^4 > 0 do not depend on t,x,p. 



(5.4.5) 



dr] 



(5.4.6) 



(5.4.7) 
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Calculating {B — l3)h{t, x) we come (after tedious but quite elementary com- 
putations) to the upper bound 



U5p^ 2t 
if 



{B — /3)h{t,x) < 



if tp-(2-a)/a|^|-2/a ^ j_; 

(5.4.8) 



i/ 5 , 1 /Q do not depend on t, x, p. 

If p is taken small enough, the bounds (5.4.7) and (5.4.8) imply (5.4.3). Hence, 
we have proved the inequality (5.4.2). 

If X = ±i^, then 



{t, x) = Ml exp {M2i?2/(2-«) I [1 + h{t, ±2R)] 

> Ml exp > u{t,x) > v{t,x) 



(we follow the notation of Section 5.3.7) because Ea{!^T^) > 1 . 

If -R < X < R, then F^^^(0,x) = i’(0,x) = 0. Now the reasoning of Sec- 
tion 5.3.7 yields the inequality v{t,x) < F^\t,x) for all t C [0,T], x G {—R,R). 
Let us fix t G (0, £:], X G M, where 



0 < £ < min 



M2^"(^~“)/“ 



• I . 



If i? > 2|x|, then 

v{t,x) <F^^\t,x) < Miexp|(^M2 -p-22/(2-a)^-«/(2-«)^ /j2/(2-a)| 

Since R is arbitrary, this means that v{t,x) < 0, so that u{t,x) < 0. Similarly we 
get, again for any t G (0,£], x G R, that u{t,x) > 0. 

In order to consider larger values of t, we introduce the function 



w{ty x) = u{t + £, x), ^ > 0, X G R. 

We have u;(0, x) = 0, 

t+£ 

(d|“^ wj {t, x) = (£>o+^^) (^> j 

e 

t-\-£ 

1 



r(i- 






-h £ — a) ^dau{a, x) da 



= {t 4 - £, x) = Bu{t + £, x) = Bw{t^ x), 
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so that the function w also satisfies the equation (5.2.1). By the above result, 
w{t,x) = 0 as t < £. Thus, u{t,x) = 0 for 0 < t < min(2e,T). Repeating this 
argument, after a finite number of steps we complete the proof. □ 

5.4.3. A counter-example. Let us show that Theorem 5.4 cannot be improved in 
the sense that the exponent 2/(2 — a) cannot be increased: if p > 2/(2 — a), 
then there exists a non-trivial solution u{t, x) of the problem (5.2.1)-(5.2.2) with 
B = dl, uq = 0, such that 



\u{t,x)\ < Cl exp{C 2 |x|^} 



(5.4.9) 



for all t e [0,T], x € R. 

2 

Indeed, let ^ = 2 . Then f3 > a. By Theorem 5.1 there exists such a 

P 

smooth function /(t), different from the identical zero, that the sequence fo{t) = 
/(t), /n+i(t) = (D^"Vn)(^), n = 0, 1,2, . . ., satisfies the inequalities (5.1.11), and 
/n(0) = 0 for all n. Let 

= (5.4.10) 

A direct calculation shows that u{t,x) is a solution of the above Cauchy 
problem. With respect to the variable x, u{t,x) is an entire function, and its 
exponential growth order q satisfies the inequality 



q <2 lim sup 

n— »oo 



nlogn 



log 



(2n)! 

l/n(t)l 



(see Chapter 8 in [221]). Using the Stirling formula and the inequalities (5.1.11) 
2 

we find that q < = p, which implies the required estimate (5.4.9). 

Z — fj 



Note that the conditions of Theorem 5.3 are similar to those of the classical 
uniqueness theorems for second order parabolic differential equations [83]. Clas- 
sically [83], an example like (5.4.10) is constructed on the basis of the theory of 
conventional quasi- analytic classes. 



5.5 Comments 

The expression (5.2.5) for the FSCP Zq was found independently by Schneider and 
Wyss [206] and Kochubei [130]. The non-negativity of Zq was first noticed in [206], 
though the proofs of the uniqueness Theorems 5.3 and 5.4 given in [130] actually 
contained a proof of the non-negativity. Theorem 5.2 was proved by Eidelman and 
Kochubei [63]. 

The results of this chapter demonstrate a number of interesting features of the 
equation (5.2.1), which represent a peculiar union of properties typical for second 
order parabolic differential equations (like a kind of the maximum principle; see 
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the proofs of Theorems 5.3, 5.4) and general parabolic equations and systems. 
It is well known [45, 83, 146] that the latter are characterized by the parabolic 
weight 2b {b > 1), so that the differentiation in t has the same “force” as the 
differentiation of the order 2b with respect to the spatial variables. In other words, 
the differentiation in spatial variables has the weight 1/25 with respect to dt . For 
the equation (5.2.1) we have a/2 instead of 1/26, and this formal analogy goes 
through all the constructions and estimates including the description of uniqueness 
and correctness classes. 

In contrast to classical parabolic equations, the fundamental solution Z of the 
Cauchy problem (5.2.1)-(5.2.2) (even for B — A) has, if n > 1, a singularity not 
only at t = 0, but also at the “diagonal” x = ^ with respect to the spatial variables. 
This causes serious complications for the implementation of the Levi method. 
The estimates of the iterated kernels require a series of additional regularization 
procedures absent in the classical case. Moreover, while the classical heat kernel 
has a simple expression in elementary functions, in the fractional case we have to 
deal with Fox’s H-functions and their asymptotics, which makes even simple (in 
principle) transformations and estimates difficult technical tasks. Note also that, 
in order to consider an inhomogeneous equation (5.2.1), we have to develop Levi’s 
method twice - separately for Z and Y. 

In this book we do not touch boundary value problems for fractional diffusion 
equations. So far mainly model equations have been considered (mostly in the 
physical literature). In fact there exists a general approach giving some results 
both for the Cauchy problem and boundary value problems. That is the study of 
operator-differential equations 

= Bu, u{0) = no, (5.5.1) 

where n is a function on [0,T] with values from a Banach space X, B is a closed 
linear operator on X. The study of such equations was initiated by Kochubei [129]. 

In [129] a solution of the problem (5.5.1) is understood as a strongly continu- 
ous function on [0, T], such that u{t) belongs to the domain D{B) of the operator 
B, if ^ > 0, the fractional integral "n is strongly continuously differentiable for 
t > 0, and u satisfies the equation and the initial condition. This setting resembles 
the weakened abstract Cauchy problem for first order evolution equations [141]. 

Let R{X) — {B — be the resolvent of the operator B. It is proved 

in [129] that the problem (5.5.1) with uq g D{B) has a unique solution if the 
operator- function R{X^) exists for ReA > u; (u; > 0), and 

||i?(A“)|| < C(l + |ImA|)-^, 0</3<l. (5.5.2) 

The uniqueness of a solution is proved under much weaker conditions. 

If B is an operator on some function space corresponding to a boundary 
value problem for a uniformly elliptic equation, or a uniformly elliptic operator 
over then the resolvent R{X) has been thoroughly investigated, the condition 
(5.5.2) can be easily verified, and we obtain unique solvability results for fractional 
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diffusion equations. Of course, the analytic methods of Chapter 5, where they are 
applicable, give much more detailed information about solutions. 

The investigation of the abstract Cauchy problem (5.5.1) was continued by 
Bazhlekova [12] (who developed a version of the theory of the uniformly correct 
Cauchy problem), El-Sayed [79], Bauemer and Meerschaert [11], and others. The 
abstract Cauchy problem with the Riemann-Liouville fractional derivative (and 
an appropriately modified initial condition) was studied by Kostin [140]. 

Another interesting direction is the investigation of evolution equations with 
the fractional derivative of an order a £ (1,2). The first results [206, 84] show that 
in this case solutions possess an interesting combination of properties typical for 
parabolic and hyperbolic equations. Note also some recent papers on space- time 
fractional diffusion equations containing a fractional derivative in t and pseudo- 
differential operators with respect to spatial variables; see [153, 169]. 




Appendix 
Fox’s H-Functions 



The H- functions introduced by Fox [81] provide a very useful framework for in- 
vestigating asymptotic properties of solutions of various equations. In many cases 
a solution can be expressed in terms of H- functions, and then its asymptotic be- 
haviour can be found from general results about H-functions. 

Let /i, q be integers satisfying the conditions 0<z/<p, l</i<g. Sup- 
pose we have also the complex parameters ci, . . . , Cp and di, . . . , and positive 
real parameters 71, . . . , 7^ and di, . . . , such that Pif]P2 = 0 where 

Pi = {s= -{dj +k)/Sj, j = fc = 0,1,2,...}, 

f2 = {s = (1 - Cj + k)/jj, j = k = 0 , 1 , 2 ,...}. 

We will need only the case where 



>0. (A.l) 

k=l k=l 



The H-function 






'y 


[cpilp] 




y 


(ci,7i), •• 


•7 iph't'ly)''! 


i,7i^+i)7 


{c-p'slp) 






^pq 




(di,(5i), .. 


• 5 


7<^A4+i)7 


(dqjSq) _ 



[Cp,7p] — 571)7 • • • 7 [^^'7^^] — (di ,di), . . . , [dq,,6q), 



is defined by the contour integral 








[cp,7p] 


z 


[dq 5 dq] _ 



27 Ti J E{s)F{s) 



(A.2) 



C{s) = l[T{dk+Sks), 

k=i 

Q 

E(s)= f] r(i-4-M, 

k — p ,-}- 1 



k=i 

p 

Hs)= n r(cfc + 7fcs) 

k=i/-\-l 



with 
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(Pi and P 2 are the sets of poles for C{s) and D{s) respectively). The integration 
contour L is an infinite loop running between s = —00 — ia and s = —oo-\-icr 
where a > max {| lmdj\/Sj} in such a way that Pi lies to the left of L, and P 2 

i<j<M 



to the right of L. 

Under the above assumptions the function H^q{z) 





[cp , 7p] 


z 


[dq,5q]_ 



is holomorphic 



in a certain sector containing the positive real half-axis. 

Nearly all classical special functions can be represented as H-functions with 
appropriate parameters. In particular, Meijer’s G-function corresponds to the case 
where all the numbers Sk and are equal to 1; this case includes all the elementary 
functions, the Bessel functions, various functions of hypergeometric type, classical 
orthogonal polynomials, and others. The Mittag-Leffler function 



EM) = E 



k^O 



T{ak + 1)' 



q; > 0, 



on the negative real half- axis can be written as 
E^{-x) = H- 



‘-12 



(0,1) 

(0,1), (0,a)_ 



(A.3) 



The theory of the H-function including its analytic properties, asymptotics, 
various relations, is expounded in [19, 195, 217]. Below we formulate all the results 
we need in this book. 



a) Transformation formulas. 

h !; m ) 
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b) Differentiation and integration formulas. We write them explicitly for some 
cases we need. 
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In a similar way ^^34 is expressed via etc. 

By (A.2), 
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We need this function with 2 : = uj{t - r) u > 0, t > r. We have 
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In order to calculate the Riemann-Liouville fractional derivative 

t 



{D%u) it) = 



we note that transforms {t — into 
Now we find from (A.IO) that 
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Next, 
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(see [202]). 
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c) Asymptotics at infinity. The asymptotic behavior of H-functions for 2: oo 

has been thoroughly investigated. We will need only two results of this kind, for 
specific classes of H-functions, for a real positive argument 2:, with only the leading 
term of the asymptotic expansion. 

li 1 / = 0 and q = fi, then the H- function has an exponential decrease for 
2: — > +00: 
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where 



a = '^Ck-'^dk + lifi-p + l), 



k=l k=l 



k^l 1=1 



and p is given by (A.l). 

In particular, from (A.14) we get estimates of some specific H-functions for 
UI>1: 
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(A.15) 

(A.16) 



Similar estimates hold for functions appearing in expressions for derivatives of 
the above H-functions. In all cases the estimates contain the same exponentially 
decreasing factor while the degrees of positive powers of |2:| are different and specific 
for each case. 

For another situation (used in Chapter 4), the H- function has a power- like 
decrease: 
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where 1 < 7 < 2. 

d) Asymptotics near the origin. In order to obtain, for the above class of H- 
functions, an asymptotic expansion near the origin, we write an H-function as 
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In specific cases, writing Pi explicitly and using well-known properties of the 
function Gamma, we find a required number of terms in asymptotic expansions. 
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In particular, for z ^ +0, 



H 



20 

12 






(l,a) 

(1,1) 



rr(t-i). 



= < 



r(i-a) ^ + 0 {- 



ymin(T 






-^^ + 0(z), 



r(i- 



,1/2 _ 






if n > 3, 
if n = 2, 
if n == 1 



(A.18) 



(here and below we present those terms of the asymptotic expansions which are 
actually used in this book), 



tt30 

^23 



(l,a), (0,1), 

(f,l), (1,1), (1,1) 

^)+0{z), 

_ \Ar ..1/2 _|_ _20F ^ _ 3y^ ^ 3/2 



‘2r(l-f)^ 



if n > 3, 

if n = 2, (A.19) 



r(l-a)^ 



r(i- 



|_^^3/2 0{z^), if n = 1, 

2 f 



tt40 

^34 



(l,a), 

(f,l), 



( 0 , 1 ), 

( 1 , 1 ), 



(0,1) 

( 1 , 1 ), 



( 1 , 1 ) 



^i-aj z + O (z ™"(2 >2)) ^ if n > 3, 

^-r^+C»(^). if ^ = 2, 

i/l rl/2 2y/^ 

4r(i-f)^ r(i-a)^ 

+ + 0(2:2), if „ = 1^ 



(A.20) 



^50 

^45 





(l,a). 


(0,1), 


(0,1), 


(0,1) 1 


z 


(f,l), 


(1,1), 


(1,1), 


(1,1), (1,1). 



= < 









r(i-Q) 

r^+0(^), 

,1/2 J- 2V? 

+ 0(2;2), 



if n > 3, 
if n = 2, 

if n = 1. 



(A.21) 



Next we give the expansions for the function appearing in (5.2.12) and those 
emerging in the course of differentiating (5.2.12). A different character of their 
asymptotics is caused by the fact that in this case the pole s = 1 appears both in 
the numerator and denominator of the fraction in (A. 2) and cancel each other. 
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We have 
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where 71,72 are certain constants. Next, 
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In Chapter 5 we meet also the function 
H{z) = B 
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For this case we need only an estimate for small 2 ’s, without explicit values of 
coefficients of the asymptotic expansion: 
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Notation 



In this book we use without comments the standard notations, like N, E, C, C^, 
% (the imaginary unit), 8ji (the Kronecker symbol). We denote by xi, . . . , 0 :^ the 
coordinates of a point x G R’^ or x G The coordinates of a point (t, x) G R^"^^ 
are denoted by i,xi, . . . ,Xn- Some other notation is listed below. Of course, this 
is not a complete list (for example, it does not cover the difference operators used 
in Chapter 4). 



1^1 



A! 

I 



\k\ 

llfcll 



dt,dy 

a' 

3k 



X 



k 



(n 

^x]\ ,\ixe 
U=1 / 



the set of all m x r matrices with complex entries; C 



Ir 



( m r 

:=(EEKiN 



the transpose of a square matrix A 
the unit matrix 

the set of all n-dimensional multi-indices /c := (A:i, . . . , kn) 



£ A:^-,if/cGZ!;: 
j=i 

n 

:= ^ k and mi, ... , m^ are natural numbers spec- 

j=i 

ified for each particular case 

the first order differentiation operations in t and y respectively 



the differentiation in y of an order I > 1 



d^l . . .5^-, if X G R^ and A: G 
:= ... if X e III" and 
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Notation 



:=/(-,rc, •)-/(•, 2/,-) 

•) := /(^> ■) - /("^> 2 /> •) 



T a fixed positive number 

H// {(^, j:) G eH,xeR^}/dH CR 

B{x^R) \— [y G < Rj, the ball of a radius R centered at x G 

R^^ with respect to a distance d (specified for each particular case) 

Br :=B{0,R) 



We often denote by the same letter various constants whose specific values are of 
no importance. 
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26-parabolic differential expression, 5 

Angular limit mean value, 299 

Bi-parabolic heat equation, 4 

Caputo derivative, 322 
Centrally-symmetric mean value, 299 
Chapman- Kolmogorov equation, 248 
Characteristic of a hyper-singular 
integral, 267 

Characteristic of dissipation, 7 

Degenerate equation of the 
Kolmogorov type, 9 
Dissipative 26-parabolic equation, 7 

Fokker-Planck-Kolmogorov equations, 
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